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ON SOME FUNCTIONAL EQUATIONS
ARISING FROM (m,n)-JORDAN DERIVATIONS
AND COMMUTATIVITY OF PRIME RINGS

MAJA FOSNER AND JOSO VUKMAN

ABSTRACT. The purpose of this paper is to prove the
following result. Let m,n > 1 be some fixed integers with
m # n, and let R be a prime ring with (m + n)? < char (R).
Suppose a nonzero additive mapping D : R — R exists
satisfying the relation (m +n)2D(z3) = m(3m 4+ n)D(z)z? +
dmnzD(z)z +n(3n +m)z?D(z) for all z € R. In this case D
is a derivation and R is commutative.

1. Introduction. Throughout, R will represent an associative ring
with center Z(R). Given an integer n > 2, a ring R is said to be
n-torsion free, if, for x € R, nz = 0 implies z = 0. As usual, the
commutator zy — yx will be denoted by [z,y]. Recall that a ring R is
prime if, for a,b € R, aRb = (0) implies that either a = 0 or b = 0
and is semiprime in the case where aRa = (0) implies a = 0. An
additive mapping D : R — R, where R is an arbitrary ring, is called a
derivation if D(zy) = D(z)y+xD(y) holds for all pairs z,y € R, and is
called a Jordan derivation in the case where D(z?) = D(x)z+zD(x) is
fulfilled for all x € R. Obviously, any derivation is a Jordan derivation.
The converse in general is not true. Herstein [14] has proved that any
Jordan derivation on a prime ring with char (R) # 2 is a derivation.
A brief proof of Herstein’s result can be found in [9]. Cusack [11]
has proved Herstein’s theorem for 2-torsion free semiprime rings (see
[5] for an alternative proof). It should be mentioned that Herstein’s
theorem has been fairly generalized by Beidar, Bresar, Chebotar and
Martindale in [1]. An additive mapping D : R — R is called a left
derivation if D(zy) = yD(x) + xD(y) holds for all pairs z,y € R and
is called a left Jordan derivation (or Jordan left derivation) in the case
where D(z?) = 2xD(x) is fulfilled for all # € R. The concepts of left
derivation and left Jordan derivation were introduced by Bresar and
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Vukman in [10]. One can easily prove (see [10]) that the existence
of a nonzero left derivation on a prime ring forces the ring to be
commutative. Moreover, we have the following result.

Let R be a prime ring, and let D : R — R be a nonzero left
Jordan derivation. If char (R) # 2, then D is a derivation and R is
commutative.

The result we have just mentioned was first proved by Bresar and
Vukman [10] under the additional assumption that char (R) # 3. Later
on, Deng [12] proved that the assumption char (R) # 3 is superfluous.

Vukman [17] has proved that in the case where a left Jordan deriva-
tion D : R — R exists, where R is a 2-torsion free semiprime ring, then
D is a derivation which maps R into Z(R).

The concept of left Jordan derivation and related results are con-
nected with the theory of commuting and centralizing mappings. A
mapping F', which maps a ring R into itself, is called centralizing on R
in the case where [F(z), z] € Z(R) holds for all z € R. In a special case
where [F(z),z] = 0 is fulfilled for all x € R, F is called commuting on
R. A classical result of Posner (Posner’s second theorem) [15] states
that the existence of a nonzero centralizing derivation D : R — R,
where R is a prime ring, forces the ring to be commutative.

Let m > 0, n > 0 with m +n # 0 some fixed integers. An additive
mapping D : R — R, where R is an arbitrary ring, is called an (m,n)-
Jordan derivation in the case where

(m +n)D(x?) = 2mD(z)x + 2nzD(x)
holds for all z € R.

2. Results. The concept of the (m,n)-Jordan derivation was
introduced by Vukman in [18]. This concept covers the concept of left
Jordan derivation as well as the concept of Jordan derivation. More
precisely, (0, 1)-Jordan derivation is a left Jordan derivation and (1,1)-
Jordan derivation on a 2-torsion free ring is a Jordan derivation.

Vukman [18] has recently proved the following result.

Theorem 1. Letm > 1, n > 1 be some fixed integers with m # n,
and let R be a prime ring with char (R) # 2mn(m+n)(m—mn). Suppose
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D : R — R is a nonzero (m,n)-Jordan derivation. If char (R) =0 or
char (R) > 3, then D is a derivation and R is commutative.

One can prove (see [18] for the details) that any (m,n)-Jordan
derivation on arbitrary 2-torsion free ring R satisfies the following
relation

1) (m +n)?D(x3) = m(3m + n)D(z)x?
+ 4dmnaD(x)x +n(3n +m)z?D(z), = € R.

In the case m = n # 0, R is 2 and m-torsion the torsion free ring,
the above relation reduces to

(2) D(z®) = D(2)2* + zD(x)x + 2°D(z), = € R.

Beidar, Bresar, Chebotar and Martindale [1, Theorem 4.4] have
proved that in the case where there exists an additive mapping D : R —
R, where R is a prime ring with char (R) # 2 satisfying relation (2) for
all z € R, then D is a derivation (actually they proved a much more
general result). In this paper we consider the functional equation (1)
in case m # n. More precisely, it is our aim in this paper to prove the
following result.

Theorem 2. Let m > 1, n > 1 be some fized integers with m # n,
and let R be a prime ring with (m + n)? < char (R). Suppose that
D : R — R is a nonzero additive mapping satisfying the relation

3) (m +n)?D(x3) = m(3m + n)D(z)x?
+ 4mnaD(z)z + n(3n 4+ m)z*D(z)

for all x € R. In this case D is a derivation and R is commutative.

For the proof of Theorem 2 we need Theorem 3 below, which is
of independent interest. Our result is obtained as an application of
the theory of functional identities (Bresar-Beidar-Chebotar theory).
We refer the reader to [7] for an introductory account on functional
identities and to [8] for full treatment of this theory.
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Let R be a ring, and let X be a subset of R. By C(X) we denote
the set {r € R| [r,X] = 0}. Let m € N, and let £ : X™ ! - R,
p: X™ 2 5 R be arbitrary mappings. In the case where m = 1, this
should be understood as that E is an element in R and p = 0. Let
1 <i<j<m,and define E*,p¥ p/* : X™ — R by

Et(fm) = E(l‘l,... ,xi_l,l‘“_l,... ,xm),
p”(fm) :pﬂ(f’m) = (xl" ey L1 T 1y ey Lj—1, Lt 1y - - - 7xM)a
where T,, = (z1,... ,Tm) € X™.

Let I,J C{1,...,m}, and, foreachi € I, j € J let E;, F; : X™ ! —
R be arbitrary mappings. Consider the functional identities

(4) N El@m)vi+ Y 2 F (Tm) =0, (Tm € X™),

el jeJ
(5) N B @)z + Y 2 F (@) € O(X), (Tm € X™).
iel jeJ

A natural possibility when (4) and (5) are fulfilled is when there
exist mappings p;; : X™ 2% — R, i € I, j € J, i # j, and
g : XMt — C(X), k€ IUJ, such that

EZ(EM) = Z %pZ (@Tm) + )‘ﬁ(fm)v
Je€Jj#i
(6) Fl@m) == Y pi@m)zi — N(@m),
i€l j#i
Ae=0 if k¢InJ

for all T,, € X™, i € I, j € J. We shall say that every solution of form
(6) is a standard solution of (4) and (5).

The case where one of the sets I or J is empty is not excluded. The
sum over the empty set of indices should be simply read as zero. So,
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when J = 0 (respectively I = 0) (4) and (5) reduce to

(7) > Ei(@m)zi =0

iel
(respectively ijF]] (Tm) = 0), (T, € X™),
JjEJ
(8) Y Ei@n)ri € O(X)
iel
(respectively Zm]Fj (Tm) € C’(X)), (Tm € X™).
jed

In that case the (only) standard solution is

(9) E, =0, i€l (respectively F; =0, je&J).

A d-freeness of X will play an important role in this paper. For a
definition of d-freeness, we refer the reader to [4]. Let us mention that
a prime ring R is a d-free subset of its maximal right ring of quotients,
unless R satisfies the standard polynomial identity of degree less than
2d (see [2, Theorem 2.4]).

Let R be a ring, and let

p($1,$27$3) = Z Tr(1)Tr(2)Tr(3)
TES3

be a fixed multilinear polynomial in noncommutative indeterminates
x1, Ta, x3. Further, let L be a subset of R closed under p, i.e., p(T3) € L
for all x1,29,23 € L, where T3 = (x1,z2,z3). We shall consider a
mapping D : L — R satisfying

(m+n)*D(p(T3)) = mBm+n) Y D(@r(1))Tr(2)Tx(s)
TES3

(10) +4mn Z Tr(1)D(@r(2)) T (3)
TES3

+n(3n+m) Z $W(1)$w(2)D(xw(3))
TES3
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for all x1,x9,x3 € L. Let us mention that the idea of considering the
expression [p(Z3),p(Ys)] in its proof is taken from [3] and was used in
[13] as well.

Theorem 3. Let L be a 6-free Lie subring of R closed under p. If
D : L — R is an additive mapping satisfying (10), then p € C(L) and
A: L — C(L) exist such that (m + n)?n(3n + m)D(x) = px + \(x) for
allx € L.

Proof. Note that, for any a € L and T3 € L3, we have

[p(T3),a] = p([z1,a], x2, 23) + p(21, [22, a], x3) + p(z1, T2, T3, a]).
Thus,

(m +n)*D[p(T3),a] = (m +n)*D(p([z1, a], x2, x3))
+ (m + n)QD(p(l‘l, [va a]? .133))
+ (m + n)Q‘D(p(xla Z2, [253, a’]))
Using (10), it follows that

(m +n)?Dlp(Ts),a] = mBm+n) Y D[tr1), d)Tr(2)Tn(s)
TES3

+4Amn Y [eey, A D(@r(2))Tn(s)
TES3

+n(3n+m) Z [Tr(1); @) Tr(2) D(2r(3))
TES3

+m(3m +n) Z D(2r1))[Tr(2), alTx(3)

TESs
+ 4mn Z xﬂ(l)D[$W(2)7a]$w(3)
TESs
+ ’I’L(3TL + m) Z Tr(1) [1‘71—(2); a]D(xW(3))
TES3
+m@Bm+n) Y D(@e1)Tn(2) [Tr(s) al
TES3
+ 4mn Z Tr(1)D(@r(2))[Tr(3), a]
TES3

+n(3n+m) Z Tr(1)Tr(2)D[Tr(3), al.
TES3
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Thus,

(m +n)?DIp(T3), a] = m(3m + n) Z Dl (1), alTr(2)Tr(3)
TES3

+4mn Z [xw(l)aa]D(xﬂ'(Q))xTr(B)
WGS;}

+n(3n+m) Z [%(1)%(2)7 G]D(xw(B))
TES3

(11) +m(3m +n) Z D(zx1))[Tr(2)Tr(3), a]
TES3

+4mn Z T 1) D[Tr(2), a|Tr(3)
TES3

+ 4mn Z Tr1)D(2r(2))[Tr(3), a]
TES3

+n(3n+m) Z Tr(1)Tr(2) D]Tr(3), al-
TESs
In particular,

(12)  (m+n)*D[p(T3), p(7s)]

=m(3m+n) Z Dlzr(1), p(U3)]|r(2)Tr(3)
TES3

+4mn Z [xﬂ'(l)7p(y3)]D(xﬂ'(2))xﬂ'(3)
TES3

+n(3n+m) Z [xw(1)a?7r(2)7P@3)]D($w(3))
7T€Sg

+m(3m +n) Z D(2r1))[Tr2)Tr(3), P(Y3)]
TES3

+4mn Z Tr(1) D@7 (2), P(TU3)|Tr(3)
TES3

+4mn Z Tr(1)D(¥r(2)) [Tr(3): P(T3)]
TES3

+n(3n +m) Z Tr(1)Tr(2) D]Tr(3), (T3)]
TES3

for all 73,75 € L3. For i = 1,2,3 we also have (by (11))
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o(r(i)) = (M +n)Dlzr(), p(Ts)]
= _(m + n)QD[p(%), xﬂ'(z)]
=m(3m +n) Z D2 (i), Yo (1)Yo(2) Yo (3)

og€S3
+4mn Y [ri) Vo)) Do) Vo(3)
og€S3
+n@Bn+m) D [Tr) Yo() Vo) Do)
UGS;}
+m(3m +n) Z D(Yo(1))[Tr(i)s Yo(2) Yo (3)]
0653
+4mn Z Yo(1) DT r (i) Yo (2) 1Yo (3)
0653

+4mn Z Yo (1) D (Yo (2)) [T (i) s Yo (3)]
oc€S3

+n(3n+m) Z Yo(1)Yo (2) DT (i)s Yo (3)]
0'633

for all §; € L3. Therefore, (12) can be written as

(13)
(m +n)*Dlp(Ts3), p(Fs)]

=mBm+n) Y o(Tr1))Tr(2)Tr(3)
TES3

+ (m +n)*4mn Z [ (1), P(U3)D (T r(2)) T (3)
TES3

+ (m+n)*n(3n 4+ m) Z [Tr(1)Zr(2), P(T3)| D(Tr(3))
71'653

+ (m+n)*m(3m + n) Z D(x71))[Tr(2)Tr(3), P(U3)]
TES3

+4mn Z Tr(1)P(Tr(2))Tr(3)
TES3
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+ (m +n)*4mn Z T (1) D(@r(2)[2r(3), P(Y3)]
TES3

+n(3n+m) Z Tr(1) T (2) P (T (3))
TES3

for all 3,73 € L3  On the other hand, using [p(Z3),p(73)] =
—[p(¥s3),p(T3)], we get from the above identity

(14)  (m +n)*Dp(z3), p(T3)]

=m(3m +n) Z ' (Yo (1)) Yo (2)Yo(3)
g€Ss

+ (m -+ n)*4mn Z [P(T3), Yo (1)1 D (Yo (2)) Yo (3)
og€S3

+ (m+n)*n(3n+m) Z [P(T3), Yo (1) Yo (2)] P (Yo (3))
ogES3

+ (m+n)*m(3m + n) Z D(Yo1))[P(T3), Yo (2) Yo (3)]
og€S3

+4mn Z Yo (1)’ (Yo(2))Yo(3)
og€S3

+ (m +n)*4mn Z Yo (1) D (Yo (2)) [P(T3), Yo (3)]
og€eSs3

+n(3n+m) Z ya(l)ya(2)50/(ya(3))
g€S3

for all 73,75 € L3, where

Woi) =mBm+n) Y D[re), Yo(i) | Tr@)Tx(s)
TES3

+ dmn Z [1‘71—(1), yg(i)]D(xﬂ(Q))xﬂ'(?))
TES3

+n(3n+m) Z [Tr(1)Tr(2)s Yo (i) D (T (3))
TES3

+m(3m +n) Z D(2r1)[Tx(2)Tx(3) Yo (4)]
TES3

+4mn Z 1) D[Tr2), Yo (i) Tr(3)
TES3
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+amn Y 2e) D(@r2) [Ta(3): Yol
TES3

+n(3n+m) Z xn—(l)xﬂ'(Q)D[xﬂ'(S)a ya(i)]
TES3

for all T3 € L?. Let s : Z — Z be a mapping defined by s(i) = i — 3.
For each o € S3 the mapping s 'os : {4,5,6} — {4,5,6} is denoted

by @. Comparing identities (13) and (14) and writing 34, instead of
vi, © = 1,2, 3, we can express the so-obtained relation as

6 6
> El@e)zi + Y i Fl(T) =0,

i=1 j=1

for all Tg = (w1, 72, 73,24, 25,76) € LS. We can prove that p € L and
a mapping A : L — C(L) exist such that

(15) (m +n)*m(3m + n)D(z) = zp + \(z)

for all x € L. Similarly, we can show that ¢ € L and a mapping
p: L — C(L) exist such that

(16) (m+n)2n(3n + m)D(x) = gz + ()
for all x € L. Thus,

n(3n 4+ m)(m + n)*m(3m + n)D(z
=n(3n+ m)zp + n(3n + m)A\(x),

m(3m + n)(m + n)*n(3n + m)D(z)
= m(3m + n)qr + m(3m + n)u(z),
for all x € L. Comparing these two identities, we arrive at
n(3n + m)xp — m(3m +n)qr € C(L)

for all z € L. It follows that n(3n+m)p = m(3m +n)q € C(L), which
yields p, g € C(L). Thereby, the proof is completed. O



ON SOME FUNCTIONAL EQUATIONS 1163

We are now in a position to prove Theorem 2.

Proof. The complete linearization of (3) gives us (10). First suppose
that R is not a PI ring (satisfying the standard polynomial identity of
degree less than 6). According to Theorem 3, p € C and A: R — C
exist such that

(m +n)?*m(3m + n)D(z) = px + \(z)
for all x € R. Thus,
22(2(m + n)*px + 3(m +n)*A\(x)) = (m + n)*\(z?),
which yields
22 (2px + 3A\(2)) = A(a?)

for all x € R. A complete linearization of this identity leads to

Z Tr(1)Z7(2) (219%(3) + 3>\(J?7r(3))> = AMp(T3))
TES3

for all x1,z9,23 € R. Since R is not a PI ring, it follows that
(17) 2pz 4+ 3A(z) =0

for all z € R. Thus, [2pz,y] = 0 for all z,y € R, which in turn implies
[x,y]zp = 0 for all z,y,z € R. By the primeness of R, it follows that
R is commutative or p = 0. The second relation gives us A(z) = 0 for
all z € R by (17). Thus, D = 0. Suppose now that [z,y] = 0 for all
x,y € R. Using (17) it follows that A(x)y — A(y)z =0 for all z,y € R,
which implies A = 0. Consequently, D = 0.

Assume now that R is a PI ring. It is well known, that in this case,
R has a nonzero center (see [16]). Let ¢ be a nonzero central element.
Pick any = € R, and set 1 = 23 = cx and 3 = z in (10). We arrive
at

(m 4 n)2D(6c*2®) = m(3m + n)c(4D(cx)2? + 2¢D(x)x?)
+ dmnc(dzD(cx)x 4+ 2caD(x)x)
+ n(3n + m)c(4x?D(cx) 4 2ca*D(x)).



1164 MAJA FOSNER AND JOSO VUKMAN

On the other hand, setting 71 = 22 = ¢ and 23 = 2® in (10), we obtain
(m +n)2D(6c*x®) = m(3m + n)c(4D(c)x® + 2eD(x?))
+ 4mnc(2D(c)2® 4+ 2¢D(2®) + 223 D(c))
+n(3n +m)c(2¢D(x3) 4+ 423 D(c)).
Comparing the so-obtained relations, we get
0 = m(3m 4 n)(D(cx)x* — cD(z)x* — D(c)x?)
(18) + 2mn(2xD(cx)x — 2caxD(x)x — D(c)z® — 23 D(c))
+n(3n +m)(z2D(cx) — ca®D(x) — 23 D(c))
for all z € R. In the case where x = ¢, we have
(19) D(c*) = 2¢D(c).
The complete linearization of (18) and setting 1 = x and 2 = 3 = ¢
in the so-obtained identity yields
6(m +n)?D(cx) = (2m(3m + n) + 4mn)D(c)zx
+ (2n(3n +m) + 4mn)xD(c)
+6(m +n)%eD(x)
for all x € R. Hence,
(20) (m+n)(D(cz) — cD(x)) = mD(c)x +nazD(c)

for all x € R.

Putting cx instead of = in (3), we get

(m +n)2D(c2®) = m(3m + n)c? D (cx)z?
(21) + dmnctxD(cx)x
+n(3n +m)c?x?D(cx)

for all z € R. On the other hand, setting 1 = 2 = c and 23 = cz® in

(10), we obtain
(m 4 n)>D(3x3) = (m + n)?c®*D(ca®)
(22) + 2m(m + n)c*D(c)z?
+ 2n(m 4 n)c2x3D(c)
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for all z € R. Note that, by (20),
(m +n)2D(cx®) = (m + n)((m + n)eD(z®)
+mD(c)z® + nzD(c))
= m(3m + n)cD(z)x?
+ dmncxD(x)z 4+ n(3n + m)cx?D(x)
+m(m +n)D(c)z® + n(m + n)x3D(c).
Comparing identities (21) and (22), we arrive at
(23) m(3m +n)(D(cx) — eD(z))z?
+ dmnzx(D(cx) — cD(x))x
+n(3n 4+ m)x?(D(cx) — eD(x))
= 3m(m + n)D(c)z® + 3n(m + n)x>D(c)
for all z € R. Multiplying this relation by (m + n) and using (20), it
follows that
m(3m + n)(mD(c)x + nzD(c))x?
+ dmnzx(mD(c)x + nxD(c))x
+n(3n +m)a?(mD(c)x + nzD(c))
=3m(m +n)?D(c)x® + 3n(m + n)?x*D(c),
which in turn implies

(5m + 3n)D(c)2® + (3m + 5n)2®D(c)
= (m + ™)z’ D(c)x + (Tm + n)zD(c)z?
for all z € R. After a complete linearization and putting z; = 25 =z
and x3 = c in this new identity, we obtain [[z, D(c)],z] = 0 for all

x € R. Using Posner’s second theorem, it follows that [z, D(c)] = 0 for
all z € R. From (20), we get

(24) D(cx) = D(c)x + ¢D(x)
for all z € R. Pick any x € R, and set x1 = ¢ and x2 = x3 = z in (10).
We arrive at
6(m + n)?D(cx?) = m(3m + n)(4D(z)xc + 2D(c)z?)
+ 4dmn(2¢D(z)x 4+ 22D (x)c + 2z D(c)x)
+n(3n + m)(4cxD(x) + 222D(c))
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for all z € R. By (24), we have 6(m+n)2D(cx?) = 6(m+n)?(D(c)z?+
eD(z?)) for all z € R. Comparing the so-obtained identities, we arrive
at

(25) (m 4 n)D(2?) = 2mD(x)z + 2nzD(x)

for all z € R.

The linearization of relation (25) gives us

(m+n)D(zy + yz) = 2mD(z)y

(26) +2mD(y)z + 2nzD(y) + 2nyD(x)

for all z,y € R. Now, putting (m + n)22? for y in relation (26) and
applying (3), we obtain after some calculations
(27)
(m +n)®D(x*) = (4m® + 3m?n + mn?)D(2)2>
+ (Tm?*n 4+ mn?)xzD(x)2z* + (Tmn* + m*n)2x® D(z)z
+ (4n® + 3mn? + m*n)2®D(z)

for all x € R. On the other hand, putting (m + n)z? for x in (21), we
obtain

(m +n)3D(z?) = 4m?(m + n)D(x)z> + 4mn(m + n)zD(x)z>

(28) 2 2 3
+ dmn(m + n)z"D(z)x + 4n*(m + n)z° D(x)
for all z € R. By comparing (23) and (24), we obtain

(29) mn(n —m)D(x)z® 4+ 3mn(m — n)zD(x)2z*+
3mn(n —m)x?D(x)z + mn(m —n)z*D(x) = 0

for all x € R. Whence, it follows that
D(z)2® — 3xD(x)2?® + 32°D(x)x — 2*D(x) = 0
for all z € R, which can be written in the form
[1D(), 2], ], 2] = 0

for all © € R. By the result of Bresar [6], it follows that [D(z),z] =0
holds for all x € R, which makes it possible to replace D(x)z in (25)
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with zD(z). We therefore have (m +n)D(z?) = 2(m +n)zD(x) for all
r € R, which reduces to D(2?) = 2zD(z), x € R. Again applying the
fact that D is commuting on R, we arrive at D(z?) = D(z)x+zD(z) for
all z € R. In other words, D is a Jordan derivation, whence it follows
that D is a derivation by Herstein’s theorem. Thus, D is a nonzero
commuting derivation. By Posner’s second theorem, R is commutative.
Thereby the proof of the theorem is complete. o
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