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LINEAR SYSTEMS OF
FRACTIONAL NABLA DIFFERENCE EQUATIONS

FERHAN M. ATICI AND PAUL W. ELOE

ABSTRACT. In this paper we shall consider a linear system
of fractional nabla difference equations with constant coeffi-
cients. We shall construct the fundamental matrix for the
homogeneous system and the causal Green’s function for the
nonhomogeneous system. We employ transform methods and
series methods and we illustrate analogies with classical first
order differential or difference equations. We shall close the
paper with an asymptotic result that follows from the analysis
of a half-order nabla difference equation.

1. Introduction. In this article we shall provide an introductory
study to a system of fractional difference equations of the form

(1.1) Voy(t) = Ay(t) + (), t=1,2,...,

where A denotes an n X n matrix with constant entries, y and f
denote n—vector valued functions and 0 < v < 1. The operator V., a
Riemann-Liouville fractional difference, is defined as follows. If p > 0,
define the uth fractional sum by

Vo) = Y LT

e 8 ()
where p(s) = s — 1 and the raising factorial power function is de-
fined by t* = I'(t+ «)/I'(t). Then, f 0 < n—-1 < v < n, de

fine the vth fractional difference (a Riemann-Liouville fractional dif-
ference) by V¥y(t) = V"VY "y(t) where V" denotes the standard
nth order backward difference. So, in this article, with 0 < v < 1,

by(t) = VVE 'y(t). Anastassiou [3] has introduced the study of
nabla fractional calculus in the case of the Caputo fractional differ-
ence.
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We shall study (1.1) with a transform method [5] and with the
Neumann series method. We shall be interested in analogies to the
study of y' = Ay + f(t). A related study of the fractional differential
operator is found in [10].

The Mittag-Leffler function is named for Gosta Mittag-Lefller who
defined and studied the special function in 1903 [13]. The function is a
direct generalization of the exponential function e®, and it plays a major
role in fractional calculus. The one and two-parameter representations
of the Mittag-Leffler function can be defined in terms of a power series
as

(12) B =3t 1)
(13) Bas®) =Y 5ab T By

where « and 3 are positive real numbers. The Mittag-Leffler function
with two-parameters was first defined by Agarwal in 1953 [2].

We shall define the discrete Mittag-Lefller function with one and two-
parameters in the following way. Related definitions are given by Nagai
in [14].

> aktk
(4) Falat) = ;;) T(ak+1)’

> aktk
(15) Fa7ﬂ(at) = Z m,

k=0

where o and § are positive real numbers and |a| < 1. For any real
number v, we shall define the discrete Mittag-Leffler function as

Fupla®) =3~ 8
wp(at’) =y ————.
= T(ak + )

In Section 2, so that the article is self-contained, we shall give the
definition of the discrete Laplace transform (AN -transform) and provide
the basic properties employed in this work. We shall also provide
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some basic algebra properties related to the function t*. In Section
3, we shall define the convolution product of two functions and obtain
a Convolution theorem. We shall also formalize the VY-fractional
derivative of the convolution product of two functions. In Section 4,
we shall argue existence and uniqueness of solutions of initial value
problems related to (1.1), provide two constructions of the fundamental
matrix and solve the nonhomogeneous equation (1.1). In Section 5, we
shall focus on the discrete half-order equation and obtain an asymptotic
result for the general solution of the fractional equation V*y(t) = ay(t)
where 0 <a<land 1/2 <v <1.

For further reading in this area, we refer the reader to the books on
the fractional differential equations [12, 15, 16] and to the articles on
the fractional difference equations [6-9].

2. The discrete transform and some algebra properties. For
the sake of exposition, we first introduce algebra and calculus properties
related to the raising factorial power function.

Lemma 2.1. (i) Vi% = at® L.

(ii) £%(t + )P = toFB,

(iii) Vi V#F = D(u+ 1)/T(u+ v + 1)t
)

Proof. (i) and (ii) are easily observed by applying standard Gamma
function identities. (iii) is proved in [5] and is referred to as the power
rule. (iv) is another form of the power rule and is stated for clarity since
applications of nabla fractional calculus to composite functions is not
fully understood. (v) is obtained by induction on £ and is in fact one of
the identities found in Pascal’s triangle since (¢ + 1)*/T'(k + 1) = (ttk)
Thus, by induction on k,

L(n+1) \ ¢t L'(k+2)

n=0
(R L (tE) _(trE+
o t t—1) t )
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The following definition and the derivation of properties are found in
[6]. Define the discrete Laplace transform (A-transform) by

(2.1) Ni(F(8)(s) = D (1 =)' £(2).
Lemma 2.2. For anyv € R\ {...,-2,-1,0},

(i) Ni(t* D (s) =T (v)/s", 1 —s| < 1, and

(i) M1 (" ta=t)(s) = "' T(v) /(s + a — 1)¥, |1 — 5| < a.
(iii) N1 (#7)(s) = (v/s)N (771).

(iv) Na(f (U( ) = (L= 5) " Nas1f(1)-

(v) Na(Vf(t) = s " Na (f( ) (5)-

(vi) Nas1 (Vi f(1))(5) = s"Na(£(£))(s) — (1 = 5)* 1 f(a),

where 0 < v < 1.
(vii) No((L/(1 —a?))"t) = 1/[(1 = s)(s — a?)].
Example 2.1. Consider the initial value problem

(2.2) Voy(t) =ay(t) fort=1,2,...,
(2.3) Vo Uy ()i—o = y(0) = ¢,

where 0 < v < 1 and |a| < 1.
Apply the Ni-transform to each side of the equation (2.2) to obtain

Ni(Viy(t)) = aNiy(t).
Apply Lemma 2.2 to obtain

s"Noy(t) — (1 — 5)"'y(0) = aN1y(t)

(5~ a)Nou(t) = ;7 —559(0)
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and finally

l1—a 1

(24) NOy(t) = (1 _ S) sV —a

y(0).

Expand 1/(1 — s ¥a) as a geometric series and obtain

1—a sV

(1-s)1—s""a

Noy(t) = y(0)

17 0)
a y( Zak —(k+1)v

C(1-s)
_ (L aul0) §5 M
= is 2 TGy
o NO t+l)(k+1)u 1
(1—-a)y Za { ((k + 1)) }

k=0

Applying the inverse Ny-transform to each side of the above expres-
sion, we obtain the solution of the initial value problem (2.2)-(2.3),

ia t+1)(k+1)u 1

y() lia k+1 ) ’

t=0,1,2,...,
k=0

where |a| < 1. Apply Lemma 2.1 (ii) and write

T((k + 1)v)

X 4k v kv

y(t) = (1 — (o)t + 17 Ty LU
k=0

= (1 a)y(0)(t + 1)’ ' F,u(a(t +v)").

In this formula, if we set ¥ = 1, then by the uniqueness of the solution of
the initial value problem (2.2)—(2.3), we have (1—a)y(0)F; 1(a(t+1)) =
y(0)(1/(1 — a))’. This implies that Fy 1(a(t +1)) = (1/(1 —a))**1.

Hence, we have that

(2.5) Fl,l(at)_( L >t.

l1—a
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Equation (2.5) has been obtained through the uniqueness of solutions
of initial value problems approach. It is also interesting to obtain (2.5)
directly. This is done by induction on ¢ and employs Lemma 2.1 (v).
Assume (2.5). Then

1 t+1_ 1 t 1 oo koo .
<1—a> _<1—a> (1—a> kZ:OFk:—G—l ga
00 k ﬁ 00 t+1

> (S rern)” =g

k=0 k:O

3. Convolution product. Define the convolution
(h x4 g)( Z h(t+a — p(s))g(s).

We now obtain a standard property for N ((h *, g)(¢))(s)-

Lemma 3.1.

Na((h*a 9)(8))(s) = Ni(H(8))(s)Na(g(8))(s),
where H(t) = h(t + a).

Proof.

Na((h*a 9)(0)(s) =D (1 =)' h(t+a— p(r))g(r)
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= NMi(H(®)(s)Na(g(8))(s),
where H(t) = h(t +a). O
Remark 3.1. Note that (h xo g)(t) = Y _h(t — p(s))g(s) =
g(t = p())h(s).
Lemma 3.2.
V(B %0 9)(8) = (Vi31h) %0 9)(t) + Vo i B()l1=ag (8).

Proof.

t

Vi(h#ag)(t) = VV, 07 Z h(t +a = p(s))g(s)

t

1_yv2t— F”Zh(wa—p(s))g(s)

1_,,VZZt— ) h(r +a— p(s))g(s)

S=a T=S8

t t—p(s)+a

vaz Yo (= ps) +a— p(u) " h(w)g(s)

s=a u=a+1

VY VA~ pls) + algls)

sS=a

t
= Y Viiah(t = pls) + a)g(s) + Vo i h(0)]mag(t)
v —(1—v
= ((Vi11h) %0 9)(0) + Vit " h(®)lmag (). 1
4. The vth order nonhomogeneous system of equations. We

begin this section by solving a homogeneous equation and constructing
the fundamental matrix.
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Theorem 4.1. If A is a 2 X 2 constant matriz with eigenvalues of
modulus less than one, then the solution of the initial value problem

(4.1) oy(t) =Ay(t) t=1,2,...,

(4.2) Vo y(t) 1m0 = y(0) = C,

where A = [‘Z Z}, y(t) = [Z:g;], 0<v <1, is given by

= (t+1)" 1 F, (At + v)")(I - A)C

where F, , (At”) is the matriz Mittag-Leffler function and C is a 2 x 1
vector.

Proof. For the sake of self-containment, we provide a proof by directly
calculating V¥ = VVg ! of the right hand side of (4.3) by repeated
use of the power rule, Lemma 2.1 (iv).

A t+1)(k+1)” L& AR+ 1)
v—1
A E (h+ 1)) —E —_—.

Thus,

Ak 1 kv 0 Ak 1 kv—1 0 Ak 1 (k+1)r—1
VZ t+ _ (t+1) —ay (t+1) ’
2Tk + v+ 1)

I(kv +1) L(kv)

k=1

and

iAk(t_i_l)(k*Fl)Vfl iAk(t+l)(k+l)V71

Vo 2 T (Gt 1) T((k + 1)7)

=0 k=0

One multiplies on the right by (I — A)C to satisfy the initial condi-
tion. O
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Note that in Example 2.1 an explicit form of the solution of the scalar
problem is given in terms of the Mittag-Leffler functions. Hence, if A
is a diagonal matrix, we have an explicit form for the matrix Mittag-
Lefler function and moreover, if A is diagonalizable, we can produce an
explicit form for fundamental matrix of (1.1). In the next theorem, we
apply Putzer’s algorithm to provide an alternate construction of the
fundamental matrix.

Definition 4.2 (Matrix exponential function). Let A be a 2 x 2
constant matrix. The unique matrix valued solution of the IVP

(4.4) VY (t) = AY(t) fort=1,2,...
(4.5) Vo 'Y (t)]imo = Y(0) = 1,

where I denotes the 2 x 2 identity matrix, is called the matrix expo-
nential function.

Theorem 4.3. If A\; and )\ are (not necessarily distinct) eigenvalues
of the 2 x 2 matrix A, then

(t+1)" " F, (A(t +v)7) = pi(t) Mo + pa(t) M,

where My = I = [é ﬂ, My =A-)\I= [a_c/\l di\l}, and the vector

valued function p is defined by
_ | p(®)
p(t) = [pz(t)] )
the solution of the initial value problem

(4.6) vy(t) = [A; fZ] y(t) fort=1,2,...,

(40 Ve yB) o = 40) = [ 3]

Proof. Let ®(t) = p1(t)Mo + p2(t)My. We first show that @ solves
the TVP (4.4)—(4.5).
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First note that

Vo 18(0) = Vo p1(0) Mo + Vg U pa(0) My = 1.
Vi @(t) — AD(t) = Vi [p1(t) Mo + p2(t) M1] — Alp1 (t) My + p2(t) Mi]
= Mip1(t) Mo + [p1(t) + Aap2(t)| My
— Alp1(t) Mo + pa(t) M ]
= Aapa My — (M1 + M\ 1)po(t) My
= (Aol — My — M I)pa(t) M,
= —pa(t)(A = NaI)(A = A T)
=0.

Since (t+1)"1F,, (A(t+v)”)(I — A) satisfies the IVP (4.4)(4.5) with
C=1I, o
®(t) = (t+ 1) Fou (At +v)")(I — A)

by the unique solvability of initial value problems. a

Theorem 4.4. Let A be an n X n constant matriz and suppose f is
a vector valued function. Then the initial value problem

(4.8) Voy(t) = Ay(t) + f(t) fort=1,2,...,
49) Vo "y(t)]e—o = y(0),

has a unique solution. Moreover, this solution is given by
y(t) = (t+ 1) F, (At +v)") (I - A)y(0)

+ Dt = ()" Euu (At +v = 1= pl(s))) f ().

Proof. The details are very similar to those provided in Example 2.1.
The introduction of the nonhomogeneous term requires the application
of the convolution product. Applying the A;-transform to each side of
the equation (4.8), we have

N1(Vgy(t)) = AN1y(t) + N1 f(t).
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Employ Lemma 2.2 and obtain
s"Noy(t) — (1 = s)7'y(0) = ANy(t) + N1f(D).

S No(B) = (1= 9)7'9(0) = ANow(t) = A Z50) + M f(0).
(5T ANapt) = (1 A 50) + 8af(0) - 10
Again employ the geometric series expansion to obtain
=gV _ gV -1 _ 1 _ f(O)
Noy(t) = s(1 7)1 A) _S)y(0)+/\/of(t) =1
I+ s 2"14—%.973”A2 ..}
£(0)
{ 0+ 6510 2
_ tl/ 1) N(tZV 1)
{ o A+...}
1 _ (o)
<[ -0+ voso - L]
Nt N1 T
_{ T A+...}
x [(I = A)y(0) - f(0)]
N (tu—l) N (tm)
+{ O A+...}Nof(t)

B °° Ak(t+1)(k+1)”_1 B B
= Mol iy 10~ Ao - 0]

& Akt(k-‘rl)l/—l
+ N ——— NOf(b).
{,; il T S0
Next we use Lemma 3.1 to obtain

- 0 Ak(t+1)(k+1)ufl
Nayt®) =6 5= iy H0 = (o) - 50)

o kT
26 3 T 0}
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Applying the inverse Ny transform to each side of the above last
equalities, we obtain the desired result.

io: Ak(t+1)(k+1)u—1

+ Y (o) T E (At +v -1 p(s))f(s). o

We now present a formal argument that
t

Up = Y (t— p())" " Fu(A(t = p(s) — 1+ 2)") f(s)

s=1

B — p())” Lt = p(s) + v — ¥
ZAk Zl T((k+ 1)v) 1)

is a particular solutlon of the nonhomogeneous equation. Apply Lemma
2.1 (ii) to see that

(t = p(s)" (¢ = pls) + v = DF = (¢ = p(s)) FF DT

Thus,

0o t _ s W o)
Yp = Z Ak Z (t Ff((k)j_ 11;) lf(s) _ ZAkv—((k+1)u)f(t)

Vi, = VV' 1y,

Vi ZAkvu—lv—((k—i-l)u)f
k=0

=V AV L)

k=0

—ZA’“ VR () + £(2)

—AZA’“ ~EDY () + £(2)

:Ayp+f( )-
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Note that these calculations agree with the Neumann series solution

yp = (I — AV™")TIVY£(1)

(AV )V f(2)

M

>
I
=

Akvf((kﬂrl)u)f(t)_

o

>
Il

0

Thus, the term
(410)  H(ts) = (t—p(s)" "Euul(Alt+v—1— p(s))7)

will play a role as the causal Green’s function for problems related to

(1.1).

Last, we also note that if we apply V§ operator to each side of the
solution

t+1)(k+1)u 1
(1))

- A)y(0)

8))" T Fuu (At +v =1 = p(s))7) £ (s)

i

oo

t+1 (k+1)v—1
— ((k+ 1)

M

- A)y(0)

Akt(k-‘rl)l/—l

< T((k+ D) FO) = (t+ 1) F,, (A(t + v)7) £(0),

we obtain the equation V§y(t) = Ay(t)+f(¢) by the use of Theorem 4.1,
Lemma 3.2 and the fact that

© 4k (ktDr—1
—(1-v) ARt
Vi (Z Tk + 1>u>>

k=0

t=0

5. An asymptotic result. In this section, we shall study the
behavior, as t — oo, of a solution y(t) of the equation V(l)/2y(t) = ay(t)
with initial condition y(0) > 0. We continue to assume that |a| < 1.
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Set v =1/2 in (2.4) to obtain

l1—a 1

NOy(t) = (1 _ S) (51/2 - a)

y(0).

Applications of the Convolution theorem and Lemma 2.2 (ii) and (iv)
imply that

Noy(t)
1-a s'?+a (
(1-29) (s—a2)y

0)

S

=(1 —a)y(O){ G C& —otaz s)((ls - a2)}
—(1- a)y(O){N1 rz—j//zz) *N0(1 _1a2>t+1 +aho (ﬁ)tﬂ}

ool ) ) (i) )

Applying the inverse transform to each side of the above expression,
we have

0= -0 () va(a)

It follows from the definition of the convolution product that
(5.1)

w0 = -0 fe( 1)

() T

s=0

+

r
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Remark 5.1. (i) y(¢) is the solution of the initial value problem for
the first order finite difference equation,

Vz(t) = a®z(t) + (1 — a)y(0) =——— (t + 1)~ 3/2 z(0) = y(0).

T'(=0.5)

(ii) By the uniqueness of the solution of the half order initial value
problem, we have

(Fa) { oot

= ak( t+1 (k+1)(1/2)—1

=2 (k+1)(1/2))

k=0

Lemma 5.1. Let t > 0 be an integer. f(z) = (t+1)®1/T(z) is an
increasing function on the interval [1,00).

Proof. Let x,y € [1,00) be such that z > y. Then we have

f($):(t+1)ﬁ: L(t+a) _ 1
I(z) tl(z)L(t) tfol ut~1(1 —u)*1du
N 1
B tfol w11 —w)¥~1du
_ D(t+y)  (t+1)y T
(T T(y)

=fly). o

Lemma 5.2.

(5.2) lim (a P da- a2)sw> =2a > 0.

t—o0

Proof. Note that

t
1 I'(s—0.5
2F1(=0.5,1,1,1 — a®) = lim Z(l_a2)sg
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and 2F1(—0.5,1,1,1 — a?) converges since 1 — a? < 1.

However, we write

T(—0.5) &
=a+1+ F(—10,5) g(l 2) FIE?5+OiE;)
—a+1+ 1“(—0(?;) ::(1 e 1E?S++O;)))
—a+1+ 2F(0a52) ::(1 ) 15:;0;)
and consider
2F1(05,1,2,1 - a®) = lim ;) g(l B aZ)SFF(?;;O;)’)

Apply the identity [4] or [1, page 556]

o F1(b,0.5 4+ b,1+2b,2) =221+ /(1 —2)) %

to see that

2F1(0.5,1,2,1 — a?) = : i -
Then
tllglo < g ss_+01§)>
-t (vt 2R
:a+1—1_2a2a3_1:2a. m]

Theorem 5.1. Let 0.5 < v <1, 0 < a < 1. Then the solution of
by(t) = ay(t), y(0) > 0 diverges to infinity as t — oo.
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Proof. 1t follows from Lemma 5.1 that

1) I/2)-1

Ooakt
(1 - a2, k+1)<1/2))

k=2

o0

ak t+ 1) (kt1)y—1

(1-a)y k+l))

M

k=2

o0

ak t+1 (kt1)y—1
((k+1)v )

M

k:O

Hence it is sufficient to show that the solution of V0/2 (t) = ay(t)
diverges to infinity as ¢ — oo.

Apply (5.1) and (5.2) to see that

tm ) = (- (o) i (12)

t—o0 t—o0

1— 2
x {a+1— (2—“)2F1(1,0.5,2,1—a2)} —00. O
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