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THE FIRST COHOMOLOGY GROUP OF
MODULE EXTENSION BANACH ALGEBRAS

A.R. MEDGHALCHI AND H. POURMAHMOOD-AGHABABA

ABSTRACT. Let A be a Banach algebra and X a Banach
A-bimodule. Then § = A & X, the lj-direct sum of A
and X becomes a module extension Banach algebra when
equipped with the algebra product (a,z).(a’, ') = (aa’, az’ +
za'). In this paper we compute the first cohomology group
H1(S,S) for module extension Banach algebras S. Also we
obtain results on n-weak amenability of commutative module
extension Banach algebras. We have shown that there are
many different examples of non-n-weakly amenable Banach
algebras.

1. Introduction. Let A be a Banach algebra and X a Banach
A-bimodule. A derivation from A into X is a bounded linear map
satisfying

D(ab) = a.(Db) + (Da).b (a,bec A).

For each x € X we denote by ad, the derivation D(a) = a.z — z.a,
for all @ € A, called an inner derivation. We denote by Z!(A, X) the
space of all derivations from A into X, and by B'(A, X) the space of
all inner derivations from A into X. The first cohomology group of
A with coefficients in X, denoted by H'(A, X), is the quotient space
ZY(A,X)/B'(A, X). This first cohomology group of a Banach algebra
gives vast information about the structure of A. If X is a Banach A-
bimodule, X* (the dual space of X) is an A-bimodule as usual. Let
n € N, the set of non-negative integers. A Banach algebra A is called
amenable if H1(A, X*) = 0 for every A-bimodule X. A Banach algebra
A is called n-weakly amenable (weakly amenable in case n = 1) if
H'(A, A1) = 0, where A is the n-th dual space of A and A(®) = A
(cf. [3]). In [5, 6] the authors have calculated the first cohomology
group of a class of Banach algebras which they called triangular Banach
algebras.
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Motivated by these earlier investigations, in this paper we shall focus
on a special kind of Banach algebras, called module extension Banach
algebras. If A is a Banach algebra and X is a Banach A-bimodule,
then the module extension Banach algebra corresponding to A and X
is S = A® X, the [-direct sum of A and X with the algebra product
defined as follows:

(a,z).(a',2') = (ad',az’ + zd'), (a,d’ € A,z,2’ € X).

As has been discussed in [11], every triangular Banach algebra
is isometrically isomorphic to a module extension Banach algebra.
Therefore, module extension Banach algebras are generalized forms of
triangular Banach algebras.

In Section 2, we compute the first cohomology group H'(S,S) of
module extension Banach algebras S = A ® X. As a consequence,
we show that H'(S,8) # 0if S = A® A (a known result of [11]).
We prove that if A is a commutative Banach algebra, X is a non-zero
symmetric A-bimodule (i.e., az = za for all a € A and z € X) and
S =A® X, then H'(S,8) # 0 and so S cannot be n-weakly amenable
for any n € N. Furthermore, we compute the first cohomology group
HY(S,Y) for § = A® X and an A-bimodule Y which is an S-bimodule
in the canonical fashion.

In Section 3, we compute the first cohomology group H'(S,S) and
H'(8,Y) for many concrete examples of module extension Banach
algebras S and S-bimodules Y.

2. The first cohomology group H!(S,S). Our aim in this section
is to calculate H'(S,S) and H'(S,Y) and then apply this group to
characterize n-weak amenability of S. Then we obtain some interesting
non-n-weakly amenable Banach algebras.

Notation 2.1. If A is a Banach algebra and X is a Banach A-
bimodule, we denote by

(i) Z(A) the algebraic center of A,
(i1) Ca(X, X) the set {ad, : X — X |a € Z(A)},

(iii) Hom 4 (X, X) the set of all bounded A-bimodule homomorphisms
from X into X.
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The following proposition and corollary characterize derivations on
S. Proofs are basically the proofs of [11, Theorem 2.2 and Lemma
3.2], respectively, when m = 0. So we omit them.

Proposition 2.2. Let S = A® X. Then D € Z'(S,S8) if and only
if

(x)  D(a,z) = (Da(a) + Ti(z), Dx(a) + To(z)) (a€ A,z € X)

such that

)
)
(iii) 71 : X — A is an A-bimodule homomorphism such that Ty (z)y +
y) =0 for all v,y € X,

(iv) To : X — X is a bounded linear map such that

Ty(ax) = aTz(z)+Da(a)z, Ta(za) = Te(z)a+2Da(a) (a € A,z € X).

Moreover, D is inner if and only if Dy and Dx are inner, T1 = 0 and
if Dg = ad,, then Ty = ad,.

Corollary 2.3. Let ¢ € Homu (X, X), andlet D, : S — S be defined
by Dy(a,z) = (0,¢(x)). Then Dy, is a derivation on S and D, is inner
if and only if ¢ € Cx(X, X).

Proposition 2.4. IfS = A® A, then every derivation D € Z1(A, A)
gives rise to a derivation D € Z1(8,8) with D(a,b) = (D(a), D(b)).

Moreover, D is inner if and only if D is inner.

Proof. Tt is routine to check that D is a bounded derivation. More-
over, if D = ad, is inner, then D = ad(q) is inner. Conversely, if

D=ad (a,b) for some a,b € A, then for ¢,d € A we have
(D(c), D(d)) = ﬁ(c, d) = ad (4,3)(c,d) = (ad 4(c),ad o (d) + ad (c)).

Thus D = ad, and b € Z(A). Hence D is also inner. o
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Now we are ready to state and prove one of the main theorems of this
paper.

Theorem 2.5. Let A be a Banach algebra and X a Banach A-
bimodule. Let H'(A, A) = 0 and the only A-bimodule homomorphism
T:X — A such that T(z)y + 2T(y) = 0 for all z,y € X, be T = 0.
Then for S = A® X,

Hom 4(X, X)

CA(XaX) ’

where = denotes the vector space isomorphism.

HY(S,8)= HY (A, X)®

Proof. First note that C'4(X,X) C Homa (X, X), because for a €
Z(A), b,ce Aand z € X we have

ad 4 (bzc) = a(bxe) — (bzc)a = baze — brac = b(ax — xa)c = bad ,(z)e.

Now let ¥ : Z'(A4,X) & Homu(X,X) — H'(S,S) be defined by
¥(D,T) = [ép,r], where épr(a,z) = (0, D(a) + T'(x)) and [dp.7]
represents the equivalence class of dp 1 in H'(S,S). Clearly ¥ is linear
and surjective because of Proposition 2.2, every derivation § € Z(S,S)
is of the form §(a,z) = (Da(a), Dx(a)+T>(x)) such that D4, Dx and
T, satisfy in conditions (i), (ii) and (iv) of Proposition 2.2, respectively
(note that Ty = 0). Since H!(A,A) = 0, we have Dy = ad; for
some b € A. Let T = T» — ady. Then T € Homu (X, X) and
d(a,z) — dpy,r(a,z) = (adp(a),ady(z)). Thus 6 — dp, r is inner and
so ¥(D,T) = [0py,r] = [6]. Also we have

ker ¥ = {(D,T) € Z'(A, X) ® Homa (X, X)|6py 7 is inner}
={(D,ad,)|D € B*(A,X), ad, : X — X for some a € Z(A)},
(by Corollary 2.3)
= BY(A4,X)® Ca(X, X).

Hence
Homy (X, X)

HYS,S) =2 H' (A, X))o Ca(X, X)

Corollary 2.6. (i) Let S = A® A. Then by Proposition 2.4 and
Theorem 2.5, H'(S,8) # 0. This is the special case (when m = 0) of
the known result of [11, page 4142].
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(ii) Let n € N and A™ be the n-th dual space of A which is a
Banach A-bimodule as usual. Let H'(A,A) = 0 and S = A @ A™),
Then HY(S,S) # 0.

Let A be a commutative Banach algebra such that H'(A4, A) # 0.
As it is discussed in [3, page 23], A cannot be n-weakly amenable for
any n € N. In particular, H'(A, A®") = 0 (for some n € N) implies
H'(A,A) = 0 by [3, Proposition 1.2]. Also, if H'(A, A?"*t1) = 0
(for some n € N) then H'(A, A*) = 0 again by [3, Proposition 1.2].
Therefore H'(A, A™) = 0 for each n € N, by [2, Theorem 2.8.63],
which is a contradiction. Now, in the following corollary we extend
[11, Proposition 5.2] when H(A, A) = 0:

Corollary 2.7. Let A be a commutative Banach algebra, X a non-
zero symmetric A-bimodule, S = A® X and H'(A,A) = 0. Then S

cannot be n-weakly amenable for any n € N.

Proof. We have C4(X,X) = 0 and Homx(X,X) # 0. Thus by
Theorem 2.5, H!(S,S) # 0 and so S cannot be n-weakly amenable for
any n € N. O

Example 2.1. Let X be a Banach space. It is clear that H!(C, C) =
0 and H(C,X) =0. Let 7' : X — C be a continuous linear functional
such that T'(z)y + 2T (y) = 0 for all x,y € X. Then T'(z)T(y) = 0 for
all z,y € X, and so T = 0. Clearly Homg (X, X) = B(X) (the space of
all bounded linear operators from X into X) and C¢(X,X) = 0, hence
by Theorem 2.5, H}(C & X,C & X) = B(X).

Corollary 2.8. Let S = A A, H'(A,A) = 0 and the only A-
bimodule homomorphism T : A — A that satisfies T|42 =0, be T = 0.
Then HY(S,S) = Hom (A, A).

Remark 2.1. Note that there are many classes of Banach algebras A

satisfied in the conditions of Corollary 2.8. For example:

(i) If A is a von-Neumann algebra, a commutative C*-algebra, a
W*-algebra or a simple unital C*-algebra (i.e., A has no proper closed
two-sided ideal), then H'(A, A) =0 [9].

(ii) If A is a semi-simple commutative Banach algebra, then H'(A4, A) =
0 [10].
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(iii) If A% = A, especially if A is weakly amenable or if A has a one
sided approximate identity, then the only A-bimodule homomorphism
T: A — A satisfying T)|42 =0, is T = 0.

Example 2.2. Let A be one of the Banach algebras listed in Remark
2.1 (i). Then for S = A® A, we have H'(S,S) = Homa (4, A) .

It is easy to see that if A is a unital Banach algebra, then Hom 4 (A, A)
> 7(A). Therefore, if A is a unital Banach algebra and H'(4, A) =0,
then for S = A ® A we have H!(S,S) = Z(A) which is non-zero.

Example 2.3. Let A = ¢g with pointwise multiplication, and
S = ¢g ® ¢p. Then Hom,,(cp,co) can be identified with I, viewed
as multiplication operators [5]. Also, since ¢y is weakly amenable,
H'(co, o) = 0 by [2, Theorem 2.8.63]. It follows that

H*(co ® co,co® o) = loo-

If Y is a Banach A-bimodule, then it is also a Banach S-bimodule
by the canonical projection S — A, (a,z) — a for § = A® X. With
this action we can compute the first cohomology group H(S,Y) of
S = A @ X with coefficients in Y.

Theorem 2.9. Let X andY be Banach A-bimodules and S = AGX.
Then by the above discussion, we have

HY(S,Y)= H'(A,Y) ® Homu(X,Y),
as vector spaces. Specifically,

HY(S,A) = H' (A, A) ® Homy (X, A).

Proof. Let ¥ : Z'(A,Y) ® Homu(X,Y) — H'(S,Y) be defined by
U(D,T) = [6p,r], where 0p r(a, ) = D(a)+T(x) and [0 p, 7] represents
the equivalence class of p 7 in H*(S,Y). Clearly ¥ is a well-defined
linear map. It is then routinely checked that dp ¢ is inner if and only if
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D isinner and T' = 0. Therefore, ker ¥ = B'(A, Y)®0. For surjectivity,
let § € ZX(S,Y) be a derivation. Then §(a,z) = doiy(a) + doiz(z),
where i1 : A — S and i3 : X — S are inclusion maps. Set D = doi;
and T = doiz. Then D € Z'(A,Y), T € Homu(X,Y) and § = dp 7.
Hence H'(S,Y) = H'(A,Y) ® Hom, (X,Y). O

Example 2.4. Let X be a Banach space and S = C ® X. Then we
have H'(C® X,C) & X*.

3. Examples. In this section we present a number of examples
of module extension Banach algebras S, and we explicitly determine
H'(S,8) and H'(S,Y). Furthermore, we give many different examples
of non-n-weakly amenable Banach algebras.

Example 3.1. Let D,, denote the n x n diagonal matrices over the
field C, called the diagonal algebra, and let M, denote the set of all
n X n matrices over the field C.

(i) Let A = X = D,, with usual matrix actions. It is clear that
H'(D,,,D,,) = 0. Therefore, by Corollary 2.8 we have

H'(D,9®D,,D,®D,)~D,.

(ii) Let A = D, and X = M,,. Then X is an A-bimodule in
the obvious way. We have H!(D,,D,) = 0 and H'(D,,M,,) =
0. If T : M, — D, is a D,-bimodule homomorphism such that
AT(B) + T(A)B = 0 for all A,B € M,,, then T(A)T(B) = 0 for all
A,B € M,,. Let A = B; then T(A)? = 0. Since T(A) € D,,, T(A) = 0,
and so 7' = 0. Also by [5, Example 4.1], Homp , (M,,,M,,) ¥ M,,. It
is easy to see that

CDH(MnaMn) = {[dl 7dj] 01 S Z,j S n,dl,... ,dn € C},
which is of dimension n — 1. Hence by Theorem 2.5 we have

M,

H'(D, ®M,,D, & M,) = — .
(Dn & ® ) {ldi —d;j]:1<4,j5 <n,dy,...,d, € C}

Therefore, dim H'(D,, ® M,,,D,, ® M,,) = n? — n + 1 (vector space
dimension).
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(iii) Let A = D,, and X = M,, with the following action:
Ail-[zi] = [iz]-[A] = [Mzis] ([Ni] € D, [m45] € My,).

Then as in Example 2.1 we find that H!(D,,®M,,, D,,&M,,) = B(M,,),

which is of dimension n?.

Example 3.2. Let H be an infinite dimensional Hilbert space, let
B(H), K(H) and Q(H) be the spaces of all bounded operators from H
into H, compact operators from H into H and the Calkin algebra of H,
respectively. Since H*(B(H), B(H)) = 0, every derivation D : B(H) —
KC(H) is of the form D = adr for some T' € B(H). Thus the linear map
U ZY(B(H),K(H)) = araiday with ®(adr) = [T] is well defined
with kernel ker ¥ = BY(B(H),K(H)). Thus HY(B(H),K(H)) =
cfé%?m =~ ZQMH) where By(H) = {T € B(H)|TS — ST € K(H),
for all S € B(H)} is a subspace of B(H) containing CI & K(H). It is
a routine verification that Homp g (K(H), C(H)) = C. Therefore, by
Theorem 2.5 we have

1 (8() o k1), B & k(1) = X2 o 0 = 00,

(Note that the only B(H)-bimodule homomorphism ¢ : K(H) — B(H)
such that ¢(T)S + Ty(S) = 0 for all T, S € K(H) is ¢ = 0 because
K(H) has an approximate identity.) Furthermore, by Theorem 2.9,

' B() e ko), k() = A28 ¢ ¢ = g(o(m))
Also we have Homp (g (K(H), B(H)) = C, and so by Theorem 2.9,

H'(B(H)® K(H),B(H)) = C.

Example 3.3. (i) Let G be a discrete group. By [7], H(I*(G),!}(G))
= 0. Also we have Hom (¢ (I'(G), 1*(@)) = Z(I*(G)). Hence by Corol-
lary 2.8, H'(I1(G) ® I}(G), 1} (G) & I'(Q)) = Z(I*(G)).

(ii) Let G be a discrete abelian group. For 1 < p < oo let
A =14G), X, = I?(G) and S, = I}(G) & IP(G) where [}(G) acts
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on [P(G) by convolution. Since G is amenable, H!(I(G),I?(G)) = 0.
Let T : IP(G) — I1(G) be an [!(G)-bimodule homomorphism such
that f x T(9) + T(f) x g = 0 for all f,g € [P(G). Then, for any
z € G, 6; *T(6:) + T(6;) * 6. = 0 where e is the unit of G. But
0z * T(de) = T'(6z) * 0 = T(0; % 6.) = T(8), thus T(d;) = 0 and so
T = 0. Now by Theorem 2.5,

Homy1 () (IP(G), IP(G))
Cne) (P(G),17(G))

H(S,,S,) =

It is easy to see that Cj(g)(IP(G),IP(G)) = 0. Finally Homy: g (I7(G),
IP(@)) is the Banach algebra PM,(G) of p-pseudomeasures on G [5,
Example 4.2]. Therefore H'(S,,S,) = PM,(G).

For example, when p = 2, H(83,8;) & PMy(G) = VN(G) is the
von-Neumann algebra of G. Note that H'(S,,S,) is never zero and so
S, cannot be n-weakly amenable for any n € N by Corollary 2.7.

(iii) Let G be a discrete abelian group, A = [}(G) and X = I*°(G).
Then by [1], Homy(g)(1°°(G),1°°(G)) is isometrically isomorphic with
1°°(G)* as Banach algebras. As in (ii), Cj1(q)((*°(G),1%°(G)) = 0 and
s0 H'(S,S8x) =2 1°(G)*. Hence S, is not n-weakly amenable for
any n € N.

Example 3.4. Let G be an abelian locally compact group. We can
identify [1(G) with My(G), the space of discrete measures on G, so
I*(@) acts on L'(G) and M(G) (the measure algebra of G) by con-
volution. It is obvious that L!(G) and M(G) are symmetric [}(G)-
bimodules, and so H!(I1}(G), L*(G)) = 0 and H!(I}(G), M(G)) = 0.
Since I!(G) is strictly dense in M(G), we have Homy (¢ (LY(G), L* (G))
=~ M(G) and Homi(g)(M(G), M(G)) = M(G). Therefore by Theo-

rem 2.5,

(i) HY(IMG) & LY(G),1NG) ® LY (G)) = M(G).
(i) H1(IM(G)® M(G),I1(G) ® M(G)) = M(G).
Hence [}(G) @ L}(G) and I}(G) & M (G) cannot be n-weakly amenable

for any n € N.

Example 3.5. Let G be a locally compact group. Since L'(G) is
an ideal of M(G), the Banach algebra L'(G) is an M(G)-bimodule as
usual. By [7] we have H'(M(G), M(G)) = 0. It is an easy application
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of Wendel’s theorem [2, Theorem 3.3.40] that Hom (¢ (L' (G), L' (G))
>~ 7(M(G)) (note that u € M(G) commutes with every f € L(G) if
and only if p € Z(M(G))). For calculating the first cohomology group
HY(M(G), LY(G)), we define the linear map ® : Z'(M(G), L}(G)) —
m by ®(D) = [u| where D = ad, for some p € M(G)
by noting that H!(M(G), M(G)) = 0, and [u] denotes the equivalence
class of 4 € M(G) in the quotient space m It is easy
to see that ker® = B'(M(G),L'(G)). Thus H'(M(G),L}(G)) =
W%, where My(G) = {v € M(G)|]A v —v x X € L}(Q), for
all A € M(G)} is a subspace of M(G), containing Z(M(G)) + L*(G).

In fact, if P : M(G) — % is the canonical map, then My(G) =
P_I(Z(%)). It is obvious that Cyr()(L'(G), L' (G)) = 0. Hence

by Theorem 2.5,

HY(M(G) @ L'(G), M(G) & LX(G)) = ;e ® Z(M(G)).

Finally, by Theorem 2.9 we can obtain:
() HA(M(G) & LN(G), LX) = 7@ & 7(M(G)).
(i) HY(M(G) ® M(G), LY (@) = srieire © Z(LY(G)):

i) H
((111)( ))( (G) ® LYG), M(G)) = HY(M(G) ® M(G), M(G))
Note that Homps e (M(G),LY(G)) = 7Z(L'(G)), Homy ) (L'(G),
M(G)) = 7z(M(G)) and Hom g (g (M(G), M(G)) = 72(M(Q)).

1%

Example 3.6. Let G be a locally compact group such that
HY(LY(G),L*(G)) = 0. For example G can be a locally compact
abelian group or a discrete group.

(i) Let A = X = LYG). Then by Wendel’s theorem we have
Homp: (g (L' (@), L' (G)) = Z(M(G)). So by Corollary 2.8, H'(L'(G)®
LY(G), LYG)® LY(G)) =2 Z(M(Q)). Thus H(L'(G)a LY(G), LY (G) @
L'(@)) is never zero and so if G is abelian, L!'(G) ® L'(G) cannot be
n-weakly amenable for any n € N.

(ii) Let A = L}(G) and X = M(G). By [7] we have H!(L}(G), M(Q))
= 0. As in Example 3.5 we have Homp1(g)(M(G), M(G)) = Z(M(G)).
Therefore, by Theorem 2.5 we have Hl( @) e M(G), LY(G) &



MODULE EXTENSION BANACH ALGEBRAS 1649

M(G)) = 7Z(M(G)) and so if G is abelian, L'(G) & M(G) cannot be
n-weakly amenable for any n € N.

By Theorem 2.9 we have the following results:
(i) H' (L (G)&L} (), LN(G)) =Homps (LM (G), L' (G)) =7%(M(G)).
) ( (

(iv) H{(LY(G)e LY (G), M (G)) =Hom () (L' (G), M(G)) = Z(M(G)).
(v) H((LY(G)®M(G), L'(G)) =Hompa () (M(G), L'(G)) = Z(L'(G)).
(vi) HY(LY(G)®oM (G), M (G)) =Homp:(g)(M(G), M(G)) = Z(M(G)).

Example 3.7. Let G be a compact group, and let A(G) be
the Fourier algebra of G defined by Eymard in [4]. Then A(G) is
a unital commutative semi-simple Banach algebra and so by [10],
H'(A(G), A(G)) = 0. Therefore, by Corollary 2.8,

H'(A(G) ® A(G), A(G) ® A(G)) = A(G).
Hence A(G) ® A(G) cannot be n-weakly amenable for any n € N.

Example 3.8. Let G be an abelian locally compact group. Then,
for 1 < p < oo, LP(GQ) is an L'(G)-bimodule by convolution. We
have H'(L}(G), L}*(G)) = 0. We show that the only L!(G)-bimodule
homomorphism 7" : LP(G) — L*(G) such that T(f) x g+ f*T(g) =0
for all f,g € LP(G) is T = 0. Let (eq)acr C C.(G) be a bounded
approximate identity for L'(G) and LP(G) (as an L'(G)-bimodule).
Then for such T' we have T'(eg) * e + €g * T'(eq) = 0 for all o, 5 € T
But T'(eg*eqn) = T'(eg) *eq = eg *T(eq), and so T'(eg) * eq = 0. Since
T'(eg) * ea — T'(ep) for all B € T, T'(eg) = 0 for all B € I'. Now let
f€LP(G); then T(f) *eq + f % T(eq) = 0. Thus T(f) xeq = 0 and so
T = 0 (note that Cr1(g)(LP(G), LP(G)) = 0 because C.(G) is dense in
both LP(G) and L'(G)). Hence by Theorem 2.5 we have

H'(L'(G) & L?(G), L*(G) ® LP(G)) = Homp: () (LP(G), LP(G))
= PM,(G).

Therefore, H'(L'(G) @ LP(G), L*(G) ® LP(G)) # 0 and so L}(G) @
L?(G) cannot be n-weakly amenable for any n € N.

Example 3.9. Let G be an abelian compact group with normalized
Harr measure. Then LP(G) for 1 < p < oo is a commutative Banach
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algebra with the convolution product. It is well known that LP(G)
is semi-simple, but we give its proof. Let m : L'(G) — C be
an irreducible representation of L'(G). Then it is easy to see that
T = m|pq) : LP(G) — C is an irreducible representation of LP(G).
Thus rad(LP(G)) C rad(L*(G)) = {0} and so H'(LP(G), LP(G)) = 0
by [10]. As in Example 3.8, we have Cp»(g)(L'(G),L'(G)) = 0 and
the only L!(G)-bimodule homomorphism 7' : L}(G) — LP(G) such
that T'(f) x g+ f x T(g) = 0 for all f,g € L'(G) is T = 0. Since
C.(Q) is dense in both LP(G) and L'(G), by Wendel’s theorem we
have Homp» () (L' (G), L'(G)) = M(G). Therefore,

HY(L*(G) & LY(G), L*(G) & L(Q)) = M(G).

Thus LP(G) @& L*(G) cannot be n-weakly amenable for any n € N.

Example 3.10. Let G be a locally compact group such that
H'(L'(G),L'(G)) = 0. Then for 1 < p < oo, LP(G) is an L'(G)-
bimodule by the following module actions:

fg="Ffxg, g.f =0 (feLY(G),g¢eL’Q)).

We denote by LP(G)o the space LP(G) as an L!(G)-bimodule with
the above actions. Since LI(G)* = LP(G), % + % =1, is an L*(G)-
bimodule with zero left action, we have H*(L'(G), LP(G)o) = 0 by [8,
Proposition 2.1.3]. Let 7' : LP(G)y — L'(G) be an L'(G)-bimodule
homomorphism such that T'(f) * g = 0 for all f,g € LP(G)g. Then
T = 0 because we can use a bounded approximate identity instead of
g. Since L'(G) has a bounded left approximate identity for LP(G)o, it
is easy to see that C1(g)(LP(@)o, LP(G)o) = Z(L*(G)). Therefore by
Theorem 2.5 we have

H'(LY(G) ® L*(G)o, L'(G) ® LP(G)o)
., Hompi () (LP(G)o, LP(G)o)
a Z(L'(G))
2(0(G))
T Z(LY(G))

Note that for every p € Z(M(G)) the map T), : LP(G) — LP(G) defined
by T,(f) = p* f (for all f € LP(G)) is in Homp1(g)(LP(G)o, LP(G)o)-
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When p = 1, by Wendel’s theorem, HomL1(G)(L1(G)0,L1(G)0) =}
M(G) and so

H(LN(G) & L' (G)o, L (G) & L (@) = 3 s

12

Thus, if G is discrete, then H'(I*(G) @ I}(G)o,*(G) ® I*(G)o)
HG)/Z(1M(G)).
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