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L-R-SMASH BIPRODUCTS, DOUBLE BIPRODUCTS
AND A BRAIDED CATEGORY OF
YETTER-DRINFELD-LONG BIMODULES

FLORIN PANAITE AND FREDDY VAN OYSTAEYEN

ABSTRACT. Let H be a bialgebra and D an H-bimodule
algebra and H-bicomodule coalgebra. We find sufficient con-
ditions on D for the L-R-smash product algebra and coalge-
bra structures on D ® H to form a bialgebra (in this case we
say that (H, D) is an L-R-admissible pair), called L-R-smash
biproduct. The Radford biproduct is a particular case, and so
is, up to isomorphism, a double biproduct with trivial pair-
ing. We construct a prebraided monoidal category LR(H),
whose objects are H-bimodules H-bicomodules M endowed
with left-left and right-right Yetter-Drinfeld module as well
as left-right and right-left Long module structures over H,
with the property that, if (H, D) is an L-R-admissible pair,
then D is a bialgebra in LR(H).

1. Introduction. The L-R-smash product over a cocommutative
Hopf algebra was introduced and studied in a series of papers [1-4],
with motivation and examples coming from the theory of deformation
quantization. This construction was generalized in [13] to the case
of arbitrary bialgebras (even quasi-bialgebras), as follows: if H is a
bialgebra and D is an H-bimodule algebra, the L-R-smash product
DyH is an associative algebra structure defined on D®H by the
multiplication rule

(dih)(d'sh') = (d- By)(hy - d')3hok), for all d,d € D, h,h' € H.

It was proved in [13] that, if H is moreover a Hopf algebra with bijective
antipode, then DjH is isomorphic to a diagonal crossed product D <1 H
as in [5, 7]; this result was used in [12] to give a very easy proof of
the fact that two bialgebroids introduced independently in [6, 8] are
actually isomorphic.
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The dual construction of the L-R-smash product was introduced also
in [13] under the name L-R-smash coproduct; this is a coassociative
coalgebra DiH, where D is an H-bicomodule coalgebra. A natural
problem, not treated in [13], is to see under what conditions, for a
given H-bimodule algebra H-bicomodule coalgebra D, the L-R-smash
product and coproduct structures on D ® H form a bialgebra. It
seems to be difficult to obtain (nicely-looking) necessary and sufficient
conditions on D for this to happen. The aim of the present paper is to
present a list of sufficient conditions, looking reasonably nice and being
general enough to cover some existing constructions from the literature.

More precisely, if D satisfies those conditions, we say that (H, D) is
an L-R-admissible pair and the bialgebra DiH is called an L-R-smash
biproduct. The Radford biproduct is a particular case, corresponding to
the situation when the right action and coaction are trivial. We prove
that a double biproduct A#H#B (as in [10, 15]) with trivial pairing is
isomorphic to an L-R-smash biproduct (A® B)jH. Also, we show that
a construction introduced in [16] is a particular case of an L-R-smash
biproduct.

It is known that the Radford biproduct has a categorical interpreta-
tion (due to Majid): (H, B) is an admissible pair (as in [14]) if and
only if B is a bialgebra in the Yetter-Drinfeld category £YD. We give
a similar interpretation for L-R-admissible pairs. Namely, we define
a prebraided category LR(H) (which is braided if H has a skew an-
tipode) consisting of H-bimodules H-bicomodules M which are left-left
and right-right Yetter-Drinfeld modules as well as left-right and right-
left Long modules over H (this category contains f{yD and y’Dg as
braided subcategories). We prove that all except one of the conditions
for (H,D) to be an L-R-admissible pair are equivalent to D being a
bialgebra in LR(H). The extra condition reads

9. dtD . 40 = cxd, forallede D,

and unfortunately does not seem to have a categorical interpretation
inside LR(H).

1. The L-R-smash biproduct. We work over a field k. All
algebras, linear spaces etc. will be over k; unadorned ® means ®j.
For a bialgebra H with comultiplication A we denote A(h) = h; ® ha,
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for h € H. For terminology concerning bialgebras, Hopf algebras and
monoidal categories we refer to [9, 11].

Let H be a bialgebra and let D be a vector space satisfying the
following conditions:

(i) D is an H-bimodule, with actions h®d — h-dand d® h — d-h,
for h € H and d € D;

(ii) D is an algebra, with unit 1p and multiplication ¢ ® d — cd, for
c,d €

(iii) D is an H-bimodule algebra, that is, h - 1p = ¢(h)lp, 1p - h =
h)1p, h- (ed) = (hy - ¢)(hs - d) and (ed) - h = (¢~ hy)(d - ha), for all
€ H and ¢,d € D;
(i

v) D is an H-bicomodule, with structures (for all d € D):

e(
h
p:D— DoH, p(d)=dcd?,
A:D— HoD, Md)=d Yed?;
(v) D is a coalgebra, with comultiplication Ap : D — D®D,

Ap(d) = d1®ds, and counit ep : D — k;

(vi) D is an H-bicomodule coalgebra, that is, for all d € D:
dg_l)dé_l)@)dgo)@déo) — d(*1)®(d(0))1®(d(0))2,
dVep(d) = ep(d)1y,
d§0>®dé0>®d§1>d§1> — (d(0>)1®(d<0>)2®d<1>’

ED (d<0>)d<1> = €D (d)lH
We denote the vector space DQ H by DiH and elements d®h by dfh.

By [13], D§H becomes an algebra (called L-R-smash product) with
unit 1phlg and multiplication

(dbh)(d'th') = (d - hy)(ha - d')ghah}
for all h,h' € H, d,d € D,

and a coalgebra (called L-R-smash coproduct) with comultiplication
and counit given by

A : DyH —s (DyH)®(DYH), & : DyH — k,

A(dgh) = (d{”5d™ " h1) @ (dY had{M),
e(dbh) = ep(d)eu(h).
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We consider now the following list of conditions, for H and D as
above, corresponding to elements h € H and ¢,d € D:

(1].) ED(]-D) = 1, 6D(Cd) = 8D(C)8D(d),

(1.2) ED(h'd):ED(d'h):ED(d)EH(h),

(13) p(lD):]-D@]-H, )\(ID):IH@)ID,
(1.4) Ap(lp) =1p ®1p,

(1.5) pled) = 0d0 @ M dt)

(1.6) Aed) = VA @ (0g©)]

(17) AD(h'd):hl'dl(X)hg'dg,

(1.8) AD(d'h):dl'hl(X)dQ'hQ,

(1.9) Ap(ed) = ex(cf™ - di") @ (- df)ds,
(1.10) (hy-d) " Vhy @ (hy - d)® = hyd™Y @ hy - d,
(1.11) (h-d)” @ (h-d)M =h-d® gdP,
(1.12) (d-hy) @ hy(d- hy)V =d® - hy @ dVhy,
(1.13) (d-h) V@ (d-h)O=d"Dgd?.p,
(1.14) O g @ M dO = cgd.

If all these conditions hold, for all h € H and c¢,d € D, by analogy
with [14] we will say that (H, D) is an L-R-admissible pair.

Theorem 1.1. If (H, D) is an L-R-admissible pair, then DyH with
structures as above is a bialgebra, called the L-R-smash biproduct of D
and H.

Proof. It is very easy to see that epyy is an algebra map and Apyy
is unital, so we will only prove that Apyy is multiplicative. We will
prove first two auxiliary relations:

(1.15) [e(h-d)h ® [e(h-d)]2 = c1(c§ Vhy - di?) @ (e - dV) (s - da),
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(1.16) [e(hy - d)]y ® [e(hy - d)])y Ve @ [e(hy - d))Y)

® (e - di")(ha - dy”),

for all h € H, ¢,d € D; we compute:

le(h - ) @ [e(h-d)]s & er (5 - (h- )"

= eV (- d)®)

; )

e - d)e [(é’ ) (ha - o))V
@ (s - di")(ha - dz)]

e Uhd”) o (- df) (ke do) Vg
(90

(1.10)

= ey(ey )hl-d§°>) (é) di") U hydY
® (c5” - dM) O (hg - dY’ )

029 (S V- d?) @ O Dyl D

@ (57 - di™) (hy - dy’ )), 0

Let now ¢,d € D and h,g € H; we compute:

A((ch)(dbg)) = A((c - g2)(hy - d)3hagr)
= ((c- gs)(hr - ) @ ((c - gs)(hy - d))S Phagy
® ((c- g3)(h1 - d))S” @ hsga((c- g3) (ha - d)){”

29 (e ga)i((c- g3)§ PV - d)]©

2017

=c1(cS Vhy - d?) @ Y pydl Tt
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®(c g3 )(0)( )h d(—l)g1
® ((c- g3) - diM) (s - d)
® hagal(c- g3)1((c- g3)5 Vha - diHD

(1.8), (1.5) (c1-93) @ ((cz - ga) Yy - d(¥)©

® (ca - g4) O Dhydi Vg,

® ((c2 - 94) O - d{") (hg - d)

® haga(c1 - g3) M ((cz - ga) "V by - dfP) D)
(1.11)

(c1-93) @ ((ca - ga) Dby - d§0><0>)
® (c2 .94)(0)(—1)h2dg71)gl
® ((c2 - 92) @@ - d{M) (hs - d3”)
® haga(cy - 93)<1>d§0><1>
Sl (2 90) - )
® (2 .94)UD(*1)h2dg—1)
® ((c2 - g2)O© - diP) (s - dY) @ hact gadi”
U2 (P o) (e PV - ) @ (¢ - g4) D had Vg
@ (e - 90)® - d{) (hs - d) @ hact” g5
G2 (. go) (e - dP) @ OV hydl Vg,
© (V- gudM)(hs - dS) © hacM gsd "
A(cth)A(dyg) = (ef”bes ™ hn) (@] 4df ™V gn)
® (" thaei'!) (5 bgadi")
= (e - (5 V)ag2) (¢S ) 1ha - ")
B(cs™)oha(d )10
® (5" - ga(di")2) (ha(ci)1 - df”)
uh4<cil>>zgs<d<”>1
_ (C§0><0> 0)(— 1)92)( )h1 . d§0><0>)
® O 1)h Vg,
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@ (" - gadi") (hye” M - a1
© hacil) gad@®

2. ga) (S Vg - a0 @) @ DD gl g,
® (3" gad{") (hs - dS”)

®© hac{ gsd" Y,

(1.14)

and we see that the two terms are equal. u]

Remark 1.2. Obviously, the Radford biproduct (cf. [14]) is a partic-
ular case of the L-R-smash biproduct, corresponding to the case when
the right action and coaction are trivial.

We recall now from [10, 15] the construction of the so-called double
biproduct, more precisely a particular case of it (corresponding to a
trivial pairing, in the terminology of [10]). Let H be a bialgebra, A
a bialgebra in the Yetter-Drinfeld category YD and B a bialgebra in
the Yetter-Drinfeld category yDg, with the following notation for the
structure maps: counits €4 and e, comultiplications A 4(a) = a1 ® ag
and Ag(b) = b; ® by, and actions and coactions

H®A— A, h®a+— h>a,
A—H®A, a— a'®ad?
B®H — B, bQh+——>b<h,
B—BQ®H, b+ b ®b?

forall h € H,a € A, b € B. We denote by A#H#B the vector space
A®H ® B (the element a® h®b is denoted by a#h#b), which becomes
an algebra (called two-sided smash product) with unit 14 #1y#1p and
multiplication

(a#th#b)(a'#h' #b') = a(h1>a’)#hah] #(b<hb)b

and a coalgebra (called two-sided smash coproduct) with counit defined
by e(a#h#b) = e4(a)emg(h)ep(b) and comultiplication

A: A#H#B — (A#H#B) ® (A#H#B),
A(a#h#b) = (a1 #abhi#b}) ® (a2#hab?#bs).
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Proposition 1.3 [10, 15]. Assume that moreover the following
condition holds:

(1.17) b’pa® @ blaa' =a®b, forallac A, be B.

Then A#H#B is a bialgebra, called the double biproduct.

Proposition 1.4. Let A#H#B be a double biproduct bialgebra.
Define D = A®Q B, with tensor product algebra and coalgebra structures
and with two-sided actions and coactions given by

HR(A®B) > A®B,h®(a®b)—h-(a®b):=h>a®b,
A®B— HR(A®B), a®b—(a®b) Ve (a2b)®:=d'e(a®®b),
(A®B)®@H - AQB, (a®b)@h— (a®b)-h:=a®bdh,
A®B— (A®B)®H, a®b—(a®b)?@(ab)V) :=(a0b!)ob?.

Then (H, D) is an L-R-admissible pair and we have a bialgebra isomor-
phism

¢: (A® B)jH ~ A#H#B, (a® b)jh — a#h#b.

Proof. The fact that (H,D) is an L-R-admissible pair follows by
direct computation; let us only check (1.14), for a,a’ € A and b,V € B:

(a@b) . (d/ @)V @ (a@b)M . (d @)
— (a®b1) 'all ®b2 _(al2®bl)
= (a ® b*<at) ® (b*a? @ V)
“ashe@al), o

We know from [13, Proposition 2.4], that ¢ is an algebra isomorphism,
and an easy computation shows that ¢ is also a coalgebra map. ]

We recall now the following result from [16]. Let H be a bialgebra
and D an H-bimodule bialgebra (i.e., D is a bialgebra which is an
H-bimodule algebra and an H-bimodule coalgebra). Consider the
L-R-smash product algebra DyH, together with the tensor product
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coalgebra structure on it (i.e., A(dhh) = (d1th1) ® (d2fhs) and e(dbh) =
ep(d)em (h)). Then DiH with these structures is a bialgebra if and only
if the following conditions are satisfied, for all h € H, d € D:

(1.18) hi-d®hy =hs-d® hy,

(119) d-hi®hy=d-hy® hy.

This result is a particular case of Theorem 1.1. Indeed, consider on
D the left and right trivial H-coactions (i.e. d™") @ d(®) = 15 ® d and
d®d" = d®1y, for d € D). Then one can easily check that (H, D)
is an L-R-admissible pair ((1.18) and (1.19) are precisely (1.10) and
respectively (1.12)) and the L-R-smash coproduct coalgebra structure
in this case coincides with the tensor product coalgebra structure.

2. A braided category related to L-R-smash biproducts. Let
H be a bialgebra. We will introduce a prebraided category associated
to H, denoted by LR(H). The objects of LR(H) are vector spaces M
endowed with H-bimodule and H-bicomodule structures (denoted by
h@m = h-m, m®@h = m-h, m— m=D@m® mi— m®em® for
all h € H, m € M), such that M is a left-left Yetter-Drinfeld module,
a left-right Long module, a right-right Yetter-Drinfeld module and a
right-left Long module, i.e.,

(21) (h1 . m)(_l)hg X (h1 . m)(o) = hlm(_l) ® hy - m(o),

(2.2) (h-m) @ (h-m)" =h-m® @mb,

(23) (m . h2)<0> X hl(m . h2)<1> = m<0> ch1 ® m<1>h2,

(2.4) (m-h)Y @ (m-h)® =m @m® . p,

for all h € H, m € M. The morphisms in LR(H) are the H-bilinear
H-bicolinear maps.

One can check that LR(H) becomes a strict monoidal category, with
unit £ endowed with usual H-bimodule and H-bicomodule structures,
and tensor product given as follows: if M, N € LR(H) then M ® N €
LR(H) with structures (for allm € M, n € N, h € H):

h-(m®n)=h;-m® hy-n,
(m®n)-h=m-h; ®n- hs,

(m® n)( g (m® n)(O) =mYp g (m(O) ® n(O)),
(m ®n) 0) & (m® n)<1> =(m 0) & n<°>) @ mVpth,



2022 FLORIN PANAITE AND FREDDY VAN OYSTAEYEN

Proposition 2.1. The monoidal category LR(H) is a prebraided
category, with braiding defined, for all M,N € LR(H), m € M,n € N,

by
CMVN:M®N—>N®M,

eun(m@n) =m0 gm@® . pb,
If H has a skew antipode S~*, then LR(H) is braided, the inverse of c
being given by
cun:NOM — MQN,
in(n@m) =m® .5 (nV) © §Hm D). n,

Proof. We only check that c is left H-linear, right H-colinear and
satisfies one of the two hexagonal equations, and leave the rest to the
reader. For M,N,P € LR(H)and h€e H m e M,n € N,p € P, we
compute:

CM’N(h . (m X n)) = CM7N(h1 -m® hg - n)

= (hy-m)Y - (hy - 1) @ (hy - m)© - (hy - n)H
22 (1 m)Dhy 1O @ (hy )@ . D

@D b mED 0 @ by - m© (D)

=hy- (m(*l) .n<0)) ® hy - (m(O) .n<1))

=h-cun(m®n),

(pvem © cu,n) (Mm@ n)
= o (MY 1 @ m® . 1)
=m0 g (1, 0) 1)y (0)
& (mD - n )1 (7 0) . 1Y)
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— (0D L (000) g (0)(0) | (ON1) g 1 (1), (1)

e n(m'® @ n') @ mHn®

= (ecm,ny ®idy) o puen(Mm @ n),

(tdy ® ea,p) © (cu,n ® idp)(Mm @ n ® p)
= (idy ® carp)(mY - nf0 @ m©@ . 1) @ p)
— m(D 80 @ (m® . YD L0 @ (1O L YO L (1)
2D D (0 @ O L (0} @ (0)(0) L (1) 1)
— (M) -0 ® (mC D)y - p@ @ m© . W pM
=m . (nep)? om® . (nep)®

= cm,NoP(Mm @ n @ p).

Also, the bijectivity of ¢ in the presence of a skew antipode follows by
a direct computation which is left to the reader. ]

Remark 2.2. We denote as usual by g)}'D and yDZ the categories
of left-left and respectively right-right Yetter-Drinfeld modules over H.
One can check that, if V € #YD and W € D%, then VW < LR(H),
with structures as in Proposition 1.4. In particular, for W = k and
respectively V' = k, we obtain that gyD and yDg are subcategories
of LR(H), and one can see that they are actually braided subcategories,
ie., I:crhe braiding of LR(H) restricts to the usual braidings of £YD and
YDy.

We can state now the categorical interpretation of L-R-admissible
pairs:

Proposition 2.3. Let H be a bialgebra and D a vector space. Then
(H,D) is an L-R-admissible pair if and only if D is a bialgebra in
LR(H) satisfying (1.14).

Proof. A straightforward verification; we only note that (1.9) ex-
presses the fact that the comultiplication of D is an algebra map inside
the category LR(H). o
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