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BOUNDS FOR STRENGTHENED HARDY
AND POLYA-KNOPP’S DIFFERENCES

SABIR HUSSAIN AND J. PECARIC

ABSTRACT. In this paper we prove an improvement and
reverse of strengthened Hardy-Knopp type inequality and its
dual inequality

1. Introduction. In [2] Hardy proved the following integral
inequality (see also [3, Chapter 9, Theorem 328]); if p > 1, f(z) > 0
and F(z) = [; f(t)dt, then

o [ [ o

On the other hand, the following related exponential integral inequality,
the so called exponential integral inequality (or Polya Knopp’s inequal-
ity) [5, 6]

(2) /Oooexp <£/0zlogf(t)dt) dw<e/ooof(w)dm

is valid for positive functions f € L'(0,00). Inequalities (1) and (2) are
closely related, since (2) can be obtained from (1) by rewriting it with
the function f replaced by f1/? and letting p — co. Therefore, Polya-
Knopp’s inequality may be considered as a limiting relation of Hardy’s
inequality. In [4] Kaijser et al. pointed out both (1) and (2) are just
special cases of the much more general Hardy-Knopp-type inequality
for positive function f

®) [7o(3 [ rwa) < [T atran
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where ¢ is a convex function on (0,00). In [1] Pecari¢, Cizmesija and
Persson proved the strengthened Hardy-Knopp-type inequality that
generalized inequality (3) given by Theorem 1.1. They also formulated
its dual result given by Theorem 1.2.

Theorem 1.1. Suppose 0 < b < oo, let u : (0,b) — R be a
nonnegative function such that the function z — (u(z)/z) is locally
integrable in (0,b), and the function v is defined by

u(t) = t/tb U)o e (0,0).

2

x
If the real-valued function ¢ is convex on (a,c), where —oo < a < ¢ <
00, then the inequality

(4) /Obu(x)¢<é /wa(t) dt> d;x < /Obv(x)qﬁ(f(:c))i—x

holds for all integrable functions f : (0,b) — R, such that f(z) € (a,c)
for all z € (0,0).

Theorem 1.2. For 0 < b < oo, let u: (b,00) — R be a nonnegative
locally integrable function in (b, ), and the function v is defined by

v(t) = l/b u(z)de, te(b,o00).

t

If the real-valued function ¢ is convex on (a,c), where —oo < a < ¢ <
00, then the inequality

(5) /boo u(x)qﬁ(x/j f(t)g)d% < /boo v(x)qs(f(x))d_“’

T

holds for all integrable functions f : (b,00) — R, such that f(z) € (a, ¢)
for all x € (b, 00).

As a special case the following extensions of (1) and (2) and of their
dual inequalities were obtained (see [1]):

/Ob m_k</0m f(t)dt)pda:
() LG e
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whenever £ > 1 and 0 < fob xP~F fP(z) dr < oo; and

/boo " < /:o f(t) dt)pd:zc
() [ )

whenever k < 1 and 0 < [, 2P~* fP(z) dz < oco; and

b T
/0 7 Lexp L%/o t* Llog f(t) dt} dz
b a
< ey/o‘/o [l - <%> ] 27 f(x) de,

whenever o > 0 and 0 < fob 27 1f(z)dz < oo; and

/ 7 exp [— a%/ t*tlog f(t) dt] dx
b T

<ev/e /boo {1 - (%)T 27 f(z) de,

whenever o < 0 and 0 < fboo 27" f(z) dz < oo, where ,7,b,p, k € R
such that b > 0, « # 0, p > 1, k # 1 and f is a nontrivial, nonnegative
function.

Now we state and prove some improvements and reverses of these
results.

2. Log-convexity of Hardy-Polya-Knopp differences.

Lemma 2.1. Let us define the function

z*/s(s—1) s#0,1;
ps(z) =< —logx s =0;
zlogx s=1.

Then " (z) = x°72, that is, ps(z) is convex for x > 0.
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Lemma 2.2. Let us define another function,

[ (1)s*)es s #£0;
Vol2) = { (1/2)z?  s=0.

Then Y (z) = €%, that is, Ys(z) is conver.

The following lemma is equivalent to the definition of the convex
function (see [7, page 2]).

Lemma 2.3. If ¢ is continuous and convex for all si, sy and s3 of
an open interval I for which s1 < sg < s3, then

P(s1)(s3 — s2) + B(s2)(s1 — s3) + P(s3)(s2 — 51) > 0.

We quote here another useful lemma from log-convexity theory.

Lemma 2.4 [8]. A positive function f is log-convezx in the Jensen
sense on an open interval I, that is, for each s,t € I,

s = (5"

if and only if the relation

t
2 f(6) + 2w (T3 ) w?p0) 20
holds for each real u,w and s,t € I.
First, consider Hardy differences and their dual.

Theorem 2.5. Let the conditions of Theorem 1.1 be satisfied, and
let o5 be given by Lemma 2.1. Let F be defined by
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Then F is log-convez, i.e., the following inequality is valid
(7) [F(p)]"* < [F(r)PP*[F ()",

for —co<s<p<r<oo.

Proof. Let us consider the function ¢ defined by

¢(z) = u2¢s($) + 2uwe,(z) + w290p(:v),
where r = %; u,w € R,
¢”(CE) — ’U,ZLES_Q + 2uwwr—2 + wap—Q
= (uz®/D71 4 wz®/D-1)2 >,
¢ is convex for z € R™; therefore (4) is equivalent to

u?F(s) 4+ 2uwF(r) + w?F(p) > 0,

i.e., by Lemma 2.4,
F2(r) < F(s)F(p).

So F' is log-convex in the Jensen sense. Since

lim F'(s) = F(0) and ll_)nll F(s) = F(1),

s—0

F is continuous for s € R and therefore log F' is convex. Lemma 2.3
for —oo < s < p <1 < 00 yields:

(r—s)log F(p) < (r —p)log F(s) + (p — s) log F(r),

which is equivalent to (7). o
A similar consequence of Theorem 1.2 is:

Theorem 2.6. Let the conditions of Theorem 1.2 be satisfied, and
let o5 be given by Lemma 2.1. Let F be defined by

® Fo = [ o@D - [T s [T a) %

T
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Then F is log-convez, i.e., the following inequality is valid.
~ r—s ~ P—=S [~ r—p

(9) Fo)] < [Fo] [Fe)]

for —co<s<p<r<oo.

If we use ¥ for ¢, we get the following:

Theorem 2.7. Let the conditions of Theorem 1.1 be satisfied, and
let ¥s be given by Lemma 2.2. Let G be defined by

1) 66 = [ @@ - [} [ roa) .
Then G is log-convez, i.e., the following inequality is valid.
(11) (G <GP °[G(s)] 7,

for —co<s<p<r<o.

Theorem 2.8. Let the conditions of Theorem 1.2 be satisfied, and
let s be given by Lemma 2.2. Let G be defined by

G = [ o@hulr@)

—/boo (@), <a: :o %dt) df.

Then G is log-convez, i.e., the following inequality is valid.

(12)

(13) 6w < [éw] T[]
for —0o <s<p<r<oo.

3. Improvements and reverses of Hardy’s inequality. We
state and prove an improvement and reverse of strengthened classical
Hardy’s inequality and it dual.
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Theorem 3.1. Let k,b € R be such that k #1 and b > 0, let f be a
nontrivial and nonnegative function, and let p € R\{0,1}.

(i) If (k —1)/p > 0, then

(&) [ [-() e
—/Obmk(/omf(t)dt>pda:}

< (%) H(5)]7—2)/ =) [F ()] 0=2)/ (r=9)

for —o0o < s <p<r<oo;and

w9 il (52) L[ () ] rmes
—/Oba:—k</oz f(t)dt)pd:v}

> (%)pm(sn(rm/(rs>[H(r)]<ps)/(rs)

for —co<p<r<s<ooand —oco<r<s<p< oo, where

H(r) = /Ob [1 - (%>(k—1)/1ﬂ] ©r <x(P—k+1)/pf(m)> d?w

b _ T
_/ Or (ux(k+1)/P/ f(t) dt) d_.’L‘
0 p 0 T

(ii) If (1 — k)/p > 0, then

ol () [[-(2) e
- /boo xk(/:o f(t) dt>pdx}

< <lf;k>p [ITI(S)}(T*P)/(T*S) [ITI(T)} (p—s)/(r—s)

(16)
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for —co < s <p<r<oo; and

0 ot () [T () s
- /boo :p_k</zoo f(t) dt>pda:}

> <lf;k>p [ﬁ(s)}(T—P)/(T—S) [ﬁ(r)} (p—s)/(r—s)

for —co<p<r<s<ooand —oco <r<s<p< oo, where

H(r) = /b°° [1 B (%)U’“)/P} . (l‘(p*k+1)/pf(x)) d?m

— /OO O (uw(kﬂ)/p /Oo £ () dt> d_:c
b p T z

Proof. The proof follows from Theorems 2.5 and 2.6 by choosing the
weight function u(z) = 1 (so that v(z) = 1—(z/b) and v(z) = 1—(b/x)).

Consider the case when & > 1 first. Let o > 0; by replacing
the parameter b by a(= b*) and choosing for f the function z +—
F(z® )z =1 (6) becomes

Fals) = /0 (1 - %) oo (£ (e )ar ) &

ra
@ ]_ ® —1 —1
—/ %(—/ f(t“ )t“ —1dt> dz
0 T Jo z
while (7) becomes

(21) [Fa(p)]"™* < [Fa(r)]P~* [Fa(s)]"",

i.e., Fy(s) is log-convex. Of course, we can give simpler form for F,.

(19)

(20)

By the substitutions [ = t* " and y = m”‘fl, respectively, we have

Fa(s) = O‘{ /Oa“ <1 - <%>a> s (fy)y' ™) %

a—1

[ o [ o))
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b x
—/0 sos(ax—a/o f(l)dl) d;‘”}
For o = (k — 1)/p, we have
b (k—1)/
Flr-1)/p(s) = { <1 < > >¢S(f(m)m(p—k+1)/p)d%
b T
. (1K) /p ; dl) dm}
[e(E2 | swa)s
From here (21) reduces to
b (k=1)/p
@ [[1-(2) o (o) &
(L an [ >d_$
/0‘Pp< > z /0 f(dl .

< [H(s)]| P~/ =D (r)] (=) (=),

For p € R\{0, 1}, we get (14).

Ifin (21) s >r,p—>s,r—pand s —p, p—r, r— s, then for
a = (k—1)/p, we have

b (kfl)/P dCU

@ [ ()"t &
0 /b <k lx(lf’“)/”/z f(l)dl> de
0 o p 0 T

> [H(s)) /D H )<,

And from here for p € R\{0,1}, we get (15).

Now, suppose that & < 1. We choose, again, the weight function
u(z) = 1 and v(z) = 1 —b/z. Let B > 0. Now by replacing
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the parameter b by a(= b°) and by choosing for f the function
z s f(z# ) 2P "+ (8) becomes

Fy(s) = /aoo (1 - —> ©s (f( B~ l)x,erlﬂ) dx

T
d
—/ sos( / FEPY 1dt>—x
x
while (9) becomes

(25) B "< [B]” " [Fet)] "

ie., ﬁg (s) is log-convex. Of course, we can give simpler form for ﬁg.

(24)

By the substitutions | = t° " and y=aP 71, respectively, we have

o[ e a] e @

—/3/ sos</3y/ 70 );yy

Foto) = of [ |1- (9)6] o (@ (@) &
[ [ s0m) )
For 8 = (1 — k)/p, we have

~ — oo (1-k)/p
e S [ - ()" o) £

> 1-k i dx
_ (1-Fk)/
[ e (e [ rwa)

From here (25) reduces to

e [ (D) o (o)
b X T
T (1= amyp [T dzx
/b¢p< 20k /wf(l)dl>m

< [H(s)]| =/ (=) [H ()] (s=2)/ (=),

i.e.,
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For p € R\{0,1}, we get (17).

Ifin (25) s >r,p—>s,r—>p;and s > p, p = r, r — s, then for
B8 =(1-k)/p, we have

e <] b (1*]9)/17 - v dac

en [Tl (3) e (o) &
[T (R aw [T )d_x
/ sap( e [T pa)

> [H(s)]|®=")/ =) [H (r)](s=P)/ (=),
And from here for p € R\{0,1}, we get (18). u]

Remark 3.2. In fact we have proved the more general results. Namely,
(22) and (26) are valid for —oco < s < p < 7 < 0o; the inequalities (23)
and (27) are valid for —co < r < s <p < ooand —co < p < r < s < 0.

4. Improvements and reverses of Polya-Knopp inequality.
We state and prove an improvement and reverse of the Polya-Knopp
inequality and of its dual.

Theorem 4.1. Let a,v,b € R be such that o #= 0 and b > 0, and let

f be a positive function,
(i) if « > 0, then

(28) e/ /Ob [1 - <%>a] 2L f(2) da

b T
—/ ' Lexp [%/ t*tlog £(2) dt] dx
0 = Jo
< /[P (r)|t=9)/ (=) p ()] "=/ (r=2)

for —o0 < s <1< r <oo; and

(29) €/ /Ob [1 - <%>a] 271 f(z) de

b T
—/ ' Lexp [%/ t*tlog £(2) dt] dx
0 = Jo
> /[P (r)|t=9)/ (=) [P ()] "D/ (r=9)
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for —co<1l<r<s<ooand —oo <r<s<1< oo, where

P = [ [1= (%) ] v tostersom &

b T dr
—o a—1
- /0 Wb <ax /0 1 og (I £(1)) dl> —.

(ii) If a < 0, then

(31) e/ /boo {1 - <§>_a] L f () d

—/ 7t exp [— %/ t*log £(2) dt] dx
b T

} (1=s)/(r—s) [15( )} (r=1)/(r—s)

<ere []3(7“) s

for —co<s<1<r<oo; and

(32) e/ /boo {1 - <g>_a]w7_1f(x) dz

—/ 7 exp [— %/ t*tlog £(2) dt] dx
b T T

> ¢l [ﬁ(r)}(l_S)/(T_S) [15(5)} (r=1)/(r=s)

for —co<1<r<s<ooand —oo <r<s<1< oo, where

Py = [ 1= () o tostasom £

T

—/bw¢s(—am_a /:o 19" tlog (17 £(1)) dl> ‘i—m.

Proof. The proof follows from Theorems 2.7 and 2.8 by choosing the
weight function u(z) = 1 (so that v(z) = 1—(z/b) and v(z) = 1—(b/x)).

(33)
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Let o > 0. By replacing the parameter b by a(= b*) and choosing
for the function f, z ~ log(z?/® f(x*/®)). Then (10) becomes

Gl = [ (12 ) (o (w772 ()
/Oaips<é /Oxlog (t’y/af (tl/a>> dt) dm_x,

while (11) becomes

(34)

(35) [Ga ()" < [Ga(r)P*[Gals)]?,

i.e., Gu(s) is log-convex. Of course we can give simpler form for G,.
By the substitutions [ =t~ and y = 2, respectively, we have

Gat) = [ 1= L] togts7 1) 2

a1

o <aya / ylallogw(l))d,> %
Gals) = [ b 1= (%) ] tosta s £
/Obz/;S <ozxo‘ /Oz zallog(nf(l))dl> d?””}
From here, (35) is equivalent to
50 [ [t (%) o tostersiam %

—/bz,bp(am_"‘ /I l”“”og(l”f(l))dl) de
0 0 T

< [P(r)]| =)/ (r=3) [ p(s)](r—P)/(r=5)

And, from here for p = 1, we get (28).
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Ifin (35) s > r,p—>s,r—>pand s —p, p— 71, r— s then we
have

50 [ 1= (%) o tosersom &

T

b T
—/0 zpp(a:c“/o l“ﬂog(l"’f(l))dl) df

> [P(r)]P=3)/ r=9)[p(s)|r—P)/(r=9),

And from here, for p = 1, we get (29).

For the case when a <0, we make substitution s log(z="/*f (z=/®))
for the function f and replace parameter b by a(= b=%). Then (12)
becomes

Gals) = /a h (1 - g)% (togle /=@ /) %2

Lol ) 2

while (13) becomes

(38)

o~

~ r—s ~ P—S [~ T—p
(39) Catw)] < [Gam)]” " [Gats)]
ie., G (s) is log-convex. Of course we can give the simpler form for

G. By the substitutions [ = ¢t~ and y = 2—® ", respectively, we
have

Gols) = —a [ (1-ay®) v tog(s7 ) 2

o [ w( e [Te g rya) 2,
a= Y

Gats) == [ [1=(£) ] togtarson) &

- ¢S<‘ = [ la_llog(”f(l))dl> ‘fc—x}
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From here (39) is equivalent to

) [ 1= (%) Jun tosta s &

- /oo %( —az™® /oo ot 1og(nf(l))dl> dz
b T T

From here for p = 1, we get (31).

Ifin (39) s >r,p—s,r—>pand s > p,p— 7, — s, we have

ay [[i-(5) | toster s £

—/OO ¥p <—oz:c_°‘ /oo za—llog(nf(Z))dl> dz
b T T

> {ﬁ(r)} (p—s)/(r—s) [ﬁ( )} (r—p)/(r—s) ‘

S

And from here, for p = 1, we get (32). O

Remark 4.2. In fact, we have proved the more general results. Namely
(36) and (40) are valid for —co < s < p < r < o0; the inequalities (37)
and (41) are valid for —oo <r < s <p < ooand —oo < p < r < s < 0.
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