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WEAK ASSOCIATED PRIMES OVER
DIFFERENTIAL POLYNOMIAL RINGS

LUNQUN OUYANG AND JINWANG LIU

ABSTRACT. In this paper we introduce the notion of weak
associated primes of a ring R which is a generalization of
associated primes of R, and study how the weak associated
primes of a ring R behave under passage to the differential
polynomial ring R[z;d]. If we impose d-compatibility and
reversibility assumptions on ring R, then we can describe
all weak associated primes of the differential polynomial ring
R[z;4] in terms of the weak associated primes of R in a
very straightforward way. Consequently, several well-known
properties of associated primes in [2, 3, 10] are extended to
a more general setting.

1. Introduction. Let 6 : R — R be a derivation on R, that is,
0 is an additive map such that §(ab) = d(a)b + ad(b) for a,b € R.
We denote by R[z;4d] the differential polynomial ring whose elements
are the polynomials > 1"  r;z* € R[z;d], r; € R, where the addition
is defined as usual and the multiplication by zb = bx + 6(b) for any
b € R. From this rule, an inductive argument can be made to calculate
an expression for z/a, for any positive integer j and a € R.

One can show with routine computations that [7]:
Jg = =i (@)t
' a z(; (l) 0 (a)z".
=

Let 6 be a derivation on a ring R. Following Hashemi and Moussavi
[4], a ring R is said to be d-compatible if, for all a, b € R, ab =0 =
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ad(b) = 0. Given a right R-module Ng, the right annihilator of Ng
is denoted by rr(Ng) = {a € R | Na = 0}. We say that Ng is
prime if N # 0, and rr(Ng) = rg(Nj) for every nonzero submodule
N’ C N. Let Mg be a right R-module; an ideal p of R is called an
associated prime of M if a prime submodule Ngp C Mg exists such
that ¢ = rr(Ng). The set of associated primes of Mp is denoted
by Ass(Mg). In [2], Brewer and Heinzer used localization theory to
prove that, over a commutative ring R, the associated primes of the
polynomial ring R[x] (viewed as a module over itself) are all extended:
that is, every p € Ass(R[z]) may be expressed as p = go[z], where
po = pN R € Ass(R). Using the results of Shock in [10] on good
polynomials, Faith has provided a new proof in [3] of the same result
which does not rely upon localization or other tools from commutative
algebra. In [1], Annin showed that Brewer and Heinzer’s result still
holds in the more general setting of a polynomial module M|[z] over a
skew polynomial ring R[z; ).

Motivated by the results in [1-3, 10], in this paper, we continue
the study of weak associated primes over differential polynomial rings.
We first introduce the notions of weak annihilators and weak associ-
ated primes, which are generalizations of annihilators and associated
primes. We next describe all weak associated primes of the differential
polynomial ring R[z;¢] in terms of the weak associated primes of the
ring R. So several earlier results in [2, 3, 10] are extended to a more
general setting.

Throughout this paper, all rings R are associative with identity and
nil (R) standing for the subset of all nilpotent elements of R. Let U C R
be a subset of R. We write U[z; 8] = {ap + a12 + - - + aya! € R[w; ] |
a; € U} C R|x; 4], that is, for any f(z) = ag+a1z+---+ax’ € R[x; 6],
f(z) € Ulx; 0] if and only if a; € U for all 0 < i < [. It is easy to see
that, if U is a right ideal of R, then Ulx; ¢] is a right ideal of R[x;d]. Let
f(x) =ao+arz+- -+ anz™ € R[x;]. We say that f(z) € nil (R)[z;d]
if and only if for all 0 < i < n, a; € nil(R), and f(z) € nil (R[z;d])
if and only if f(x) is a nilpotent element of R[z;d]. A ring R is said
to be reversible if, for all a,b € R, ab = 0 implies ba = 0, and a ring
R is called semi-commutative if, for all a, b € R, ab = 0 implies that
aRb = 0. Clearly, reversible rings are semi-commutative rings, but the
converse does not in general hold true [9].
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2. é-compatibility.

Definition 2.1 Let R be a ring. For a subset X of a ring R, we
define Np(X) = {a € R | xa € nil(R) for all x € X}, which is called
the weak annihilator of X in R. If X is singleton, say X = {r}, we use
Ng(r) in place of Nr({r}).

Obviously, for any subset X of ring R, Ng(X) = {a € R | za € nil (R)
for all z € X} = {b € R | bx € nil(R) for all x € X}, and
rr(X) C Ngr(X) and Ir(X) € Np(X). If R is reduced (i.e., rings
with nonzero nilpotent elements), then rg(X) = Ng(X) = ZR( ) for
any subset X of R. It is easy to see that, for any subset X C R, Ng(X)
is an ideal of R in case nil (R) is an ideal.

Example 2.2. Let Z be the ring of integers and T»(Z) the 2x 2 upper

triangular matrix ring over Z. We consider the subset X = {(é g)}

Clearly, rp,(z)(X) = 0, and Np,z)(X) = {(87;) | me Z}. Thus,

T1y(2)(X) # Nry(z)(X). Hence, a weak annihilator is not a trivial
generalization of a annihilator.

Proposition 2.3. Let X,Y be subsets of R. Then we have the
following:

(1) X CY implies Nr(X) D Nr(Y).

(2) X € Nr(Ng(X)).

(3) Nr(X) = Nr(Nr(Nr(X))).

Proof. (1) and (2) are really easy.

(3) Applying (2) to Nr(X), we obtain Nr(X) C Nr(Nr(Nr(X))).
Since X C Ng(Ng(X)), we have Ngr(X) O Nr(Nr(Ng(X))) by (1).
Therefore, we have Ng(X) = Nr(Ngr(Ngr(X))).

Definition 2.4. Let I be a right ideal of a nonzero ring R. We say
that I is an R-prime ideal if I € nil (R) and Ng(I) = Ng(I’) for every
right ideal I’ C T and I’ Z nil (R).
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Definition 2.5. Let nil (R) be an ideal of ring R. An ideal p of R is
called a weak associated prime of R if an R-prime ideal I exists such
that o = Ngr(I). The set of weak associated primes of R is denoted by
NAss(R).

Example 2.6. Let R be a domain, and Let

a ai2 -+ Qin
O a a2

R, = " |a,aij€R
0 0 - a

be the subring of n x n upper triangular matrix ring. Then nil (R,,) is
an ideal of R,, and

0 z12 -+ 2Zin
nt®) =300 T e er

By routine computations, we know that each right ideal I Z nil (R,,) is
an R,-prime ideal, and NAss (R,) = {nil (R,)}.

kO

k k

of 2 x 2 lower triangular matrices over k. One easily checks that
kO kO ) 00Y . . .

(kk) 2 (ko) 2 (00) 2 (00) is a composition series for Rp.

In particular, Rr has finite length.

Example 2.7. Let k be any field, and consider the ring R = (

Next we shall determine the set Ass (R). By an easy ad hoc calcula-
tion, we can write down all of the proper nonzero ideals of R :

et ) m(2 2) -2 D)

Now, since & = 0, 0 is not a prime ideal. Moreover, since mi Rma C
«, « is not a prime ideal. So the only candidates for the associated
primes of R are the maximal ideals m; and ms.

We claim that mo ¢ Ass(R). Otherwise, a right ideal T 2 0

=

of R would exist with ms = rg(I). So I -ms = 0. Now, given
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(“0), soa =b=0.

a0 _ a0 10 _
(bc) € I, we have 0 = (bc) . (00) = {40
Also, 0 = (82) . ((1)8) = ((C)g) implies that ¢ = 0. Thus, I = 0,
a contradiction. Hence, my ¢ Ass (R).

By virtue of Rg being Noetherian, we know that Ass (R) # 0. Hence,
Ass (R) = {m1}.

Finally, we should determine the set of NAss(R). Clearly, nil (R) =
a. Thus, nil (R) is an ideal. Now we show that m; = Ng(ms2) and
mo is a right R-prime ideal. Clearly, m; C Ng(mz) since mamq = 0.

Given (‘Z(C)) € Ng(ms), we have (ég) (‘;2) = (gg) € nil(R).

Z(C)) € my. Hence, m; = Ng(mz). Next we

see that mg is a right R-prime ideal. Let n Z nil(R) and n C mao.

Since Nr(n) O Nr(msg) is clear, we now assume that (Z S) € Ngr(n)

and find (Z(o)) € n with h # 0. Then we have (Z(o)) (22) =

(hao) € nil (R). Thus, a = 0 and so (“2) € Ngr(ms). Hence, we

Then a = 0 and so (

ka O b
obtain Nr(n) = Ngr(msz) and so mg is a right R-prime ideal. Thus we
obtain m; € NAss(R). Similarly, we have my € NAss (R). Therefore,
NAss(R) = {m1,ma} # Ass (R).

If R is reduced, then p is a weak associated prime of R if and only
if p is an associated prime of R. So NAss(R) = Ass(R) in case R is
reduced.

Lemma 2.8 [4]. Let R be a §-compatible ring. Then ab = 0 implies
ad™(b) =0 for all a, b € R and any positive integer m.

Proof. 1t is trivial. mi

Lemma 2.9 Let R be reversible and §-compatible. Then we have the
following:

(1) If ab € nil (R), then ad™(b) € nil (R), and §™(a)b € nil (R) for all
positive integers m,n.

(2) If abc € nil (R), then abd®(c) € nil(R) and ad®(b)c € nil (R) for
all positive integers s,t.



1588 LUNQUN OUYANG AND JINWANG LIU

(3) If abc € nil (R), then ad®(b)dt(c) € nil (R) for all positive integers
s and t.

Proof. (1) Since ab € nil (R), some positive integer k exists such
that (ab)* = 0. (ab)* = abab---ab = 0 = abab---abad™(b) =
0 = ad™(b)abab---ab = 0 = ad™(b)abab---abad™(b) = 0 =
ad™(b)ad™(b)ab---ab = 0 = --- = ad™(b) € nil(R). ab € nil(R)
implies ba € nil(R). Hence, we obtain b0™(a) € nil(R), and so
0"(a)b € nil (R).

(2) Let abc € nil(R). It is enough to show that abd(c) € nil (R)
and ad(b)c € nil (R). By (1), we have abd(c) € nil(R), and ad(bc) =
abd(c) + ad(b)c € nil (R). Hence, ad(b)c = ad(bc) — abd(c) € nil (R).

(3) It is an immediate consequence of (1) and (2).

Lemma 2.10 [8]. Let R be a semi-commutative ring. Then nil (R)
is an ideal of R.

Lemma 2.11. Let R be a semicommutative ring and ab € nil (R)
for a,b € R. Then xzayb € nil (R) for all x,y € R.

Proof. Suppose a, b, x, y € R, and ab € nil (R). Some positive integer
n exists such that (ab)™ = abab---ab = 0. Thus, zaybrayb - - - xayb =
(xayb)™ = 0 because R is a semi-commutative ring. Hence, zayb €
nil (R).

Lemma 2.12. Let R be 6—compatible and reversible. Then f(x) =
ap+ a1z + -+ anx™ € R[z; 4] is a nilpotent element of R[z; 4] if and
only if a; € nil (R) for all 0 < i < m.

Proof. (=). Suppose f(z) = ag + a1z + - - + ama™ € nil (R[x; J]).
Some positive integer k exists such that f(z)* = (ap + ayx + -+ +
amz™)¥ = 0. Then

0 = f(z)* = “lower terms” 4 a¥ z™*.

Hence, we obtain a,, € nil(R). So a,, = 1- a, € nil(R) implies
1-0%(am) = 0%(am) € nil (R) for any positive integer s by Lemma 2.9.
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Thus, we obtain (ag + a1 + -+ + apm_12™1)F = “lower terms” +
ak, 2=k ¢ il (R)[x; 6] because nil (R) of a reversible ring is an
ideal. Hence, we obtain a,,—1 € nil(R). Using induction on m, we
obtain a; € nil (R) for all 0 < i < m.

(<). Suppose that ;" = 0,0 <i <m. Let k=" m; +1. Then,
from

m 2 m m
<Zaixi> = <Zaixi)ao+ (Zaixi>a1x+---
i=0 i=0 i=0

where 0 < s < m and 0 < ¢t < m, it is easy to check that the
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coefficients of (37~ a;z*)* can be written as sums of the monomial
P - @i, 0°%(aq,)6% (ai,) - - 0°% (a;,) where p is a positive integer, a;, (1 <
j < k) € {ag,a1,...,am} and s,(2 < v < k) is a nonnegative
integer. Considering each monomial p - a;, §°2 (a;,)d% (a,) - - - 0% (as,),
we claim that a;, %2 (a;,)0% (a,) -+ - 0% (a;),) = 0. If the number of ag
in a;,0%2(a;,)0%% (a;,) - - - 0°%(a;, ) is greater than mg, then we can write
iy %2 (ai2)583 (a‘iS) R (aik) as

bo(8°°" (ag))”*b1.(8°%% (a0))”2 - - bu—1(8%" (a0))* bo,

where j1 + jo + -+ jy > mo, and sg(1 < 1 < v) € {s2,83,...,8¢}
and by (¢ = 0,1,2,...,v) is a product of some elements chosen from
{ai,, 0% (ai,), ... ,0%(a;,)} or is equal to 1. Since af' 772*"7* = 0 and

R are reversible and §-compatible, we have

a61+32+~~+1v — agag - ag = 0,
~—_——

Jitjzt+ o+
= agag -+ - 0°° (ap)) =0,
= 0" (ao))ao - - -ap = 0,
= 0% (ag)ao - - - apd*** (ap)) = 0,
= ...,
= (6°*(ag))" ag - -~ ap = 0,
= ...,
= (6°* (a0) )" (6°2 (a0) )2 - - - (6°°* (a0))”” =0,
= bo(0°°" (ag) ) b1 (5°°2 (ag) )72 - - - by_1 (6% (ag))?* b, = 0.

If the number of a; in a;, 6°2(ai, )% (as,) - - - 0% (a;, ) is greater than m,,
then a similar discussion yields that a;, §°2 (a4, )0% (a;,) - - - 6°%(a;,,) = 0.
Thus, we obtain that each monomial p - a;, 6%2(a;, )03 (as,) - - - 0% (a;,, )
equals 0. Therefore, f(z) = ap + a12 + -+ + an2™ € R[z;d] is a
nilpotent element of the ring R[x;d].

Corollary 2.13. Let R be a reversible and §-compatible ring. Then
we have nil (R)[z; 6] = nil (R[z;d]).

Proof. 1t is an immediate consequence of Lemma 2.12. ]
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Lemma 2.14. Let R be a reversible and §-compatible ring, and let
f=>"aix', g= E?:o bjzd, h = > 1_,ckx’ € R[z;6] and ¢ € R.
Then we have the following:

(1) fg € nil(R[z;d]) < a;b; € nil (R) for all0<i<m, 0<j<n.
(2) fgc € nil (R[x;9]) < asbjc € nil (R) for all0 <i<m, 0<j <n.

(3) fgh € nil(R[z;d]) & abjep € nil(R) for all 0 < i < m,
0<j<n 0<k<p

Proof. (1) (=). Let f = > gaua’, g = Y7 bja) € Rlx; 8] be such
that fg € nil (R[z;4]). Then

o= (£)(E0) B (5 (£ ()

where 0 < s <mand 0 <t <n.

Then we have the following equations by Lemma 2.12:

(1) Apsn = amby, € nil(R),

(2)
i i—(m— .
ArrL+1’L—1 = ambn—l + 472 ) <m _ 1) Cli(s ( D (bn) € nil (R)
_ v i si—(m—2)
Aeran ‘_272 <m _ 2) al(s (bn)
N i i—(m—1)
+ »_Z,l <m - 1) ;0 (bn_1)

3) ¥ ambp_s € nil (R)

4) A= Z (i (;) aidi_s(bt)) € nil (R).

s+t=k

From equation (1), we get a,,b, € nil (R) and bya,, € nil (R). Now
we show that a;b, € nil (R) for all 0 <4 < m. If we multiply equation
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(2) on the left side by b, then

m

bnam—lbn = bnAm+n—1 - bnambn—l - <m -1

) bramd(by) € nil (R)

since nil (R) is an ideal of R. So by,Gy,—1 € nil (R) and @y, —1by, € nil (R).
If we multiply equation (3) on the left side by b,,, then bya,,—2b, =

m

bnAeran - (z:é) bnamfld(bn) - (m72 ) bnaﬂm(s2 (bn) - bnamflbnfl -
(1) brmd(bp—1)—bptmbn 2 = bnAern,g—(m‘l) (bnttm—1)8(by)—

m—2
m

(mﬁg) (bnam)62(bn) - (bnamfl)bnfl - (mfl) (bnam)d(bnfl) - (bnam)
bp—2 € nil (R) since nil (R) is an ideal of R. Hence, byam—_2 € nil (R),
and 80 a;,—2b, € nil(R). Continuing this process yields that a;b, €
nil (R) for 0 < ¢ < m. By Lemma 2.9 we have a;6°(b,) € nil (R) for
0 <i < m and any positive integer s. Thus, we obtain

(ao + a1+ -+ ama™)(bg + bz + -+ + bp_12" 1)

% (2 (E()ww))-

k=0 s+t=k
=Ao+ Az + -+ A 12™T T € nil (R)[2; 6],

where 0 <s<m,0<t<n-—1.

Applying the same method as above, we obtain a;b,_1 € nil (R) for
all 0 <4 < m. Using induction on n, we obtain a;b; € nil (R) for all
0<i<mand 0<j<n.

(). If ajb; € nil(R) for all 0 < ¢ < m and 0 < j < n, then
a;0'(bj) € nil (R) for all 0 < i <m, 0 < j < n and any positive integer
t by Lemma 2.9. Since nil (R) of a reversible ring is an ideal, we obtain
DD Dy (;) a;0'=%(by)) € nil(R). Hence, fg € nil (R[z;d]) by
Lemma 2.12.
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+ Z (i) bjdj_s(c)>xs + o+ bpea”
j=s
=Ag+A1x+- -+ Az’ 4+ Apz”

where Ay, =Y " (i) b;6775(c), 0 < s < n.

Jj=s

By (1), we have a;As = a; (Z?:S (Jg) bjdj_s(c)) € nil (R) for
0<i<mand 0<s<n.

For s = n, we have a;A,, = a;b,c € nil (R) for all 0 <i < m.

For s = n—1, we have a;A,_1 = a;(bp_1c+(,," | ) bnd(c)) = aib,_1c+
(T:l) a;bpd(c) € nil (R) for all 0 < ¢ < m. Since a;b,c € nil (R), by
Lemma 2.9, we have a;b,0(c) € nil (R). Hence, a;b,—1c € nil(R) for
all0 <7< m.

Now suppose that k is a positive integer such that for all 0 < ¢ < m
a;bjc € nil (R) when j > k. We show that a;bic € nil(R) for all
0<i<m.

If s=F, for all 0 <i < m, we have

n

Ay = a¢<z (fﬂ) bj5j—’<(c)> € nil (R).

=k

Since a;bjc € nil (R) for 0 < ¢ < m and k < j < n, by Lemma 2.9,
we have a;b;6’~*(c) € nil (R) for all 0 < i < m and k < j < n. Then
a;bic € nil (R) for all 0 < i < m. Therefore, by induction, we obtain
a;bje € nil(R) forall 0 < i <mand 0 < j < n.
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(). If aibje € nil(R) for all 0 < ¢ < m, 0 < j < n, then
a;b;6'(c) € nil (R) and so a;(3°7_, (i) b;677%(c)) € nil (R). Therefore,
fgc € nil (R[z;0]) by (1).

(3) Tt suffices to show (=). First we show that fgh € nil (R[x;0d]) =
fgex € nil (R[x;6]) with k € {0,1,...p}. We have

- (S (57)

=0 7=0
m-+n m .
5 (5 (R ()
m-+n

= Z Alxl.
=0

For any 0 < k < p, since fgh € nil (R[z;d]), by (1), we have

Ay, = ( 3 (Zf: (;) a5 (b)))ex € nil (R),

s+t=l
0<l<m+n,
and so fgc, € nil (R[x;d]) with & € {0,1,...p}. Now (2) implies
a;bjep, €nil(R) forall0<i<m,0<5<n, 0<k<p.

Given a polynomial f(x) € R[z], if the polynomial f(x) has the
property that each nonzero coefficient has the same right annihilator
in R, then we say that such a polynomial is a good polynomial. Shock
showed in [10] that, given any nonzero polynomial f(z) € R[z], one
can find r € R such that f(x)r is good. In order to prove the main
result of this paper, we will need a generalized version of Shock’s result
which applies in our differential polynomial setting.

Let m(z) = mg +myz + -+ +mga® + -+ myz™ ¢ nil (R)[z;8]. If
my ¢ nil (R), and m; € nil (R) for all ¢ > k, then we say that the weak
degree of m(z) is k. To simplify notations, we write Ndeg (m(z)) for
the weak degree of m(x).

Definition 2.15. Let m(x) = mg+myz+---+mpzk+-- -+ m,z" ¢
nil (R)[z; ] and Ndeg (m(z)) = k. If Nr(my) C Ng(m;) for all 4 < k,
then we say that m(z) is a weak good polynomial.
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Lemma 2.16. Let R be a 6-compatible and reversible ring. For any
m(z) = mo+miz+- - +mprk 4+ +mpa™ ¢ nil (R)[z; 8], there exists
an r € R such that m(x)r is a weak good polynomial.

Proof. Assume the result is false, and let m(z) = mo + miz +--- +
mia® + -+ + mua™ ¢ nil(R)[z; 8] be a counterexample of minimal
weak degree Ndeg(m(z)) = k > 1. In particular, m(z) is not
a weak good polynomial. Hence, there exists an ¢ < k such that
Ngr(mg) € Ng(m;). So we can find b € R with m;b ¢ nil (R), and
mib € nil (R). Note that Ndeg(m(z)) = k, so m; € nil(R) for all
j > k. Since nil (R) of a reversible ring is an ideal, m;§*(b) € nil (R)
for all j > k and any positive integer t. So the degree k coefficient

of m(z)b is Y i, (;) m;6°"%(b) € nil(R). On the other hand, it

is easy to see that, for all s > k, the degree s coefficient of m(x)b
is Yo, (z)mizsi_s(b) € nil (R). Hence, m(z)b has weak degree
at most k — 1. Since m;b ¢ nil(R), by Corollary 2.13, we have
m(z)b ¢ nil (R)[x;0]. By the minimality of k, we know that ¢ € R
exists with m(z)bc weakly good. But this contradicts the fact that
m(x) is a counterexample to the statement.

3. Main results.

Theorem 3.1. Let § be a derivation on R. If R is a reversible and
d-compatible ring, then NAss (R[xz;d]) = {p[z;d] | p € NAss(R)}.

Proof. We first prove D. Let p € NAss(R). By definition, a right
ideal I € nil (R) exists with I an R-prime ideal and p = Ng(I). It
suffices to prove

(5) pla; 6] = Npjzse) (1[2;0])
and
(6) I[x; 0] = R[z; §]-prime.

For equation (5), let f(z) = ap + a1 + -+ + qyz! € p[z;d], and let
i(x) = o+ 412 + -+ + ima™ € I[z;0]. Since ira; € nil (R) for each
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k, j, applying Lemma 2.14 yields that i(z)f(z) € nil (R[z;d]). Hence,
pl; 0] © Npw;s)([z;6]).

Conversely, if f(z) = ap + a1z + -+ + a2’ € Npps(I[;6]), then
i(x)f(z) € nil (R[z;d]) for all i(x) = ig + 12 + -+ + ima™ € I[z;].
Using Lemma 2.14, we obtain that ixa; € nil (R) for each k, j. Thus,
for all 0 < j < I, a;j € Nr(I) = g, and so f(z) € p[z;d]. Hence,
Npigis)(I[2;0]) C p[x;0]. Therefore, plx; 0] = Npgy.s)(I[x;0]).

Note that the right ideal I is an R-prime ideal. Then we have
I ¢ nil (R). Thus,

Iz; 6] € nil (R)[x; 6] = nil (R]x; d]).

To see (6), we must show that if a right ideal U ¢ nil (R[z;4d]) and
U C I[xz; 4], then

NRiz:6](0) = Npa;5)(I[z30]).

To this end, let D be a subset of R consisting of all coefficients of
elements of U. Then, let py denote the right ideal of R generalized
by D. Since U € nil (R[x;0]) = nil (R)[z;d], D ¢ nil (R), and hence
po € I, po Z nil (R). So we have Ng(po) = Ngr(I) = p because I is
R-prime. Since Ng[3;5/(0) 2 Ngz;5)({[7;0]) is clear, we now assume
that

h(z) =ho+ hix+ -+ hyat € NR[JC;(;] (0),

and

s(x) =so+s1x+ -+ spx’ €0.
Then we have s(z)h(z) € nil (R[z;d]). By Lemma 2.14, we obtain
sihj €nil(R) forall0<i<w, 0<j<u.
It follows from Lemma 2.11 that s;Rh; € nil (R). Thus we obtain
hj € Nr(po) = Nr(I)=¢p forall 0 <j<wu.

Let i(z) = io + t1x + --- + ipa? € I[z;6]. We have i,,h; € nil(R)
foral 0 < m < p, 0 < j < u. Then i(z)h(z) € nil (R[x;d]) by
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Lemma 2.14. Hence, Ng3;5/(0) € Npiz;5)({[2;0]) is proved, and so is
O in Theorem 3.1.

Now we turn our attention to proving C in Theorem 3.1. Let
I € NAss(R[z;d]). By definition, we have an Rx;d]-prime ideal £
with I = Nppa5(£). Pick any

m(z) = mo +myz + - +mpa’ + -+ mua™ ¢ nil (R)[z; 6] in £.

By £ ¢ nil(R[z;d]) and Lemma 2.16, we may assume that m(z) is
weak good, and Ndeg (m(x)) = k. Set £9 = m(z) - R[x;d]. Note that
m(z) ¢ nil (R)[x;d]), so we get

£o = m(z)R[z; 6] € nil (R)[z; 6] = nil (R[z; d]).
Then we have
NRiz:6)(£) = Nppz;5)(£0) = Nra;s)(m(z) - Rlz;0]) = 1

because £ is R[z;d]-prime. Consider the right ideal myR, and assume
that U = Ngr(myR). We wish to claim that I = Ulx;d]. Let

g(z) =bg +bhiz+-+bat e Ulx; d].

Then
mpRb; € nil (R) forall0<j <L

Since m(z) is weakly good, and Ndeg (m(z)) = k, m;Rb; € nil (R) for
all0 <i <k, 0<j <l On the other hand, for all i > k, m, € nil (R).
Thus, we have m;Rb; € nil (R) for all 0 < i < n, 0 < j <. Choose
any

h(z) = ho + hiz + - - - + hpx? € R[x; 4.

From m;hqb; € nil(R) forall 0 <i<n,0<d<pand0 < j <
and Lemma 2.14, we obtain m(x)h(x)g(z) € nil(R[z;d]). Hence,
g(x) € Nppgs)(m(z)R[x;6]) = I, and so Ulx;0] € I. Conversely, let
g(z) = by 4+ b1z + --- + bzt € I. Then

m(z)h(z)g(x) € nil (R[x;d])

for all
h(z) = ho + hiz + - - - + hpx? € R[x; 4.
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By Lemma 2.14, we get m;hqb; € nil(R) for all 0 <i<n, 0<d <p
and 0 < j < I. Thus, b; € Nr(miR) for all 0 < j < I, and so
g(x) € Ulx;4]. Hence, I C Ulz;d]. Therefore, I = Ulz;d].

We are now ready to check that my R is R-prime. Since my, ¢ nil (R),
mpR ¢ nil (R). Assume that a right ideal @ € miR, and Q ¢ nil (R).
Then Nr(Q) 2 Nr(myR) is clear. Now we show that

NR(Q) g NR(mkR).

Set W = {m(z)r | r € Q}, and let W R[z; §] be the right ideal of R[z;J]
generated by W. It is obvious that WR[z;d] C m(z)R[x;d]. Since
Q ¢ nil(R), a € R exists such that mpa € @ and mya ¢ nil (R). If
my, - mia € nil (R), then we have mya € nil (R) by Lemma 2.11. This
contradicts the fact that mga ¢ nil (R). Thus, my - mpa ¢ nil (R),
and so m(z) - mya Z nil (R[z;0]) by Lemma 2.14, and this implies that
W R[z; 6] € nil (R[z;4]). Since £ is R[z;d]-prime, we obtain

Ngz:5)(WR[2;6]) = NR[g;s)(m(x)R[z;0]) = I.

Suppose ¢ € Nr(Q). Then rq € nil(R) for each » € Q. For any
m(z)rf(x) € WR[x; 6] where f(z) = ap + a1 + --- + aia' € R[z;6].
The typical term of m(z)rf(z) is m;z'ra;z?. From rq € nil(R)
and Lemma 2.11, we have m;ra;q € nil(R). Thus, m;z'rajziq €
nil (R)[x; 0] due to the d-compatibility of R, and so

m(z)rf(x)g € nil (R)[z;d] = nil (R[z; d]).

Thus, for any
> m(x)r; fi(z) € WR[z; al,

it is easy to see that

(X mirsfte) )a € ui (i),

Hence, ¢ € Np[;5/(WR[x;0]) = I = Ulx; 6], and so ¢ € U = Ngr(myR).
So Nr(Q) € Nr(miR), and this implies that Nr(Q) = Nr(miR).
Thus, mg R is R—prime.

Assembling the above results, we finish the proof of Theorem 3.1.
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Corollary 3.2. Let R be a reversible ring. Then NAss(R[z]) =
{ple] | p € NAss (R)}.

Proof. Take 6 = 0 in Theorem 3.1. o

Example 3.3. Let R be a domain, and let

a1 a2 as
T(R, 3) = 0 a1 ao | a; € R
0 0 al

Then it is easy to verify that T'(R, 3) is reversible. Let

|u, vER

3
|
coo
o o=
og <

By routine computations, we have NAss(T(R,3)) = {m}. For a
derivation 6 on R, the natural extension 6 : T(R,3) — T(R, 3) defined
by §((a;)) = (6(a;)) is a derivation on T(R,3). Suppose that § is
compatible on R. We can show that § is compatible on T'(R, 3) as well.

Then, by Theorem 3.1, we have NAss (T'(R, 3)[x;0]) = {m]x;d]}.
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