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1. Introduction and terminology. We will follow mainly the
notation and terminology set up in [2]. Thus (R,GRg, Bgr,qr) is an
abstract Witt ring as defined in [4] and recall that ¢gg : Gr X Gg — Bg
is a symmetric bilinear mapping with Gg and By being groups of
exponent 2. Gg has a distinguished element —1 satisfying g(a, —a) =1,
and gp satisfies

For all a,b,c,d € Gg,qr(a,b) = qr(c,d) implies

there exists x € G with gg(a,b) = qr(a, )
(L) = qR(ca :E) = QR(cv d)
Denote by Qg the image of qg in Bg and when there is no confusion
write G = Ggr, B = Br, q = qgr and Q = Qgr. For a € Qg set

Q(a) = {q(a,z)|z € Gr}. Yg will denote the collection {Q(a)|a €
Gg\{1}} and {Q;}?, is the collection of distinct elements of Y. For
a subgroup of @ of BR, the subgroup {r € Gr|Q(z) C Q} of Gg will
be denoted by H(Q). We let H; = H(Q;) and h; = |H;|. The value set
of (1,z) is D(1,z) = {y € Gr|q(—z,y) = 1}, and, for any subgroup K
of G, let K denote K\{1}. Finally set g = |GR|.

In §2 construct a quotient quaternionic mapping g and give some
technical conditions under which g satisfies (L). This quotient tech-
nique together with the counting technique of [2], proves to be quite
useful in §3 where we classify Witt rings having a simple Hasse dia-
gram. Specifically, we generalize Cordes’ classification [1] of Witt rings
with < 4 quaternion algebras by classifying all non-degenerate Witt
rings with |Yg| < 4 (See [3;Chapter 5, §10]) for a statement and proof
of Cordes’ classification using the notation and terminology used here.)

2. Quotients. Let R be an arbitrary abstract Witt ring with
associated linked quaternionic mapping q : Gg X Gg — Bg. For an
arbitrary subgroup Q of Bg set H = H(Q) and define § : Gg/H x
Ggr/H — Bgr/Q by 4(a,b) = q(a,b)Q, where @ = aH.
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688 R. FITZGERALD AND J. YUCAS

PROPOSITION 2.1. G is a non-degenerate quaternionic mapping.

PROOF. 7 is clearly bilinear and symmetric. To show § is well defined
suppose a = a'h for some a,a’ € Ggr and h € H. Then ¢(a,b) =
g(a’h,b) € q(a’,b)Q(h) C g(a’,b)Q. Finally, notice that g is non-
degenerate, for, if g(aH,bH) = Q Vb € Gpg, then g(a,b) € Q Vb € Gg.
Hence Q(a) CQ anda€ H. O

Consequently, g is a linked quaternionic mapping if and only if g
satisfies (L). In this case we say that reduction at Q is possible. Note
that Q(@) = {7(a@,5)|b € Gr/H} = {9(a,5)Q | a,b € Gr} = Q@)Q/Q.
Thus Yz = {Q:Q/Q | Q: € Yr}.

__ PROPOSITION 2.2.  Suppose reduction at Q(z) is possible. Then
R R/I(H) where H = H(Q(z)) and I(H) = ({{(1,—h) | h € H}).

PROOF. It suffices to show that the kernel of the natural mapping
a: R — Ris contained in I(H). Let ¢ € ker a. If ¢ = ((1,—a)), then
@ = 1 implies a € H and ((1,—-a)) € I(H). If p = ((—a,—b)), then
q(a,b) € Q(z), and thus {(—a,—b)) = ({(—z,—c)) for some ¢ € Gpg.
Since ((—z,—c)) = ((1,—z)){({(1,—¢)) and z € H, ¢ € I(H). In
general, suppose ¢ = {((a1,as2,...,a,)). There exists a sequence of
forms @, %,,%,,...,P, = 0 in R with each pair B;, B,,, of the form
Gi—: S(EI,EQ,E;;, ... ,E_n>_>‘, ¢i+l = <<d1,d2,53, . ,En» With_a(fl,zz) =
G(dy1,d2) and €,¢y = dida. Now 0 =@; — @, = ((¢1,C2, —d1, —d2)) =
51«5152,—613_1))_ 1 —Ez((l.—§1623132)>. Since ¢1¢; = 3132 and
G(c1,¢) = q(d1,ds), ((1,—C1T2d1ds)) and ((¢,¢2—¢1d;)) are both equal
to 0. As above, ((1, —cic2d1da)), ({c1ca—c1d1)) € I(H). Consequently,
@i — pi+1 € I(H) and since ¢ = (p1 — p2) + (p2 —p3) + - + (k-1 —
k), @ € I(H) as desired. O

Note that reduction at an arbitrary subgroup @ of Bpg is not always
possible. What follows is an example of such a  and some rather
technical conditions under which reduction is possible. We suspect
that reduction at every Q(x) is possible but the proof eludes us. In any
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case, some of what follows turns out to be sufficient and quite useful
for our classification in the next section.

EXAMPLE. Let L be a Witt ring of local type with |G| > 16, —1 51,
and take R to be L[{1,t}]. Pick a € G, a € D{(1,1)) and set
Q = {1,q(a,t)}. Note that H(Q) = {1}. Choose z € G, z # —1,
with qr(z,a) # 1, then pick y € G, with q1(y,a) = 1 and ¢ (z,y) # 1.
This is possible for otherwise ¢r(z,y) = 1Vy € D{(1,—a)) and
hence D((1,—a)) = D{(1,—z)), a contradiction. Now qgr(zt,y) =
ar(z,y)qr(t,y) = qr(z,y)qr(t, ay)qr(t, @) = qr(a, ay)qr(t, ay)qr(t, )
since qn(z,y) # 1 and qr(a,ay) £ 1.

‘Consequently, qr(zt,y) = gqr(at,ay)qr(t,a) and Gr(zt,7) =
gr(at,ay). Assuming R satisfies (L), there exists w € Gg such that
qR(H’ ?J‘) = a(ﬁv _’lﬁ) = a(avw) = q(av@) and thus qR(Ha y_w) =1
and gr(at,ayw) = 1. We have gr(st,yw) = 1 or ggr(t,a) and
gr(at,ayw) = 1 or qr(t,a). Assume first that qr(zt,yw) = 1. Then
yw € D((1,—=xt)) hence yw = 1 or —zt. If yw = 1, then w = y
and ggr(at,a) = 1 or qg(t,a). Both choices lead to a contradiction. If
yw = —zt, then w = —xty and gr(at,—axt) = 1 or gr(t,a). That
is gr(at,z) = 1 or ggr(t,a). Again both choices lead to a contra-
diction. Consequently, ggr(xt,yw) = qr(t,a). Applying (L), obtain
qr(zt,yw) = qr(zt,v) = qr(a,v) = qr(a,t) for some v € Gg. The
last equality implies v = at for some a € D{((1,—a)). The middle
equality implies azt € D((1,—at)). So axt = 1 or —at. axt = 1is
clearly impossible and azt = —at implies —az = a € D{(1, —a)), again
a contradiction. O

PROPOSITION 2.3. Let Q be a subgroup of Br. If for everyz,y € G,
with Q(z) C Q, Q(y) € Q, we have Q(z)Q(y)NQ C Q(z)UQ(y)UQ(zy)

then reduction at Q is possible.

PROOF. By Proposition 2.1 it is sufficient to show that (L) holds
for g. Suppose that g¢(a,b) = q(c,d)p, for some p € Q. First

assume a € H(Q) and ¢ € H(Q), hence Q(a) € @ and Q(c) C Q.
Now p € Q(A) - Q(c) N Q, so, by our assumption, p € Q(a) U
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Q(c) N Q(ac). If p € Q(a) then write p = g(a,e) for some e €
Ggr. We have ¢(c,d) = q(a,b)p = q(a,be). Applying linkage, there
exists z € Gpg with ¢(c,d) = ¢(c,z) = q(a,z) = gq(a,be). Since
q(a,be) = q(a,b)p € q(a,b)Q we have g(c,d),q(c, 2),q(a, 2) € q(a,b)Q.
Consequently, g(a,b) = g(a,z) = §(¢,z) = g(¢,d). A similar argument
applies if p € Q(c), so assume p € Q(ac). Write p = g(ac,e) for
some e € Gg. Here we have ¢(a,b) = ¢(c,d)p = ¢q(c,d)g(ac, ), hence
g(a,be) = q(c,de). Applying linkage, there exists z € G with ¢(a,be) =
q(a,2) = g(c,z) = q(c,de), then g(a,b) = q(a,ze) = q(c,z)g(a,e) =
alc,de)a(a,e).  Now, alc,2)ala,e) = qlc, 2)ala, e)alac, e)alacye) =
q(c, ze)q(ac, e) = q(c, ze)p and q(c,de)q(a,e) = q(c,d)p. Consequently,
9(a,b) = gla, z¢) = q(c,ze)p = q(c,d)p and thus 7(a,b) = g(a, ) =
q(c,ze) = g(c,d). o

We say that a subgroup Q of By is comparable with a subgroup Q'
of Bg if either Q@ C Q' or Q' C Q. Let Cmp(Q) = {Q(z) € Yr|Q(x)
is comparable with Q}.

COROLLARY 2.4. Let Q be a subgroup of Br and suppose that

Vz,y,z € Ggr with Q(x),Q(y),Q(z) ¢ Cmp(Q) and at least two of
Q(z),Q(y),Q(z) comparable. Then reduction at Q is possible.

PROOF. Let z,y € Gg with Qz) € Q, Qy) C Q. Take z =
zy. Show that Q(z)Q(y) N Q C Q(z) U Q(y) U Q(z). We assume
Q(z),Q(y), Q(2) € CmpQ, otherwise it is trivial. By assumption, at
least two of Q(z),Q(y),Q(z) are comparable. If Q(z) and Q(y) are
comparable, then Q(z)Q(y) C Q(z) or Q(y) and it is proved. If Q(x)
is comparable with Q(z) then either Q(z) C Q(zy) or Q(zy) C Q(z). In
the first case Q(z)Q(y) C Q(zy) and in the second Q(z)Q(y) C Q(z)-

Consequently, in either case Q(z)Q(y) NQ C Q(z) UQ(y) UQ(zy). A
similar argument works for Q(y) comparable to Q(z). O

PROPOSITION 2.5. For every z € Gg with |Q(z)| = 2 satisfying
Va,b,c,d € Gr, Q(z) C Q(a)Q(c) = {b,d}UD((1,-a))UD((1, —c))U
D{(1,—ac)) C D{(1, —z)), reduction at Q(z) is possible.



COMBINATORIAL TECHNIQUES 691

PROOF. To show reduction at Q(x) is possible it suffices to show that
(L) holds for g. Suppose g(a,b) = q(c,d)g(z,y). Assume g(z,y) 7 1 for
otherwise the result follows from the linkage of q. By the hypothesis,
there exists z € {b,d} U D((1,—c)) U D((1,—a)) U D{(1, —ac)) with
z € D{(1,-z)). If z = d, then ¢(z,d) # 1, and since |Q(z)| = 2 we
have ¢(z,d) = q(z,y). Applying linkage to g(a,b) = g(cz,d) we obtain

q(a,b) = q(a,t) = g(cz,t) = gq(cz,d) for some t € Gr. Consequently,

3(@,b) = 4(a,t) = §(¢,7) = q(c,d) and (L) holds. A similar argument
works if z = b. For the remainder of the proof we can then assume that
b,d € D((1,—x)). If 2 € D{(1,—c)) then g¢(a,b) = g(c, dz)q(z,dz). By
linkage, g(a,b) = q(a,t) = q(cz,t) = g(cz,dz) for some t € Gg. Note
that g(cz,dz) = q(c,d)q(z, 2)q(c, 2)q(x,d). Since g(c,2) = q(z,d) =1
we have §(a,b) = g(a,f) = q(¢,t) = q(c,d) and (L) holds. Again,
a similar argument works if z € D((1,—a)). Finally we can assume
D{(1,—a)) U D{(1,—c)) C D{{1,—z)). Suppose z € D{(1,—ac)). Here
q(a,b) = q(c,d)q(acz,2) so q(a,bz) = q(cz,d)q(cz,z) = qlcz,dz).
Applying linkage, ¢(a,b2) = q(a,t) = q(cz,t) = g(cz,dz) for some t €
Gr. Consequently, g(a,b) = q(a,tz) = q(cz,t)q(az) = g(cz,dz)q(a, 2).
Since q(a,z) = q(c,z) we have g(a,b) = q(a,tz) = q(c,tz)q(z,t) =
q(c,d)q(z,dz), and (L) follows. O

COROLLARY 2.6. For every x € Gg\D{(1,1)) with |Q(z)| = 2,
reduction at Q(x) is possible.

PROOF. Observe that if {b, d}UD((1, —a))UD((1, —c))UD((1, —ac)) C
D((1, —z)), then in particular —a, —c € D((1, —z)). But then ac, —ac €
D{(1,—z)) and it follows that —1 € D((1, —x)), a contradiction. O

COROLLARY 2.7. Suppose the mapping a — D({(1,a)) is an injection.
Reduction at Q(z) is possible for every x € Gg with |Q(x)| = 2.

PROOF. Suppose ¢(a,b) = q(c,d)g(z,y). As before we may as-
sume ¢(x,y) # 1, for otherwise the result follows from linkage on gq.
By Proposition 2.5 we may say D{((1,—a)) C D((1,—z)). Remark
that we may make the assumption that Q(z) C Q(a). Otherwise
q(z,y) = q(a,2) for some 2z € Gg and thus g(a,bz) = g(c,d). Ap-
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plying linkage we obtain g(a,bz) = ¢(a,t) = g(c,t) = q(c, d) for some
t € Gg. (L) on g now follows. Further, D{(1,—az)) C D{(1,—z))
for otherwise Gg = D((1,—z))D{(1, —az)) since D{(1,—z)) has in-
dex 2 in Gg. But then, for an arbitrary ¢ € Ggr, g = af for
some o € D{(1,—z)), B € D((1,—azx)). Consequently, g(z,g) =
q(z,aB) = q(z, B) = q(B,a). That is, Q(x) C Q(a), another contradic-
tion. Then D{(1,—a)), D((1,—az)) C D{(1,—z)). Now D{(1,—a)) =
D((1,—a))ND{(1, —z)) C D((1, —az)) and D{(1, —az)) = D((1, —az))N
D{(1,—-z)) C D{(1,—a)), thus D{{(1,—a)) = D{((1,—ax)), contradict-
ing our hypothesis. O

3. The Hasse diagram of Ygr. In this section we will take R
to be non-degenerate and consider the usual Hasse diagram of the
partially ordered set Y. This is constructed as follows: Represent
each element of Yr as a point (vertex). If Q(a) C Q(b) then draw
an arrow from the point representing Q(a) to that of Q(b). Make the
following simplifications. The arrows from a point to itself are omitted.
All arrows that are implied by the transitive property of inclusion are
omitted. Last, arrange the diagram so that all arrows point upward
and replace the arrows with lines.

EXAMPLE. Suppose Yr = {Q1,Q2,Q3,Q4} with Q1 CQ2CQ4, @1 C
Q3 C Q4 and no other containments. Then the Hasse diagram of Yy is
Diagram 1.

We take a moment to clarify some of the notation which follows. By
diagram 2 we will mean any Hasse diagram with 1 on the bottom.
Similarly, diagram 3 represents any Hasse diagram with diagram 4 on
the bottom. The counting coefficients c; are the same as defined in [2].

All Witt rings having |Yg| < 4 will be classified but we first proceed
with the following applications of the block design counting in [2].

THEOREM 3.1. Suppose R has Hasse diagram 5. 1f the counting
coefficients c; are non-negative then |Q:| = 2.

PROOF. This is a restatement of [2, Theorem 13]. O
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COROLLARY 3.2. Suppose Ygp = {Q;}; withQ1 C Q2 C -+ C Qn.
Then R is of local type.

PROOF. Show n = 1, and the result follows from [2, Theorem 5].
By Theorem 3.1 (as in [2, Corollary 14]), |@1| = 2. Suppose n = 2.
Reduction at @ is possible by Corollary 2.4 and Y3 = {Q2/Q1}. By [2,
Theorem 5], |Q2/Q1| = 2, thus |Q2| = 4. By Cordes’ classification [1]
no such R can exist. Consequently n 7 2. In general, reduction at @,
is possible by Corollary 2.4 and Y¢ = {Q2/Q1, Q3/Q1,...,Qn/Q1}
Here we have [Yg| =n — 1 and Q2/Q1 C Q3/Q1 C --- C Qn/Q1. By
induction, if such a chain of length n > 2 exists then there is a Witt
ring having a chain of length 2 which is a contradiction. O

(3.2) answers affirmatively a question posed by M. Kula and he is
thanked for bringing it to our attention. The proof above, using both
the counting formula and quotient formation, was the basic motivation
behind this paper and [2].

LEMMA 3.3. Let Yg = {Q:} and let a be an element of H, = H(Ql)
Leti; = |D{(1,—a)) N H;|. Then, for any number h > |Q1|:

: 1 1 1 1l
(i) [T“FQI ~ Qi ]hl = [l‘éﬁ - R]“’
. 1 1 2 ) D S ) P
(i) [lw 1@, + R@AeT thu]hJ s [:le h]’f’
for any j with |Q;| < &,
(iii) IT’S‘IL[ < ij for every j.

PROOF. (i). Since D{(1,—a)) - H; C Gg, (|D{{1,-a))|/i1)h1 < g,

then (|D((L, —a))|/g)h1 < 41. Now (|D((1, —a))|/9)h1(g/|Q1| — g/h] <
i1{9/|@1] — g/h] since h > |@Q1| and (i) follows since |D{(1,—a)}|/g =

1/1Qul.
(ii). Since |@Q1] > |@Q1 N Q;| and |Q;| < h/2 we have

__1___[__1__1_1]>L[L_3]
@1NQ;ILIQ;1 » k] T |lllQ;] R)
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SO

S 1 PO S S
1QinQ;| LIQ;1 k] T 1@1NQj1h Q1] 1Q;]  h|Q:1]

and

_”J'_[L_l]>[ LS S ]h.
Q1N Q;I[1Q;] kI~ LIQiNQ;lh ~ Q1] 1Q;1  hlQ:l] ™"

It is sufficient to show that

h; [ 1 1] [ 1 1] )
el = et [ [l I
Q1NQ;IL1Q;1 R Qi1 A
But h;/i; < |Q1NQ;]| since the mapping y — ¢(a,y) from H; to Q:NQ;
has kernel D((1, —a)) N H;. Consequently, h;/|Q1 N Q;| < 4; and

_hL__[L_l]<i.[L_l]
Q1 NQ;I LIQ;1 k]~ 7LIQ;)1 Al

(iii). Since D((1,—a)) - H; C Gg, and (|D((1,—a))|/i;)h; < g then
9/1Q1| - hj/ij < g and h;/|Q1] < 4;. 0

THEOREM 3.4. Suppose R has Hasse diagram 6. Assume |Q1] < |Q;|
for j < s and suppose there is an a € H; satisfying aH; N H, = {0}
for2 < j, k< s. If the counting coefficients cj, j=s+2,...,n, are
non-negative then |@1| < s.

PROOF. First recall more notation from [2]. H] will denote the set
H;j\ Up,er; Hx

where T; = {H; |H C H;}, and let h; = |Hj|. Further i; =

|D((1, —a)) NHj|, i =|D{(1,-a)) N Hj| "and p; = Q1 NQ,|. Now,
by [2, Proposition 8]

1 1 2
2 IQ(a)ﬂQay)l @ (y)l_[ Z_a» IQ(Z)I]—IQ(a)I'

y#l,a zeD{(1,


file:///QifiQj/h
file:///QinQj/h
file:///Q~/~h
file:///QiHQjl
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Ity € H\{1,a}, Q(e) N Q(ay) = Q1 and Q) = Q1. Ty € Hy, 2<
J < s, then Q(a) N Q(ay) = Q; since aH; N Hy = {0} for 2 < j, k<
s, ay € Hgyy and Q1 C Qs41- If y € Hyyp1 NaHj, 2 < j < s, then
Q(0)NQ(ay) = QiNQ;. Ify € Hyp1\Uj_,aH; then Q(a)NQ(ay) = Q1
Finally, if y € Hj, j > s+ 1, then Q(a) N Q(ay) = Q1. The above
equation becomes

(ha - |Q |2 Z |Q | |Q] JZZ Pngs+1|
hs hy — h; h'
+( noh 2[2 | v 2'>|c21| Qs +Z+ e

o 1 . > 1
= Z(’j - l)l‘é]fl' + (2s+1 - j;@j +(s— 1)) ]

= 1 2
+ i+ 1— ——.

After simplifying we obtain

2 1 (2s — 2)
[IQIIZ Z |Q1| ,QJ ;ples+ll * Q1] |Q3+l|:l

1 1 1
* [IQ1I2 N |Qs+1|]h1 * Z [IQ1I CHRE2
2 ,
(+1) Tt > Hra TR @)

Jj=s+1

[ E___: |22:+il @1 + 1] [Z Q1 |Qs+1|]

where we redefined k) ; and 7}, to be h,4; and 41 respectively.

Recall [2, Lemma 12] that }°7_ ., h%/1Q;] = 3°7_,,, cjh; and
a1 9/1Q5] = Xi_ .41 €. By Lemma 3.3(iii), and since ¢; > 0
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for ; > s+ 1, we have

> ¥ 1Q1| Q5

Jj=s+1
It follows from (*1) and Lemma 3.3 that

S

1 (25 — s)
‘Ql|2 Z |Q1| 1Q;l Z_:ij[Qs+1| TR 1@l

C 1 ey 2
= 1@l Qs+ Q1]

Since 1/|Qs4+1] < 1/‘Qj| and 1/|Q1| < 1/p;, then

- 1 (25 — 2)
Z IQ1| 1Qj1 ZPj|Qs+1| * Q1] 1Qs+1] =0

7=2

> IQlc’h <3 o Z’IQI

j=s+1 j=s+1

(x2) > - +1.

Since the left hand side is negative, the right hand side is also. We have

~ 1 (s-1) 2
—+4+1<0,
Zm Gl J@ TS

1 (s—1
|Q1| - Z |Q1 Qs

Since |@1] < |Q;|, then 1 — 3/|Q1| < (s =1)/1C1] = (s = 1)/|Qs41] and
1-(s+2)/|@Q1] <0. Consequently, 1 < (s+2)/|@Q1| and |Q1] < s+ 2.
It remains only to show that |Q;| # s+ 1. Suppose not. Then, by (*2),

s S

-2 1 ~ 1 (25 — 2)
CESVERD DY ey X Rap Do el Il ey o ey

j=2

1 (s— 1) 2
z - - +1
Z IQJI |Qs1]  s+1

and
S

err e [ S )]

1 .1 2s-2
+—] =) —+ —s—l]_>_0.
|Q5+1|[ JZ;;pj s+1 (e=1)
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On the other hand, |Q1]| < |Q;|, so 1/|Q;| < 1/|@Q:1] =1/(s+ 1) and
REE TN
(s+1)2  s+1
1 .1 25—
+ Y+ (s-1
> () |~ S eat ¢

< ____.2_+i._]_ +§__1. 5
- (s+1)2  s+1 s+1 s+1

Lt [ °L 1 32—2s+1]
Qs+1ll 4= P s+1
1 [ 1 52—2s+1]<0
Qstal L = p; s+1 ’

a contradiction. O
For a subgroup @ of Br let W(Q) = {Q; € Yr|Q: C Q}.

LEMMA 3.5. Suppose Qr = U, W(Q;) and W(Q;) "W (Q;) =0 for
i#j. Ifn>1, then |Gg| < n(n—2) + 1.

PROOF. For i = 1,...,n, let H; = H(Q;). Fixa € Hg, a# 1. To
show that |aH; N H;| < 1 for all { and j withj #i, jF ks h, 15 h,
suppose aacz = z; and az} = :cJ for some z;, z; € H;, z;, .1: € H;. Then
z;) —w]a: € H;NH; and Q(z;z}) € Q:NQ;. By assumptlon zizh =1
so z; = z; and z; —1:] Now see that, for all i # k, aH; N H; = () and
aH; N Hk = {a} since H; N H = {1}. Since Gp = U H;, aH; C
UjssHj. Thus |H;| < n—1and |Gg| = E?=1(|Hil_1)+1 <n(n—-2)+1.
[m}

Let Max(Yg) = {Q: |Q: € Q; =i = j}.
LEMMA 3.6. |Max(Yg)| # 2

PROOF. Suppose Max(Yg) = {Q1,Q2} and let z € Gg. Q(z) C @1
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or Q(z) C Q2, thus z € H(Q;) U H(Q2). But Gg is not the union of
two proper subgroups so Gg = H(Q1) or Gg = H(Q2). This shows
that Q2 C @; or Q; C @2, a contradiction. O

THEOREM 3.7. Let R be a finitely generated non-degenerate Witt
ring.

(1) If |[Yr| = 1 then R is a Witt ring of local type with 1 as associated
Hasse diagram.

(2) |Yr| # 2.

(3) If |Yr| = 3 then R is a product of two Witt rings of local type and
R has associated Hasse diagram 7.

(4) If|Yr| = 4 then R =2 S[t] with |Gs| = 4 and S is totally degenerate.
R has associated Hasse diagram 8.

PROOF. (1). follows from [2, Theorem 5].

(2). By Lemma 3.6, there must be an inclusion relation. This is
impossible by Corollary 3.2.

(3). First show that diagram 9 is the associated Hasse diagram of
R. Notice that Q; C Q2 C Q3 is not possible by Corollary 3.2. If
there are no inclusion relations then |Gg| < 4 by Lemma 3.5. Witt
rings with |G| < 4 have been classified and none of them satisfy the
criteria. Thus assume Yg = {Q1, @2, Q3} with Q1 C Q3, Q2 C Q1 and
Q3 C Q2. If Q2 C @3 then Lemma 3.6 is contradicted. Consequently
the diagram must be diagram 10.

By Theorem 3.4, assume |@Q;| = 2. Reduction at @ is possible
by Corollary 2.4 and Y = {Q3/Q1,Q1Q2/Q:1}. By part (2) of this
theorem, Q3 = @1Q2, and, by part (1) of this theorem, |Q3| = 2|Q4| =
4. Consequently |Qs3] = 2|Q1] = 2|Q2| and we finish by appealing to
Cordes’ classification [1].

(4) Show that the associated Hasse diagram must be diagram 11.
There is no chain of length 4 by Corollary 3.2. Suppose that the
associated Hasse diagram contains a chain of length 3, say @, C Q2 C
Q3. If Q4 C @3 we contradict Lemma 3.6. Three possible cases follow
(see Diagram 12):

Case (i). Reduction at Q4 is possible by Corollary 2.4. In Y7 we have
Q1Q4/Q4 C Q2Q4/Q4 C Q3/Q4. By Corollary 3.2, there is equality
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at each spot. That is, @1Q4 = Q2Q4 = Q3. Now reduction at Q; is
also possible by Corollary 2.4. In the resulting Witt ring R, [Yg] <3
and Q2/Q1 C Q3/Q1. By part (2) of this theorem, |Yz| = 3 and
thus R is the product of two Witt rings of local type. In particular
|Q2/Q1] = |@1Q4/Q:1| = 2 and |Q3/Q1] = 4. But recall Q1Qs4 = Q3, a

contradiction.

Case (ii). Reduction at Q4 is possible. The resulting Witt ring has
Y = {Q1Q4/Q4,Q2/Q4,Q3/Q4} with Q1Q4/Q4 C Q2/Q4 € Q3/Q4.
By Corollary 3.2 we have equality in both spots. But then Q2 = Q3, a
contradiction.

Case (iii). For convenience, relabel the diagram 13. By [2, Theorem
13], |Q1] = 2. Reduction at Q; is possible and the resulting Witt ring

has Yz = {Q2/Q1,Q3/Q1,Q4/Q1}. By part (3) of this theorem, R is a
product of two Witt rings of local type. In particular, |Q2| = 2|Q| =

4, |Q3| = 2‘Q1| =4 and |Q4| = 2|Q2| =8. Fixa € Hg\Hl. Applying
[2, Proposition 8] we obtain

1 1 1 1
(h1 — l)g + (h2 —2h1)ﬁ + (h2 — 1)§ + (hg — h1)—

16
1 1
+(h4—2h3—-h2+2h1)3§+(h3—h1)ﬁ
) r o ] 1
:(zl——1)§+(12——11)Z+(23—11)Z+(14—23—12+11)-8—+1—5.

After simplifying and using i, = D{(1, —a)) = g/|Q2| = g/4 = ha/4 we
obtain 1 11
3—2'(2h1 + h2 + 2h3) - Z S g('tl + i2 + 23)

Now, the mapping H; — Q2 N Q; via h — g¢(a,,h) has kernel
D((1,—a)) N H;. Consequently, hy < 2iy, hy < 4ip and hy < 2i3
since @Q2NQ1 = Q1, Q2NQ2 = Q2 and Q2 N Q3 = Q1. It follows
that (2h1 + ho + 2h3)/32 < (i1 + iz + i3)/8. From the above equation
—1/4 > 0, a contradiction. Thus the associated Hasse diagram has
no chain of length 3. If |Max(Yg)| = 1, say Q1,Q2,Q3 C Q4, then
there are no inclusions among @1, Q2,®@3 or there would be a chain
of length > 3. We then have diagram 14 as desired. Recall that
| max(Yg)| # 2 by Lemma 3.6. Suppose |Max(Yg)| = 3. We have three
possible cases (see diagram 13). In each case reduction at Q4 is possible
by Corollary 2.4 yielding each time a Witt ring R with |Y¢| = 3 and
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no inclusion relations, contradicting part (3) of this theorem. Finally,
if [Max(Yg)| = 4, then Lemma 3.5 implies |G| < 8. Such Witt rings
have been classified and none have this Yg. Consequently, diagram 16
is the associated Hasse diagram of R.

To finish the proof it suffices to show that |Q4| < 4, for the result
follows from Cordes’ classification [1]. Without loss of generality
assume |Q,| < |Q2| < |Q3|. Fix a € H;. Note |aH, N Hs| < 1 as
in Lemma 3.5 since Hy N Hy = {1}. If |aH> N H3| = 0 then |@;| = 2
by Theorem 3.4. If |aH; N Hs| = 1 then, by [2, Proposition §],

1 1 1 1 1 1
" =i * lanaaliea ™ Ve T ieinaaliod

+ (hs — 2) +(h2—2)|QT1Qz||_(;4_I

+ (h4 — 2hg — 2h3 + 6)

1
IQIIQI
+ (ks

= (i, —

) P - _1
QN Q3| |Q4| Q1] 1Qs]

+ (i2 — +(l3—1]_QL3_|

2
Qi

1)—— —
o Dign
4 (ha—hy — hy — hg +2 1-
+ (ha —h1 —hy —hg + )[Q|+

The following is obtained by simplifying:

[1_1]h+[1+1_2]h
Qi 11l 1Qal] ' " LI 1Q2] " Q1N Q2] Q4] ~ Q1] 1Qal] >

+ { 1 n 1 _ 2 ]h
Q1] 1Q3]  |Q1N Q3| |Q4l |Q1| Q] °

1 2
*3 —_—h4| - ———
*3) * {@iT1aa] “[ QP ZIQlllQ]I Z|Q10Q1||Q4I

1 1 6
TN Qs 1@ T e nQa 1@sl T 1@ !Q4I]

_[_I__L]H[L_L]H[L_L]HLi
Tl Q] T Qe T 1@al) T LIQsl T 1Qal) T 1@l
+[_L_L_L+L+1]

Q1] 1@z 1Qsl  1Qal T L

Notice that reduction at Q; is possible and the resulting Witt ring R .
has |Y7| < 3. First eliminate the case when |Y3| = 3. Here we obtain
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4Q1] = Q4| = 2|Q1Q2| = 2|@1Q3| and thus [Q; N Q2| = |Q2]/2,
|@1 N Q3] = |Q3]/2. Reduction at @ is also possible yielding a
Witt ring R. If |Y§| = 1 then @1Q2 = @4, a contradiction. Thus
|Y§| = 3 yielding 4|Q3] = |Q4| and reduction at Q3 is possible
yielding 4|Qs| = |Qa|. We have |Qa|/4 = |Qi] = Q| = |Qs| and
@1 N Q2 = |Q1NQs| = |@1|/2. Now HyH, C Hjz. Otherwise,
there exists z; € Hy, z2 € H; with z;zo € Hjz. Consequently,
T1T2 ¢ H,UH,; U Hj; so Q(IL‘1$2) Q4. But Q(xlxz) - Q(xl) (.’L’g) =
Q1Q2, another contradiction. In the same way H1H3 C H,. Now
IGHQI >1, aH2 - aHgﬂH;; and |aH2 ﬁHgl < 1. So aH2 = aHz N Hs
and |aH2| = 1. Similarly |aH3| =1. SoaH, = aH>NH3 and |aH2| =1.
Similarly |aH3| = 1. Thus |Hy| = |Hs| = 2. Also HHs C H, implies
|Hy| =2.

By (*3) with hy = g and 74 = g/|Q1| we have

AN A PN SN, SN R R
AR 4IQI|2 4Q:1 " T 4Qu 4IQ1|3 Q17 2|Q4]
12
=31 +3ix+3i3+ —=— —18+4
i) * Tor] = %+ 3+ i+ @1
12
'Q|—3zl+312+3z3—18+4|Q1|

Consequently |@Q;| is a 2-power which divides 12, i.e., |Q1| = 2 or
4. If |@1] = 2 then 16 = 3(¢y + i2 + ¢3) which is impossible, and if
|Q1]| = 4, then 5 = 3(i; + iz + i3) which is again impossible. Therefore
assume |Yg| = 1. Here |Q4] = 2|Q1], Q1Q2 = @1Q3 = Q4 and then
Q2| = 2|Q1 N Q2] and |Qs| = 2|Q1 N Q3]. Suppose now that this is

reduced at @;. The resulting Witt ring R has |Y7€_I <3 |Y§| =3
then |Q4/Q2| = 2|Q1Q2/Q2|- But @1Q2 = Qu, a contradiction.

Consequently |Y§| = 1 and |Q4] = 2|Q2|. Reduction at Q3 yields a
Witt ring of local type and |Q4| = 2|Q3]|. We have
1
(x4) 51Qd = Q1| = |Q2| = |Qs| and
1
Q1N Q2| = Q1N Qs| = 5]Qu-

Recall our purpose is to show that |Q4] < 4. Consequently, it suffices
to show |@1] = 2. Recall that if |aHs N H3| = 0 then |@Q1] = 2 by
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Theorem 3.4, so assume |aH; N H3| = 1. By (*3) and Lemma 3.3 it
follows that

|Q1I2 2.2 IQ1| Q1 Z 1o, nQ,| 104l
1 1 6

Yo Qal10a T 10N 0a 10 TG 1@l

>3 1 .2
=@l Q2 1Qal T 1Qal

Using (*4) and simplifying yields —3/|Q1|?> > —4/|Q1| + 1, so |Q1]? —
4|Q1] +3 <0 and (|Q1] — 3)(]Q1] — 1) < 0. This implies |@1] < 3 and
since |@1] is a 2-power, |Q1| = 2.0
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