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NORMAL FAMILIES AND
SHARED SETS OF MEROMORPHIC FUNCTIONS

JUN-FAN CHEN

ABSTRACT. Let k, m and n be three positive integers
with m > 2, let F be a family of meromorphic functions
in a domain D, all of whose zeros are of multiplicity at

least k + 1, and let the sets S1 = {a1,a2,...,am} and
So = {b1,b2,...,bn}, where ai,a2,...,am are m distinct
finite complex numbers, and by, ba, ... , b, are n distinct finite

complex numbers. If, for every f € F, f*)(2) € §1 = f(z) €
S2, then F is normal in D. The condition that the zeros of
functions in F are of multiplicity at least k 4+ 1 cannot be
weakened, and the corresponding result is no longer true for
m = 1.

1. Introduction and main results. Let D be a domain on C, and
let F be a family of meromorphic functions defined in D. The family
F is said to be normal in D, in the sense of Montel, if each sequence
{fn} C F contains a subsequence {f,,} that converges, spherically
locally uniformly in D, to a meromorphic function or co (see Hayman
[4], Schiff [8], Yang [10]).

Let f and g be two functions meromorphic in D on C, let a € CU{o0},
and let S; and Sz be two sets of complex numbers. If g(z) € Ss
whenever f(z) € Si, then we write f(z) € S1 = g(z) € S2. If
f(2) € S1 = g(2) € Sz and g(z) € Sz = f(z) € S1, then we write
f(z) € Sy & g(z) € S2. If f(2) € S; & g(z) € Sy, then we say that f
and g share the set S; in D. In particular, if f(z) € S1 < g(2) € St
and S; = {a}, then we say that f and g share the value a in D.

In [9], Schwick proved the following result.

Theorem A. Let F be a family of meromorphic functions in a
domain D, and let a1, as and az be three distinct finite complex num-
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bers. If, for every f € F, f and f' share a1, az and a3, then F is
normal in D.

Actually, Theorem A remains valid when f and f’ share two (rather
than three) distinct finite complex numbers in a domain D, as is shown
by the following result of Pang and Zalcman [7].

Theorem B. Let F be a family of meromorphic functions in a
domain D, and let a and b be two distinct finite complex numbers.
If, for every f € F, f and f' share a and b, then F is normal in D.

Afterward, Fang and Zalcman [3] observed that Theorem B admitted
the following generalization obtained by replacing f’ by f*) for a
positive integer k.

Theorem C. Let k be a positive integer, let F be a family of
meromorphic functions in a domain D, all of whose zeros are of
multiplicity at least k+1, and let a and b be two nonzero finite complex
numbers. If, for every f € F, f*)(2) = a < f(z) = b, then F is

normal in D.

On the other hand, Fang [2], Liu and Pang [5] extended Schwick’s
result in view of shared sets. Indeed, they proved the following theorem.

Theorem D. Let F be a family of meromorphic functions in a
domain D, and let a1, as and as be three distinct finite complex
numbers. If, for every f € F, f and f' share the set S = {a;,a2,a3},
then F s normal in D.

Now it is natural to ask whether Theorem C still holds if the
assumption f¥)(2) = a < f(z) = b is replaced by the assumption
f®(2) € S; & f(z) € Sy for two sets S; and Sp. In this paper,
we give an affirmative answer to this question. In fact, we prove the
following more general result, which is also an extension of Theorem D.

Theorem 1. Let k, m and n be three positive integers with m > 2,
let F be a family of meromorphic functions in a domain D, all of
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whose zeros are of multiplicity at least k + 1, and let the sets S1 =
{ay,a9,... ,am} and Sy = {b1,bs,... ,b,}, where aj,as,... ,amy, arem
distinct finite complex numbers, and by,bs, ... ,b, are n distinct finite
complex numbers. If, for every f € F, f#)(2) € S; = f(z) € Sa, then
F is normal in D.

Example 1. Let k be a positive integer, let D = {z : |z| < 1}, let
the set S; = {1}, and let F = {f, : n=1,2,3,...}, where

(2 + (1/(k + Dn))*ett — 2* (—k/n)*+1

=——+pr—2(2)+ (k+1)k+1E!(z+(1/n))’

Fn(2) =G T /m) k!

where pr_2(2) is a polynomial of degree k — 2. Then, for every f,, € F,
fr has a single zero of multiplicity k£ + 1, and

(k/n)"+

B () =1-— .
P (z) =1 e+ D)FF (s + (1/n))F

Thus f,(Lk)(z) # 1, so that f,(Lk)(z) € S1 = fu(z) € Sy for any set So;
but since f,, takes on the values 0 and co in any fixed neighborhood of
0 if n is sufficiently large, F fails to be normal in D. This shows that
Theorem 1 is no longer true for m = 1.

Example 2. Let k be a positive integer, let D = {z : |z| < 1}, let
the set S; = {1/2,1/3}, and let F = {fn(2) : n = 1,2,3,...}, where
fn(2) = nz*. Then, for every f, € F, f, has a single zero of multiplicity
k, and fr(lk)(z) = nk! in D. It now follows that f.* (2) #1/2,1/3, so
that f,(zk)(z) € 81 = fu(z) € Sy for any set S3. But F clearly fails
to be normal in D. This shows that the condition in Theorem 1 that
the zeros of functions in F are of multiplicity at least k£ + 1 cannot be
weakened.

2. Some lemmas. We first require the following renormalization
result, which has become a standard tool in the study of normal
families.

Lemma 1 [6, Lemma 2], cf. [11, pages 216-217]. Let k be a positive
integer, and let F be a family of functions meromorphic in the unit disk
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A, all of whose zeros have multiplicity at least k, and suppose that there
exists an A > 1 such that |f*)(2)] < A whenever f(z) =0, f € F.
Then if F is not normal, there exist, for each 0 < a < k,

(a) a number 0 <r <1,

(b) points z,, |zn| < T,

(¢) functions f, € F, and
(d) positive numbers p, — 0

such that
fn(zn + pn()

pr = gn(¢) — 9(¢)

locally uniformly with respect to the spherical metric, where g is a
nonconstant meromorphic function on C, all of whose zeros have
multiplicity at least k, such that g*(¢) < g*(0) = kA + 1. In particular,
g has order at most two.

Lemma 2 [1, Lemma 4]. Let k be a positive integer, let f be
a meromorphic function of finite order, all of whose zeros are of
multiplicity at least k, and let a be a nonzero finite complexr number. If

f and ) share 0, and f*)(z) # a, then f(z) is a constant.

Lemma 3 [4, Theorem 3.4]. Let k be a positive integer, and let | be
a transcendental meromorphic function. Then f*) (z) assumes every
finite complexr number with at most one exception infinitely often.

Finally, a simple application of Lemma 3 yields the following result.

Lemma 4. Let k be a positive integer, and let f be a meromorphic
function. If f*)(2) omits two finite complex numbers, then f*)(z) is
a constant.

Proof. It is clear that no nonconstant rational function omits two
finite complex numbers. Then f*) is a transcendental meromorphic
function; however, Lemma 3 shows that f(*) assumes every finite com-
plex number with at most one exception infinitely often, a contradic-
tion. Thus f*)(2) is a constant.
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3. Proof of Theorem 1. Without loss of generality, we may assume
that D = A, the unit disc, S; = {a1,a2}, and Sy = {b1,bs,... b},
where a1, as are two distinct finite complex numbers, and by, bs, ... , b,
are n distinct finite complex numbers. Suppose that F is not normal on
A and for every f € F, f*)(2) € S; = f(z) € Sz. Then by Lemma 1
we can find f, € F, 2, € A, and p,, — 07 such that

fn(zn + pn()

e = gn(¢) — 9()

locally uniformly with respect to the spherical metric, where g is
a nonconstant meromorphic function on C, all of whose zeros have
multiplicity at least k£ + 1. Moreover, g has order at most two. For
convenience, for every finite complex value a we define the set

T, ={f(): fO(z) =a,f € F,z € A}.

We will prove two statements under the assumptions above:
(i) if 0 € S; then the functions g and g(*) share the value zero, and
(i) if g*) assumes the value a # 0, then the set T}, is an infinite set.

To prove (i), note that since all zeros of g are of multiplicity at least
k+1, we have g(¢) = 0 = g®(¢) = 0. Suppose now that g(*)(¢y) = 0.
Clearly, g(®)(¢) # 0, for otherwise g would be a polynomial of degree
at most &, and so could not have zeros of multiplicity at least & + 1.
Then, by Hurwitz’s theorem, there exist (,, {, — (o, such that, for n
sufficiently large,

so that £ (zn + pnCn) = 0 € S1. Thus fu(zn + puCa) € Sa. If
fn(zn + pnCn) € S2\{0} for all but a finite number of n, then g, (¢,) —
00, since p, — 0, and this means that g,(¢,) — ¢({o) = oo, which
contradicts that g(¥) (¢y) = 0, as assumed. Therefore we must have that
frn(zn + prnén) = 0 for n sufficiently large. Hence g,(¢,) — g(¢o) = 0,
and we have shown that ¢®*)(¢) = 0 = g(¢) = 0, yielding that g and
g*) share the value zero. This proves (i).

Now suppose that g(*)(¢y) = a # 0 and g(¢y) = b. Note that every
zero of g has multiplicity at least k+ 1, so that if b were 0 then a would
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be zero also, so it follows that b # 0. For the same reason, g(*)(¢) # a.
Then, by Hurwitz’s theorem, in every neighborhood of (, all but a finite

number of functions g,(lk)(() assume the value a. Thus there exists a

sequence (y,, (., — (o, such that a = g,(Lk)((n) = f,(lk)(zn + pnn)- Also,
gn((n) - ba and so fn(zn + pnCn) — 0. But fn(zn + pnCn) cannot be
zero, as this would imply that fT(lk)(zn +pnln) = g,(lk)(Cn) is zero, which
is not the case for at least all but a finite number of n. It then follows
that {f.(zn + pnCn)} is an infinite set. Hence, the set T, is an infinite
set. This proves (ii).

To prove the theorem, if 0 € S; then (i) applies, and thus, by
Lemma 2, ¢®) must assume all nonzero finite values. Also, S; contains
a nonzero value, say as. Now by (ii), T}, is an infinite set and cannot
be contained in the finite set So. If 0 ¢ S, then, by Lemma 4, g(¥)
assumes at least one of the values in S, say a1, and again by (ii) the set
T,, is an infinite set and cannot be contained in the finite set S3. Thus,
in either case, we have arrived at a contradiction, and the theorem is
proved.
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