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QUOTIENT CATEGORIES AND RINGS OF QUOTIENTS'?>
CAROL L. WALKER AND ELBERT A. WALKER

A Serre class in an abelian category -4 is a nonempty subclass S of
A closed under subobjects, quotient objects, and extensions. The
importance of such classes stems from the fact that it is for such classes
S that the quotient category A/ is defined [4]. Quotient categories
provide the natural categorical setting for certain considerations.
(See, for example, [4] and [16].)

In studying the categories R/S, with R the category of (left) R
modules and S a Serre class of R, the opposite ring R, of the endo-
morphism ring of R as an object of R/S plays a fundamental role.
The ring R, has many properties reminiscent of “rings of quotients,”
and R, is examined from this point of view in §2. In particular, each
of the various generalizations of rings of quotients known to the
authors is an R, for a suitable S, and several examples are given. The
modules M, are also discussed, and it is indicated how these objects
provide a reasonable generalization of rings and modules of quotients.
This point of view unifies previous generalizations and places them
in a natural categorical setting. §2 concludes with an examination of
R, in the case where R is a commutative Noetherian ring and S is the
Serre class of modules with essential socles.

In [3], Gabriel has investigated the quotient categories R/S, where
R is the category of all (left) modules over a ring R, and S is a Serre
class closed under arbitrary infinite direct sums (a strongly complete
Serre class). There is a canonical functor, called the localization
functor, from R to R, the category of all left modules over R;. Every
R, module is an R module via a natural ring homomorphism ¢ : R
— R, R, NS (the class of R; modules which belong to S when
considered as R modules via ¢) is a Serre class of R, and in [3], a
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natural equivalence R/S — R /(R N S)is established. Inparticular,
if R, NS = {0}, RISisequivalentto R . Asufficientcondition for this
to happen is that (S) = {I | RII € S} have a cofinal set of finitely
generated left ideals and that the localization functor be exact
[3, Corollaire 2]. In §3, the converse is established (Theorem 3.2),
and several other equivalent conditions given. It is further shown
that R/S is equivalent to a full subcategory of R, and that this sub-
category is an exact subcategory if and only if the localization functor
is exact (Theorem 3.13).

If R is a commutative ring, a Serre class B of R is bounded complete
if it satisfies the condition: R/(0:B) €ERB if and only if BEB.
Quotient categories R/B for bounded complete Serre classes B
provide a natural setting for the study of quasi-isomorphisms of
abelian groups [16]. Two additional categories are associated with
RIB, the category 4, with objects the objects of R and with
Hom (A, B) = Hom ,5(R, Homg(A, B)), and the category T, with
objects the objects of KX and with Hom (A, B) = R; ® Homg(A, B).
A natural equivalence J4; — R/B is established in 3.15. There is a
canonical functor 7, — R/B, and 3.16 together with 3.2 give several
equivalent necessary and sufficient conditions for this functor to be
an equivalence. An immediate corollary of these results is Theorem
3.1in [16].

Serre classes S of R that are closed under arbitrary direct sums are
in natural one-one correspondence with certain filters of left ideals
of R, as has been pointed out in [3]. In {1, this phenomenon is
further investigated, and natural one-one correspondences between
several kinds of classes of R and filters of left ideals of R are estab-
lished. The basic reason for these correspondences is that certain
kinds of classes of R-modules are uniquely determined by the cyclic
modules they contain, hence uniquely determined by the set of left
ideals I of R such that R/I belongs to that class. The results of §1
are of special value in {5, which studies concordant and harmonic
functors. A concordant functor is a left-exact subfunctor of the identity
functor of an abelian category -4, and a harmonic functor is a right-
exact quotient functor of the identity functor of 4. Such functors are
in natural one-one correspondence with certain subclasses of A4 (5.10
and 5.14). In particular, if # = R for some ring R, concordant functors
are in natural one-one correspondence with filters of left ideals of
R (5.11), and harmonic functors are in natural one-one correspondence
with the two-sided ideals of R (5.15). These functors are of interest
because of the relative homological algebras to which they give rise

(5.6, 5.7).
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§4 is devoted to the generalization of some of the results of [9].
If S is a Serre class of R, amodule M € R is S-injective if Homg(B, M)
— Homg(A, M) —» 0 is exact whenever 0 - A — B is exact and
B/A € S. Various concepts in [9] such as “quasi-injective” and
“closed,” and theorems in [9] about these concepts are extended
to their natural generalizations of quasi-S-injective and S-closed.
Results in [9] are obtained from those in {4 by setting S = R. If P
is a set of primes, a P-group is an abelian group, every element of
which has order a product of powers of primes in P. If% is the class of
all P-groups, then letting R be the ring of integers and S =P, the
results of §4 also yield the principal results in [5].

1. Some classes of modules. Let R be a ring with identity and R
the category of all unitary left R-modules. This section is concerned
with the characterization of certain important subclasses of R.

1.1. DerinTiON. A Serre class of R is a nonempty subclass S of R
such that if

0>A—>B—->C-—>0

is an exact sequence of R modules, then B € S if and only if A and
C are in S. Equivalently, S is a nonempty subclass of R closed under
submodules, homomorphic images and extensions.

The importance of Serre classes stems from the fact that it is for
such classes S that the quotient category R/S is defined [4]. Itis a
hopeless task to attempt to characterize all Serre classes for an
arbitrary ring R. However, there are intimate relations between
certain types of Serre classes and sets of ideals of R, as Gabriel has
pointed out in [3]. In investigating this phenomenon further, it is
profitable to begin by examining classes more general than Serre
classes.

1.2. DerFiniTioN. An additive class of R is a nonempty subclass
€ of R that is closed under submodules, homomorphic images and
finite direct sums. An additive class € is complete if for any C € ¢
and any index set I, if C; = C for all i € I, then Z,EIC,- € ¢. (This
sum will be written as > ; C.) An additive class ¢ is strongly com-
plete if C is closed under arbitrary infinite direct sums.

If R is commutative, it is easy to see that an additive class C is
complete if and only if AQ,CE C for all AE R and C E C.
Another type of complete class which is of interest is the following.

1.3. DeriniTioN. A complete additive class is bounded if it is con-
tained in every complete additive class with the same cyclic modules.

This terminology is motivated by the fact that nontrivial bounded
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complete classes of abelian groups are just those complete classes
whose members are bounded groups. Note that a bounded complete
additive class is uniquely determined by the cyclic modules it con-
tains, Further, the following lemma asserts that the set of cyclic
modules of any additive class is the set of cyclic modules of some
bounded complete additive class.

14. LemMma. Let C be an additive class of R and let Cy, be the
class consisting of those modules that are a submodule of a homo-
morphic image of a finite sum 3., A, where each A;=7C;
for some cyclic module C; € C, with I; arbitrary index sets. Then
¢ and C, contain the same cyclic modules and C, is the smallest
complete additive class containing all the cyclic modules in C.

Proor. It is clear that €, and £ contain the same cyclic modules,
and it remains only to show that ¢, is a complete additive class.
Since a homomorphic image of a submodule of any module M is a
submodule of a homomorphic image of M, ¢, is closed under sub-
modules and homomorphic images. If B € €, then there is an exact
sequence

S= 3 A —>A-0
im1

with B C A and with A; = 2 1; C; where C; is a cyclic module in C.
For any set I,

YS->YA-0
1 T

is exact and >;BC Y;A Now ;S is a module of the form
described in the lemma, so that E, B € ¢, Similarly, if B;, B, € ¢,
then Bl 35 32 (S Cb‘

1.5. Lemma: Let C be an additive class of R, and let C; be the
class consisting of those modules that are homomorphic images of
modules of the form Y, c,C,, with C, a cyclic module in C. Then
C; and C have the same cyclic modules and C; is a strongly complete
additive class.

Proor. Clearly £, and ¢ have the same cyclic modules and
is closed under arbitrary direct sums and homomorphic images.
Since every module is a homomorphic image of the (external) direct
sum of the cyclic modules it contains, ; is closed under submodules.

By 1.5, every additive class determines a strongly complete additive
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class with the same cyclic modules. But a strongly complete additive
class is uniquely determined by the cyclic modules it contains. This
proves

1.6. Prorosition. ¢ — C; is a natural one-one correspondence
between the bounded complete additive classes and the strongly
complete additive classes of R.

Because of the significance of the set of cyclic modules which an
additive class £ contains (in particular, there being a unique bounded
complete and a unique strongly complete additive class with the
same set of cyclics as ), it is natural to ask which sets of cyclic
modules are the cyclic modules of an additive class. But every cyclic
module of R is of the form R/I for some left ideal I of R. Thus the
question is which sets 3 of left ideals of R are such that {R/I | € 9}
is the set of cyclic modules for some additive class .

1.7. LemmMma. Let € be an additive class of R and let 3(C) =
{I|RII € C}. Then

(a) Every left ideal of R containing an ideal in (<) isin 3(C).

(b) LJ€ HC)imply IN J € ().

(c) 1€ 3(C), rER imply I:rE€ FC) (where 1:r= {x ER|
xr € I}).

Proor. Since C is closed under homomorphic images, (a) holds.
The map R/(IN]) > (R)® (R):x+ (IN])=>(x+1 x+])
is a monomorphism, and (b) follows. The map R/(I:r) — (Rr + I)/I
given by x + (I:r) — xr + I is an isomorphism and (c) follows.

1.8. DeriniTiON. A set 3 of left ideals of R satisfying (a), (b), and
(c) above is a filter of left ideals of R.

Thus every additive class yields a filter of ideals of R, and every
filter yields a set of cyclic modules. Such a set of cyclic modules is
the set of cyclic modules of some additive class, as shown by the
following lemma. The proof is immediate and thus omitted.

19. Lemma. Let 3 be a filter of left ideals of R, and let S( ) =
MER|0:mE S for each m € M}. Then S(I) is a strongly
complete additive class and {R/I | I € 3} is the set of cyclic modules
of S(9).

The following theorem is announced by Gabriel in [3]. From the

previous lemmas its proof is also immediate.

1.10. TueoreM(GABRIEL). S — HS) is a natural one-one corre-
spondence between the strongly complete additive classes of R and
the filters of left ideals of R. The inverse correspondence is 3 — S(9).
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Because of 1.10 and the one-one correspondence between strongly
complete additive classes and bounded complete additive classes
(1.6), there is a one-one correspondence between bounded complete
additive classes and filters of left ideals of R. To establish this cor-
respondence directly (that is, to get a correspondence for bounded
complete additive classes similar to the correspondence S — %(S)
for strongly complete additive classes), it is convenient to introduce
the concept weak annihilator.

1.11. Derinrtion. Let M € R and let I be a left ideal of R. An
element m € M is weakly annihilated by I if there existr), - - -, , E R
such that (N, I:r))m=0. If every element of M is weakly
annihilated by I, then M is weakly annihilated by I and I is a weak
annihilator of M.

1.12. LEmMa. Let 3 be a filter of left ideals of R and let B(3) =
{M € R | M is weakly annihilated by some 1 € 3}. Then B(9J) is
a bounded complete additive class of R whose cyclic modules are
the modules R/l with 1 € 9.

Proor. Clearly B( 9) is closed under submodules and homomorphic
images. For B, B, € B( J), let I; be a weak annihilator of B;, I; € 5.
Forx€EB,yE€E By letr, -+, r, and s, * - -, s, € R be such that
(NP (I :r)x=0 and (N}, (I:s))y = 0. It may be assumed
that m=n and r;=s;. Since (I, :1r;) N (Iy:1;) = (I, N Ly):r;, then
(mi"=1 (I : 1) N (V) (o : 7)) = (V= (I N L) = 1), which annihi-
lates x + y. Hence I, N I, weakly annihilates B, @ B,. If BE B(9),
a similar argument shows that if I weakly annihilates B then I weakly
annihilates ), B for any index set A.

Now let € be a complete additive class containing the cyclic
modules of B( F), and let B € B( F). There is an I € 9 which weakly
annihilates B. Now R/I &€ B(9) since (I:r)(r+ I)= 0 for each
r € R. Forr,, - -, 1, € Rthe maps

R/(_r"\ (I:ri)> - gl(ﬂl(l:n))

i=]

with r + ﬁ (Iir) > {r+ (L:m)}

i=]

and

R(I:r;) > RII withr+ (I:1;) > + 1

are monomorphisms. For any set A, the sum ', (R/I) belongs to ¢
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since R/I € B(3) (and hence is in &). For b € B, choose ry, - -+, 1,
such that (M-, (I:r))b=0 and let I, =/, (I:7;). Then the
above remarks show that Y, e s(R/I) is in £. But there is an epi-
morphism ¥, e s(R/I,) — B since I,b=0. Hence BE ¢, so that
B(F) C .

Finally, if R/] € B( ) then there are K& Fand s, * -, s, ER
such that (N7, (K:s)1+J)=0, so that [m (K:s)C].
Since (V7= (K:s;) € Fthen] € 3. This completes the proof.

This lemma and the fact that bounded complete additive classes
are uniquely determined by their cyclic modules yields

1.13. THEOREM. T — B(F) is a natural one-one correspondence
between the filters of left ideals of R and the bounded complete
additive classes of R. The inverse correspondence is B — HB).

Note that in the notation of 1.4 and 1.5, (B(9)), = S(9) and
(S(9))y = B(D).

If R is commutative the concept of weakly annihilate is equivalent
to that of annihilate, so that in this case B(F)= (M E R |IM =0
for some I € F}.

There is a third type of additive class which is of interest, namely
those additive classes that are the smallest additive class containing
the cyclics in them. There is a one-one correspondence between filters
and them too, and given a filter 3, the class of modules that are sub-
modules of homomorphic images of modules of the form Y¢_, (R/L),
I, € 3, is the smallest additive class containing the cyclics R/I with
I € 3. There does not seem to be a way to describe these classes
purely in terms of annihilators. In fact the example of the additive
class of finite abelian groups defies description in this way.

Let 3 be a filter of left ideals of R. In [3] Gabriel has stated neces-
sary and sufficient conditions on 9 such that S(9) is a Serre class.
Here different (but equivalent, and perhaps simpler) such conditions
will be given, and the corresponding problem for B( %) will be con-
sidered.

A filter 9 is multiplicative if I, | € 3 implies I] € 9 (where
IJ is the left ideal of R generated by the products xy with x € I and
yE€)

1.14. Lemma. If C is a complete Serre class of R, then 3(C) is a
multiplicative filter.

Proor. Let I, ] € F(C). The exact sequence
0 — JII] = RII] — Rl] =0
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shows that IJ] € 3(Q) if JII] € €. To get J/I] € C, define, for each
JE€J
fitR—=JII:r -1+ IJ.

Then Kerf, DI so f induces an epimorphism f;: R/ —
(Rj+ IJ)/IJ. Now RIIE€ C so Y;c;(RI)E €, and the (external)
direct sum Y,c; (Rj+ IJ)/IJ is in €. But there is a natural epi-
morphism Y (Rj + IJ)/I] — JIIJ, whence J/I] € C.

1.15. LemMma. Let 9 be a multiplicative filter and suppose R is
commutative. Then B( ) is a bounded complete Serre class.

Proor. By 1.12 it suffices to show that if
0>A—>B—->C->0

is exact with A, C € B(3) then B € B(F). Assuming A, C € B( ),
there are ideals I, ] € 9 such that IA = 0 and JC = 0, R being com-
mutative. But then (IJ)B = 0, whence B € B( ).

From 1.13, 1.14 and 1.15 results

1.16. Tueorem. Let R be commutative. Then 9 — B(9I) is a
natural one-one correspondence between the multiplicative filters of
left ideals of R and the bounded complete Serre classes of R. The
inverse of this correspondence is B — HB).

For noncommutative rings R, necessary and sufficient conditions on
3 are not known such that 9 — B( ) is one-one between those
filters and bounded complete Serre classes of R. The following
proposition gives a necessary condition, however.

1.17. Proposrtion. If C is a complete Serre class, then 1 € FH(C)
if and only if there is a J] € 3(C) such that (I + ])/I is weakly
annihilated by an ideal K € 3(C).

Proor. Since B(F(C)) is the smallest complete additive class
containing the cyclics R/I with 1 € (&), B(H<)) C . If (I1+ J)I
is weakly annihilated by K& () then (I + J)/I € B(3(¢)) and
hence in €. Also R/(I + J) € € since J € F(C), so the exact se-
quence

0>{I+])I—>RI->R(I+]) —0

yields Rl € ¢,and I € F(C).

IfI1 € 3(C)let] = I, K= Rand the condition is satisfied.

Call a filter 9 weakly complete if 1 € G whenever there is a
J € 9 such that (I + J)/I is weakly annihilated by some K& 3.
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Then it is easy to see that 3 weakly complete implies G is multi-
plicative. Furthermore, if R is commutative, it follows from 1.15
and 1.17 that 9 is weakly complete if and only if & is multiplicative.
Also 1.17 says that if € is a complete additive class then F(Z) is
weakly complete.

Call a filter O strongly complete if 1 € 3 whenever there is a
J € Gsuchthatl:j&E Gforallj € J.

1.18. LEmma. A filter 3 is strongly complete if and only if S( )
is a strongly complete Serre class.

Proor. Suppose T is strongly complete, and
0>A5>B35C—0

is exact with A, C € S( ). For b € B, there is a ] € I such that
Jg(b) = 0= g(Jb). Thus Jb C f(A). Let I be the annihilator of b.
Then I :j is the annihilator of jb for j € J, and since R/(I : j) = Rjb €
S(9),thenI:j € HS(F) = 9. NowI:j€E G forall j € J implies
1€ 9. It follows that B € S( ) and that S( ) is a strongly complete
Serre class.

Suppose S( ) is a strongly complete Serre class, that ] € 9 and
that I:j& 9 for all jE€J. Now R/(I:j)==(Rj+ D/l via x +
I:j—>xj+ 1, so that (Rj+ I))I € S(3) for all jE J. Thus the
external direct sum Y, ; ((Rj + I)/I) € S(F). An epimorphic image
of this sum is (J + I)/I, whence (J + I)/I € S(9). The exact sequence

O0->(J+DI—->RI—-R(J+1I —0

yields Rl € S(F)and I € S.
From 1.10 and 1.18 follows

1.19. TueoreM (GABRIEL). O — S(9) is a natural one-one corre-
spondence between the strongly complete filters of R and the strongly
complete Serre classes of R.

When R is a commutative ring, the filters which arise in the fol-
lowing way will be of special interest.

1.20. Prorosition. Let R be a commutative ring and P a prime
ideal of R. Then 9 = {IC R|I{ P} is a strongly complete and
multiplicative filter.

Proor. Tp is clearly a filter, and is multiplicative. Suppose
I:j€ 9 for all jE ], with JE Fp. Let jEJ with j&E P and
x € 1:j with x € P. Then xj EI but xj & P, so that I P. Thus
1 € Gp, and Ty is strongly complete.
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Attention is now turned briefly to the case where R is Noetherian.

1.21. LEmMma. Let R be a ring and S a Serre class of R. If 3(S) con-
tains a cofinal set of finitely generated ideals, then 3(S) is a multi-
plicative filter.

Proor. Let I, ] € F(S). There is a finitely generated K € 3(S)
with KCJ. Let j;, - -, j, generate K, and let L= K+ IJ. Then
L € 3(3), {ji + IJ}; generates L/I] and the maps

fi: BII = (Rj; + I)/I] withx + I - xj; + I]

are epimorphisms. Hence there is an epimorphism .., (R/I) -
L/IJ. But X, (RII) €S, whence L/IJ] €S. The exact sequence

0—>L/l] >RI] - RL—>0
shows that I] € 3(S).

1.22. ProposiTioN. If R is a commutative Noetherian ring then a
filter 3 of R is multiplicative if and only if it is strongly complete.

Proor. If 3 is strongly complete, 3 = 3(S(3F)) is multiplicative
by 1.21.

Suppose G is multiplicative and
0->A5BECo0

is exact with A, C € S(9). For b € B, there is a ] € I such that
Jg(b) = 0= g(Jb). Thus Jb C f(A). Let jb, - - -, j.b generate Jb.
There exist I, - -+, I, € @ such that Ljb=0. Thus (N, L)Jb
=0. Now I=N, LE 9 so IJE I, whence BE () and
S(9) is a strongly complete Serre class. Since FH(S(F) = I, Fis
strongly complete by 1.18.

Of course one can give an easy direct (purely ring theoretic) proof
of 1.22.

1.23. CoroLrary. Let R be a commutative Noetherian ring. Then
for any Serre class S of R, there is a bounded complete and a strongly
complete Serre class with the same cyclic modules as S. Further, a
set S of cyclic modules is the set of cyclic modules of a Serre class of
R if and only if {I | RII € S} is a multiplicative filter of R.

1.24. ProposiTioN. Let R be a commutative Noetherian ring and
a strongly complete filter of ideals of R. Then

9= N 9 and S(9)= N S(9)

Pprime; P& S Pprime; P & 9

where Fp = {IC R|I{ P}.
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ProoF. Let @ = {P|P is a prime ideal of R and P ¢ 93}. Clearly
S‘Cﬂpegagp. Let IEﬂpE@ 9p and let I=Qlﬂ ﬂQ,,
be a representation of I as the intersection of primary ideals. Now
ICP= \/@ so ,E 9, i=1, - -, n, but for some integer k,
PN ---NPKkCIsolE I since PXE S by 1.22. The equality
S(9)=Nrer S(Fp) follows easily since both sides are strongly
complete Serre classes, so are completely determined by the cyclics
in them by 1.19.

Of the filters of ideals in a ring, the maximal ones, namely the ultra-
filters, should be of some special significance. A characterization of
such filters would seem to be worthwhile, but it is probably very
difficult. For commutative Noetherian rings a characterization of the
maximal multiplicative (equivalently, maximal strongly complete)
filters follows.

1.25. LemmMa. Let 3 be a maximal multiplicative filter of a com-
mutative ring R. Then [ § 2 if and only if there isa ] € 3 and an
integer n > 0 such that I"] = 0.

Proor. If for every n>0 and JE 3, I"] # 0, then the ideals
containing an ideal of the form I"] form a multiplicative filter, include
I'R = I and the ideals of 3, and do not include 0. The other implica-
tion is obvious.

1.26. LemMma. Let 9 be a maximal multiplicative filter of the
commutative ring R, and suppose P is a prime ideal of R such that
P& 3. Then

(a) Pis aminimal prime ideal of R.

(b) 9= {I|1¢ P)}.

Proor. Suppose Q C P, Q prime. Then there is a J € 9 and an
integer n > 0 such that P?J = 0 C Q. Since J ¢ Q and Q is prime,
P C Q. Hence P = Q and P is a minimal prime, proving (a).

Note that 3 C {I|I{ P} since PQPE 9. But I, J¢ P implies
IJ ¢ P. It is easily seen that {I | I { P} is a multiplicative filter, and
(b) follows.

1.27. LEmMMA. Let P be a prime ideal of the commutative ring R.
Suppose there is an ideal 1 ¢ P and an integer n> 0 such that
Pl = 0. Then 9 = {J |J ¢ P} is a maximal multiplicative filter.

Proor. Clearly 3 is a proper multiplicative filter. Any bigger
multiplicative filter would contain P and hence would contain Pl =
0. Thus 9 is as asserted.
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1.28. LEmMa. Let R be a commutative Noetherian riné and P
a minimal prime ideal of R. Then there is an ideal 1§ P and an
integer n > 0 such that P"I = 0.

Proor. The ideal P is an isolated prime of the 0 ideal. If P is the
only minimal prime, then P is nilpotent and one may take I= R.
Otherwise, let P = P, P,, - - -, P, be the associated prime ideals of
0. Now 0=0Q, N ---NQ, with ,=VQ,. There is an m >0
such that P/» C Q; for all i. Hence P\™Py,™ +--P,m»C P, P, N

N Pm=0. Now if I=P,m---P,mCP, then ,CP, =P
for some i > 1. Thus I P and P"I = 0.

1.29. THEOREM. Let R be a commutative Noetherian ring, and let
P,, -, P, be the minimal prime ideals of R. Then P; > 9; =
{I| I P;} is a one-one correspondence between the minimal primes
of R and the maximal multiplicative filters of R.

Proor. If G is a maximal multiplicative filter of R and contains all
the prime ideals of R then 0 = P/™ - - P,m for some m implies
0 € 9 which is impossible. Thus there is a prime ideal P QE 3, it
is minimal by 1.26(a), and 1.26(b) says that 9= {I|I{ P}. Now
1.27 and 1.28 complete the proof.

2. Rings and modules of quotients. Rings of quotients, modules of
quotients and the generalizations of these which have appeared nearly
all have been or can be interpreted as direct limits of certain groups
of homomorphisms. Most of these direct limits can be identified
with endomorphism rings or homomorphism groups in an appropriate
quotient category. Several examples will be given to illustrate this
connection after a brief discussion of quotient categories and relevant
maps.

Let R denote the category of left R modules, and let S be a Serre
class of K. The ring of endomorphisms of R in the quotient category
RIS is

lim Homg(I, R/S).

—>
RILS € >

Let R, denote the opposite ring of this ring of endomorphisms.
There is a natural ring homomorphism Homg(R, R) — Hom .5(R, R),
inducing for the opposite rings a ring homomorphism R — R, which
will be denoted throughout this paper by ¢.

For M,N € R,

Hom (N, M) = li_r)n Homg(N', M/IM' ).
NIN'.M' € 5
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The elements of this group are equivalence classes of maps, and the
equivalence class of a map f will be denoted by [f]. The
natural bilinear map

Hom , (R, R) X Hom

RIS

(R, M) > Hom (R, M)

RIS RIS

makes the group Hom ,, (R, M) into a right module over
Hom ,, (R, R), and hence into a left module over R,. This left
R,-module will be denoted by M. Via the ring homomorphism
¢:R — R, M, is also a left R-module. (In the case S is strongly
complete, M, coincides with M, for 9= {IC R|RIIE€ S}, as
defined in[1, p. 159].)

Homomorphisms M — M are obtained asfollows. For M € R, each
m € M determines an R-homomorphism m: R — M :r — rm, and
hence the element [m] of M,. The map ¢y : M — M, : m — [m] is
an R-homomorphism, and for M= R, ¢pr=¢ as defined
above.

Let S be a multiplicative subset of the center of a ring R. Then
F(S) = {ICR|I is a left ideal of R and Rs C I for some s € S}
is a strongly complete filter. Let S = S((S)). The ring of quotients
Rs can be identified with the ring R, under the map Ry — R, : r/x
— [f], where f:Rx — RI(0:x)r by the rule f(yx)=yr+
(0:x)r. Under this identification, the usual map R — Rs becomes
¢:R—R,.

The extended centralizer of a ring R over a module M as defined by
R. E. Johnson in [6] can be identified with

lim Homg(M', M)
M' € _U1*

where M* is the set of essential submodules of M. In particular, if
R has zero left singular ideal the left regular quotient ring of R is

l_i_l_)n Homg(I, R)
1ER*

where R* denotes the set of essential left ideals of R. Assume no
nonzero elements of R or M are annihilated by an essential left ideal.
Then R* is a strongly complete filter and the extended centralizer of
R over M is the ring of endomorphisms of M in the quotient category
RIS(R*). In particular, the left regular quotient ring of R is R cs.

The left maximal quotient ring of a ring R given by Y. Utumi [14]
can be identified with

lir)n HomR(I, R)
leR*



526 C. L. WALKER AND E. A. WALKER

where R+ is the set of left ideals I of R such that Homg(R/I, R) = 0
(with R denoting an injective envelope of R).

G. D. Findlay and ]J. Lambek [2] discuss rational extensions of
modules. A rational extension of a module M can be identified with a
unique submodule of

IE)n Homg(I, M)
I €EM(R)

where M(R) denotes the set of left ideals I of R for which
Homg(R/I, M) = 0 (with M denoting an injective envelope of M).
The direct limit itself yields a maximal rational extension of M. Now
M(R) and R*= R(R) are strongly complete filters of left ideals,
R . is the left maximal quotient ring of Y. Utumi [14], and
M ) is the maximal rational extension of M of G. D. Findlay
and J. Lambek [2].

For any commutative ring R, a prime ideal P determines a strongly
complete filter 9p = {I|I{ P}. This is the same filter as that
determined by the multiplicative set R\P. F. Richman [13] defines a
ring of quotients of an integral domain R to be any subring S of the field
of quotients Q of R which contains R and which is flat as an R module.
He has shown that such rings are necessarily of the form S = MN: Re
for some set of prime ideals P of R. That such rings S are of the form
R, for suitable S is a consequence of the fact that Rp = R5,) and
2.1(b) below.

2.1. THEOREM. Let R be an integral domain with field of quotients
Q. Let S,(A €EA) be strongly complete Serre classes of R, and set
S =M, erS,. Then

(a) Ry = {g € Q|1q C Rforsome Il € I(S)},

(b) Ry = rea By,

Proor. Since S is strongly complete, (a) follows from the facts that
R,/R € S and Q/R, has no nonzero submodules in S.

Since S C S, for each A, Ry C Ry, and thus R, C N, e R. If
q EﬂAEARA.A, then for each A there is an I, € 9(S,) such that
LgCR But X,er(hg)=(reall)gCR and Y,c, LES.
Thus g € R, and (b) follows.

Now if R is an integral domain and RC S C Q, S is a generalized
quotient ring of R in the sense of Richman if and only if S = R,
where 9=, prime; sp=s Fp and R, 5 ¢(P) = R, for all primes
PE I (see [13, Theorem 1]). (The Serre classes S for which
R,¢(I) = R, forall € T are studied further in §3.)

Let 9= 9S)= {IE R|R/IIE S} be the filter of left ideals
associated with a Serre class S, and for M € R let M = {x E M |
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0:x € 3}. It is easy to show that M is a submodule of M, IM is
generated by the set of submodules of M that belong to S, and M =
{x E M | Rx € S} = Ker ¢;. (Some of this is included in [1, Exercise
19b, p. 159], in the case S is strongly complete.) Note that, if S is
not strongly complete, M is not necessarily in S. Every finitely
generated submodule of 3M does, however, belong to S. An R
module M will be called S-free if 9M = 0, or equivalently, if ¢ is
a monomorphism.

The kernel of ¢y, is described above. The following two propositions
concern the image and cokernel of ¢y,.

2.2. ProposiTioN. If Hom 4 5(R, 9M) = 0, then the image of ¢y
is an essential R submodule of M .

Proor.  Suppose Hom , (R, 9M)=0. Let f:I—> MM’
represent a nonzero element of M,. From the homomorphism
Hom «5(R, 9M) — Hom (R, M) = M,, it follows that f(I)¢
9M/M'. Thus there is an i €I with fli)=m+ M', m&§ 9M =
Ker ¢p. Now i[f] = ¢(@)[f] = [fe°i], and fe'i(x) = f(xi)
=xm+ M'=ni(x)+ M for x€R Thus i[f] =|m] =
du(m) # 0, and it follows that ¢, (M) is essential in M.

The hypothesis of 2.2 is satisfied for all M € R in many important
cases. It is satisfied, for example, if S is strongly complete or if F(S)
has a cofinal set of finitely generated ideals.

2.3. ProposiTiOoN. Foreach M € R, 9(Coker ¢p;) = Coker ¢y.

Proor. Let [fl]EM,, f:I1—>MIN with € 9= 9S)
and NES. Let i€1 and f(i)=m+ N. For r ER, f(i(r)) =
flri) = 1f(i) = rm + N=m(r) + N, and since (if)(r) = f(i(r)),
ilf] = (i) [f] = [f = [m] = gu(m) € gu(M). Thus  I[f] C
du(M), and I([f] + dp(M)) = 0 with [ € S implies [f] + dp(M)
€ (M, lpy(M)) = F(Coker ¢y). The proposition follows.

Note that if S is strongly complete then Ker ¢, and Coker ¢, are
in S, whence ¢, induces an isomorphism between M and M, in the
category R/S.

When S is strongly complete, M, can be obtained by a different
method. Let E be an injective envelope of M’ = M/SM. By 2.2 it
may be assumed that M, C E. Then M,/M’' = 3(E/M’) [3, Proposi-
tion 4, p. 413]. Note that G(E/M,) = 0 in this case.

Let M and A C B be R modules. The set of left ideals M(R) =
{IC R|Homg(R/I, M) =0} is a strongly complete filter, and
S € S(M(R)) if and only if Homg(S, M) = 0. The symbol A= B(M)
of [2] translates to B/A € S(M(R)). G. D. Findlay and ]. Lambek
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call M rationally complete if every homomorphism A — M can be ex-
tended to a homomorphism B — M, whenever B/A € S = S(M(R)).
They show this to be equivalent to the property that M has no proper
rational extension [2, Theorem 4.1], i.e., Extg!(S,M)= 0 for all
S € S. In light of the characterization of rational extensions men-
tioned earlier, this is equivalent to ¢y : M — M, ) being an iso-
morphism. The following proposition shows that the modules M,
satisfy similar completeness properties when S is any strongly com-
plete Serre class, assuming that Ker ¢y, = 0. Note that in the setting
above, ¢y : M — My r) always has zero kernel.

2.4. ProposiTioN. If S is a strongly complete Serre class in R, and
M an R module, then

(a) (i)-(iv) are equivalent.

(i) Extg!(S, M) = 0forallS € S.

(ii) Hom(B, M) — Hom(A, M) — 0 is exact whenever A C B and
BIAE S.

(iii) Hom(R, M) — Hom(I, M) — 0 is exact forall | € ().

(iv) D(MIM) = 0, where M is an injective envelope of M.

(b) If M = A, for some R module A then ¢y : M — M, is an iso-
morphism and the conditions (i)-(iv) above hold for M.

(c) If Ker¢y = 0 and any of the conditions (i)-(iv) above hold,
then ¢y is an isomorphism.

Proor. That (i) implies (ii) follows from the exact sequence
Hom(B, M) — Hom(A, M) — Ext!(B/A, M).

Condition (iii) is a special case of (ii). Assume (iii) holds and let

xEM such that x + M € (M/M). Then I= {rE R|rx € M}

belongs to 3, and the homomozphism f:I—>M:i —ix can be

extended to a homomorphism f:R — M. Let m = f(1). Then

I(x—m)=0, and R(x —m)N M= I(x—m) M=0, implying

x — m = 0 since M is essential in M. Thus x € M and H(M/M) = 0.
Assume (iv) holds. The exact sequence

0>M-—->M->MM-—0

yields the exact sequence
Hom(S, M/M) = 0 — Ext!(S, M) — Ext!(S, M) =0

so Ext!(S, M) = O for S € .

Assume M = A, with S strongly complete. Then F(A/ $A) = 0 and
A/SA an essential submodule of A, imply 9A;=0. Thus
Ker¢pp, =0. Let E be an injective envelope of A/TFA. Then
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AISAC A;CE so E is also an injective envelope of A,, ie,
E= M. Thus 9(M/M)= S(E/A,)=0, and Cok ¢y C FH(M/M)
implies Cok ¢y = 0. Thus ¢y, is an isomorphism, and since H(M/M)
= 0, (i)-(iv) hold for M.

Assume Ker ¢y, = 0 and (ii) holds for M. Since Cok ¢y, € S, the
sequence

Hom(M,, M) - Hom(M, M) — 0

must be exact, implying Im ¢, is a summand of M. Since it is also
an essential submodule of M, Im ¢, must be equal to M, hence
¢y is an isomorphism.

If S is not a strongly complete Serre class the modules M, may not
be complete in the sense described above. However certain homo-
morphisms can always be extended.

2.5. ProposiTiON. Let S be any Serre class of R. If 1 € HS) and
M€ R with f:1 - M an R-homomorphism, then there exists an
R-homomorphism g : R — M, such that the diagram

I———M

1g1¢M

R——— M,
commutes (with I — R the inclusion map).

Proor. The map g: R — M, :r — r[f] is an R-homomorphism,
and for i € I, g(i) = ¢ (f(i)).

The following proposition describes the group of extensions of a
module A by a cyclic R/I €S as a subgroup of the cokernel of ¢,.
For an R module M and a left ideal I, let M[I] denote the subgroup
of M annihilated by I,i.e., M[I] = {x € M | Ix = 0}.

2.6. ProposiTION. Let S be a Serre class of R and A € R with
GA = 0. Then foreach 1 € 3(S),

Extg! (RIL, A) = (Aslpa(A))[I] = (Coker ¢,)[].
ProoF. In the commutative diagram

0 — Homg(R, A) — Homg(I, A) — Extg!(R/I, A) - 0

.

PRAZY Hom (R, A) = A,
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with exact rows, 6 is a monomorphism, and it suffices to show that
(Im 0)ipa(A) = (Aslpa(A)[I]. Let [flEImO, f:1—->A For
i€ L r € R (filr) = fi(r) = f(ri) = rfi) = f@)n) s0 ilf] = [fi]
= [f(i)] = da(f(i)) € Ppa(A). Thus I(Im 6) C ¢,(A). Nowletx € A,
with Ix C ¢,(A) and define g: I — A:i — ¢, '(ix). Then for i € I,
i[g] = ¢alg(i)) = ix,s0 I([g] — x) = 0. Since F(A,) = 0, this implies
x = [g] = 6(g) and the proposition follows.

2.7. TueoreM. Let R be an integral domain and S a strongly com-

plete Serre class of R. If R is integrally closed then R, is integrally
closed.

Proor. Suppose x" + s,_x"" !+ -+ s;x + 5 = 0 with 5; € R,
and x € Q (Q is the field of quotients of R). There is an I € HS)
such that I C R for i=0, -+, n— 1, by 23. Let y €1 Then
(yo)* + (Spmry)yx)*=' + - + sy Hyx) + y"so = 0 with s, _,y*
€ R. Since R is integrally closed, yx € R, and hence Ix C R. This
means that x € R, and so R, is integrally closed.

For an integral domain R, let R’ be its integral closure. It is easy
to see that for any strongly complete Serre class S of R, (R,)’ C (R'"),,
though equality does not seem to hold in general. However,
((Ry)")s = (R')s, which by 2.7 is integrally closed.

The socle of an R module is the submodule generated by the simple
submodules. If M is a maximal ideal in R, the M-socle of an R module
is the submodule generated by the simple submodules isomorphic to
R/M. If R is a commutative Noetherian ring and S is the socle of an
R module A, then S decomposes uniquely into the direct sum Y, Sy
of its M-socles Sy. Furthermore, S and S) have unique maximal
essential extensions E and Ep in A, and E = EEM [12]. Thus a
natural definition of a “torsion” module over a commutative Noetherian
ring is one whose socle is essential, and this class will now be examined.

2.8. Tueorem. Let R be a commutative Noetherian ring and let T
be the class of R modules whose socles are essential. Then T is a
strongly complete Serre class. Moreover 3(J) = MNreco Fp, where
P is the set of prime ideals which are not maximal ideals, and is the
smallest multiplicative (strongly complete) filter containing the maxi-
mal ideals of R.

Proor. Observe that an ideal I of R contains a product of maximal
ideals if and only if every prime ideal containing I is maximal. The
set 9 of such ideals is clearly () { 3p | P is prime and not maximal},
which is strongly complete (and multiplicative). Now T € S(3) if
andonly iffort € T,0:t € 9. Thus TE S(9)ifandonly if TE T
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[12, Theorem 1]. Hence T is a strongly complete Serre class, and
HT) = HS(D)) = Disas described in the theorem.

2.9. CoroLLarY. Let R be a commutative Noetherian ring, A an
R module, A, the maximum essential extension in A of the socle of A,
E an injective envelope of A’ = AlA,, and T the Serre class of left
R modules with essential socles. Then

A /A" = (EIA"),

i.e., the cokernel of ¢, is the maximum essential extension in E/A’
of the socle of E/A’.

2.10. CoroLrarY. Let R be a commutative Noetherian domain with
field of quotients Q, and let T be the Serre class of modules with
essential socles. Then Ro/R is the maximum essential extension of the
socle of Q/R.

Let R be a commutative Noetherian ring, M a maximal ideal of R,
and Y, the class of R modules whose M-socle is essential. Then T,
is a strongly complete Serre class of R and (T ) = Np prime;P*M P
is the smallest multiplicative filter containing M. Statements anal-
ogous to the corollaries above, with T replaced by T, are also
valid. Further, Aj/A" = Y y((A'),/A’), where M ranges over all
maximal ideals of R and A’ = A/A,. In particular, if R is an integral
domain with field of quotients Q, and R5/R= Y, Ty/R is the
unique primary decomposition of (Q/R);, then Ty is a subring of Q
and TM = R‘]M .

3. Quotient categories. In significant cases, when S is a strongly
complete Serre class in R, the quotient category R/ is equivalent to
the category of all modules over the ring R, [3, Corollaire 2, p. 414].
This phenomenon will be examined closer, and then attention will be
turned to quotient categories R/B with B bounded complete. First,
however, some canonical functors are studied in a more general setting.

Let S be any Serre class of R. The canonical exact functor from R
to R/S will be denoted by F. (See [3] or [16] for the missing defini-
tions. Also the terminology and notation of §2 will be used freely.)
Let R, denote the category of all left R, modules. There is a canonical
functor L: R — K, given by L(M)= M, = Hom (R, M). This
functor is called the localizing functor, and is clearly covariant, addi-
tive and left exact.

3.1. LemMa. If S is a Serre class of R and F(S) had a cofinal set
of finitely generated ideals, then L: R — R, commutes with direct
sums.
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PROOF. Let € (D M,), = Hom 45(R, X M,) Then
f:I->(M)S where R/l SE S, and it may be assumed that I
is finitely generated. Hence there exist a;,  * -, &, such that f(I) C

(X1 M, + S)/S. Now f induces maps fi:1 > M, /(M NS),
and hence yields an element », [f] of Y. Hom s ( R M )
=Y.(M,),. The map [f] =D :[f] is the inverse of the
natural map Y, Hom (R, M,) — Hom 4 (R Y .M, which
always exists.

There is another functor T : R — R which is of interest. The ring
R, is a right R module with xr = x¢(r) for x € R, and r € R, and for
ME R, R, ®s M is a left R module with r(x ® m) = (¢(r)x) ® m.
Let T(M)=R;®gM, and for f:M-o>M', T(f)=1Q f
There is a natural transformation 6: T — L given by 6y : R, ®gx M
— M, whereforx € R,,m € M, 0y(x @ m) = xdp(m) € M.

3.2. Tueorem. Let S be a Serre class of R. The following are
equivalent:

(a) The localization functor L is exact and 3(S) has a cofinal set
of finitely generated left ideals.

(b) The natural transformation 6 : T — L is an equivalence.

(c) Ry@(I) = R, foralll € FHI).

(d) R, NS=0.

Proor. Assume (a). By the lemma above, L commutes with direct
sums. Since L is also exact, by [3, Proposition 1 bis, p. 404] L has an
adjoint L*: R, — R. Then for A € R, L*(A) = Homg(R, L*(A))
~ Homg, (L(R) A), and for M € R, Homg (L(M), 4) =
Homg(M, L*(A))~ Homg(M, Homg  (R;, A)) = HomR(H ®g M, A).
The isomorphisms are all natural, whence L is equivalent to the
functor M — R, ®g M. This equivalence is in fact the transformation
6. Thus (a) implies (b).

Assume (b). Then (c) follows from the diagram

0

T
0 - R¢(I) > R

"
, ]
0 >R, QrI—>1I1,—>0

1
0

which commutes and has exact rows and columns.
Let I be an ideal of R such that R,¢(I) = R,. There exist [ f|],
., [f] ER, and i, - -, i, €I with Ek [fl#(ix) = 1. For
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some JE FHS), fi:] = RIS with SES and j+ S =Y filj)i
for j€J. Thus JC (X Riy) + S, implying >y Rix + SE€ H(S)
and hence that Y ; Rixy € 9(S). In particular, (c) implies that ()
has a cofinal set of finitely generated left ideals. Still assuming (c),
le¢t AER and [f] € A, = Homks(R, A), f:1— AJA" with
R/I, A’ €S. There is a sum Zk[fk]d)(ik)— 1 with f,:J] > RIS
and 4 €1 For i€l and jE ], let f(i) = f(i) + A’ and fi(j) =

fk )+ S. Let S’ be the submodule of I generated by I NS, Si,
Slz, +++, Si.. Then S’ € S and the submodule A” of A with A"/A’' =
f(8") belongs to S. Let gi: RIS — A/A” be_defined by g(r+ 8S)=

1f(lk) + A” fOI' r &€ R. Then [fk] f(‘lk) [gkﬁc] and

04> [ ®f(ik)) = Y[ fil [f('k)] = [Drafil- ForjEJNI,
(S o )0 =Seht) + 9= Siifo) + 4
= £(S fupi) +a =1+,

since 4 fi(j)ix =j + s for some sES, and jE I, j+ s €I imply
s€INS and hence f(s) €A". It follows that [f] =
0u(S k[ fi] ® flix)). Thus (c) implies 6, is an epimorphism
forA€E R. Let0 —» A — B — C — 0 be exact in K. Now (a) follows
from the commutative diagram

RA‘ ®B A—> RA- ®R B— RA‘ ®RC -0

)
0—-A, —=B, »C,
l ) )
0 0 0

which has exact rows and columns. Thus (c) implies (a).

If R,NS=0, then the map R/l - R,/R,¢(I) induced by ¢
must be zero for I € H(S). Thus ¢(1) = 1 € R,¢(I), and (c) holds.
Now R, M S is a Serre class of R . Thus it is not trivial if and only if
it contains a nonzero cyclic R,/J. The R-homomorphism R — R,/]
induced by ¢ has kernel I € 3(S). Thus ¢(I) C J so that R,¢(I) C J.
Thus (c) implies (d).

3.3. Cororrary. If any of the equivalent conditions in 3.2 hold,
then R, is a flat R module.

In view of the equivalent conditions in the theorem, in particular
condition (c), and this corollary, the rings R, do indeed behave as one
expects a “ring of quotients” to behave. If S is a multiplicative set in
the center of the ring R and 3 is the filter of those left ideals which
contain an ideal of the form Rs with s € S, then S( ) = S is a strongly
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complete Serre class, and R, is the usual ring of quotients of R with
respect to the set S. The ring R, satisfies the equivalent conditions of
the theorem above, and condition (c) just expresses the fact that each
element s € S has an inverse in R,.

The homomorphism ¢: R — R, makes every R, module into an
R module. This operation composed with F yields a canonical exact
functor E : R, — KR/S. The functorial diagram

R——R,
F\ /E
RIS
is not necessarily commutative. Suppose for example that S is not
strongly complete and that 3(S) has a cofinal set of finitely generated
ideals. Then there exists a family of R modules M, € S with M =
S M &S, Thus F(M)#0, but L(M)=M,=0 by 21 so
EL(M) =0, and EL and F cannot be equivalent. However if S is

strongly complete the diagram does commute as is shown in the
following proposition.

3.4. PropositioN. The functors EL and F are equivalent if S is
strongly complete.

Proor. Let f:M — N be an R-homomorphism. For m € M,

dnf(m) = f(m) = fin = L(f)(m) = L(f)$u(m
Thus the diagram

f
M—

N
ld’M l(bN
w,—2 Ly
commutes. Now (f) (bu [ba] [ L( f) = [L(f)d>M = [¢Nf]

F(éu) =
the diagram
F(f)

F(M) ——— > F(N)

Jov 1%
EL(f)

EL(M) » EL(N)
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commutes, and ® is a natural transformation of functors. If S is strong-
ly complete, then by §2, Ker ¢, and Coker ¢, are in S for each M,
whence ®,, = [¢y] is an isomorphism and ® is an equivalence.

When S is a strongly complete Serre class, the list of equivalent
statements in 3.2 can be extended as follows.

3.5. TueoREM. Let S be a strongly complete Serre class of R. The
following are equivalent.

(a) The functor E is a natural equivalence between the categories
R, and R[S.

(b) Ry¢(I) = R, foralll € 3(S).

Proor. Clearly (a) implies R M S = 0, which by 3.2 implies (b).
Again by 3.2, (b) implies the localization functor is exact and F(S) has
a cofinal set of finitely generated ideals. By [3, Corollaire 2, p. 414],
this implies (a).

From its definition, the localization functor L is exact if and only if
R is projective in R/S. Also L may be exact without E being an
equivalence, as shown by letting R =zl-[ x, Z and 3 those ideals of R
containing EKO Z. In this example >y Z is a projective ideal of R
and {Dx, Z} a cofinal subset of 3. Moreover Y, Z is not finitely
generate(i so E cannot be an equivalence by 3.5 and 3.2. It is easy to
observe that whenever 3 is a filter containing a cofinal set of projec-
tive left ideals, R is projective in R/S for I = HS).

For S strongly complete, let S’ = R, M S. Thatis, S’ is the class
of R, modules that are in S when considered as R modules. Proposi-
tion 3, p. 413 in [3] asserts that the functor E induces an equivalence
between the categories R ,/S' and R/S. When R, = R, this proposi-
tion yields no information. In fact, in the example in the previous
paragraph, R = R, as can be easily checked. However, for S
strongly complete, R/S is always equivalent to a subcategory of
R (as well as a subcategory of R itself), as will now be shown. Of
course this subcategory will be R itself if and only if S’ = 0. Further,
the significance of the localization functor being exact is readily seen
in terms of this subcategory.

3.6. LemMa. Let S be a strongly complete Serre class of R. Then
Hom 4 s(A,, B;) = Homg(A,, B,),forall A, BE R.

Proor. Let A’ C A with A,//A' € S. Since S is strongly complete,
Homg(A,/A’, B;) = 0 = Extg!(A,/A’, B;). Thus Homg(A,, B,) —
Homg(A', B;), induced by the inclusion A’ C A,, is an isomorphism.
The lemma follows.
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3.7. Lemma. Let S be a strongly complete Serre class, and let
A, BE R such that ¢ : A— A, and ¢g: B— B, are isomorphisms.
Then

Homg, (A, B) = Homg(4, B).

Proor. Let x ER, and a € A, with x= [g],g:I - R. Then
xpa(a) = [g] [a] = [ag], and for i € L ag(i) = gli)a = $(gli))(a).
Also ¢4(xa) = [xa], and xa(i) = i(xa) = (d(i)x)a = [gila = ¢(g (z))a.
Thus ¢, is an R,-homomorphism. Now let f & Homg(4, B), x
[g] €ER, with g:I - R, 1 E HS). Define f A, — B, : pla )
¢s(f(a)). This clearly is an R-homomorphism. Now f (xa(a)) =
Flbatza) = daf(aa) = [flxa) a0d 5fig(a)) = xbul(@) = [g] (/]

[fla)g]l.__ For €I _ f(xa)(i) = if(xa) = f(i(xa)) = f(g(i)a) =
g(i)f(a) = f g(i). Thus xf fx and f is an R -homomorphlsm
It follows that f bp! f¢A is an R, -homomorphism and hence that
Hom g (A, B) = Homg(4A, B).

Let C be the full subcategory of R whose objects are those modules
A such that ¢4 : A — A, is an isomorphism. Assuming S is a strongly
complete Serre class, the category €, is a full subcategory of R, in
view of 3.7. Also the isomorphisms in 3.6 and 3.7 are functorial, and
¢a: A —> A, induces an isomorphism in R/S. These remarks estab-
lish

3.8. TueoreM. If S is a strongly complete Serre class of R, then
RIS is equivalent in a natural way to a full subcategory of R,
the canonical functor F : R — RIS induces an equivalence between
€, and R[S, and considering C as a subcategory of R, the functor
E: R, — RIS induces an equivalence between € and R|S.

It is assumed that S is strongly complete until mentioned otherwise
(after 3.14).

It is perhaps more appropriate to consider ; as a subcategory of
R,. Note that ¢, = R, if and only if R, NS =0, and that the
categories R /(R M S) and £ are equivalent. It is interesting to
relate monomorphisms, epimorphisms, kernels, cokernels, etc., in
€, and R,. It is not true, for example, that an epimorphism in £ is
always an epimorphism in K. The significance of the exactness of
the localization functor will become clear in these considerations.
Using the exact sequence

0 — Hompg(A,/A. A) — Homg(A,, A)
— Hompg(A, A) — Extg(A,/A, A),
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it is easy to see that £, consists of those R modules A such that
Homg(S, A) = 0 = Extg (S, A) forall S € 5.

3.9. Lemma. Let A, BEC, and f € Homg(A, B). Then Ker_ f
€ ¢, and hence is a kernel of f in .

Proor. Let K = Ker, f. The diagram

is commutative with exact rows and columns. By the 5-lemma, ¢y is
an isomorphism. The lemma follows readily.

310. Lemma. Let A BE ¢,, f € Hom . (A B). Then B —
(BIm, f), is a cokernel in C of f.

Proor. Since the sequence A 4 B - BlIm f— 0 is exact in R,
the sequence A; — B, — (BImf), = 0 is exact in KR/S, and
hence exact in C,.

3.11. ProposITION. A sequence A LBSCcine  is exact in C if
and only if Ker, g = (Im f),.

Proor. By 39 and 310, Ker,g=Ker, g and Im, f=
Ker, (B — (B/Im, f),). Now 0 —>Imyf—B— Bllm,f—>0
exact in R implies 0 — (Im,f), — B, — (B/lm,f), is exact
in R, whence Im,, f= (Im, f),. The proposition follows.

From 3.11 follows readily

3.12. CoroLLary. Let A, B,C € C,. Then

(a) f: A— B is a monomorphism in C. if and only if fis a
monomorphism in R (or R ).

(b) f: A — Bis an epimorphism in C, if and only if Blm,, fE S.

() 0 > A — B — C is exact in C, if and only if it is exact in R
(or R,).
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The fact that kernels and monomorphisms in €, are kernels and
monomorphisms respectively in R, (or R) is a reflection of the left
exactness of the localization functor L. Cokernels and epimorphisms
in ¢, may indeed not be cokernels and epimorphisms respectively in
R . A subcategory C of a category D is called an exact subcategory
if the natural inclusion functor ¢ — D is exact. In particular, if £
and D are abelian, a map in € will be epimorphism if and only if it is
an epimorphism in D.

3.13. THEOREM. £ is an exact subcategory of R, (and hence of
R) if and only if the localization functor L : R — R is exact.

Proor. LetI: ¢, — R be the inclusion functor. There is a functor
L': R — C, with IL' = L. Moreover, L' is an exact functor. Thus
I exact implies L exact. Suppose I is not exact. Then by 3.12(c),
there is a ¢, epimorphism f:A — B such that Imgf # (Imgf),
= B. The sequence

0 —>Ker, f>A—>Img,f—>0
is exact in R but
0 — (Ker, f)y = Ay = (Im, f), =0
is not exact in R ;. Hence L is not exact.

3.14. CoroLraRry. If the localization functor L: R — R is exact
and HS) had a cofinal set of finitely generated left ideals, then R
is equivalent to a full exact subcategory of R.

Proor. By 3.2, R, M S = 0, whence £, = R,. Apply 3.13.

Attention will now be turned to quotient categories R/B, where
B is a bounded complete Serre class. Quotient categories of this
type have important applications in the study of quasi-isomorphisms
of torsion free abelian groups [16]. It seems that the concept of
bounded complete Serre classes is natural only when R is commuta-
tive. In any case, R is assumed to be commutative in the considera-
tions of R/B below.

In the remainder of this section B denotes a bounded complete
Serre class of R. There are two other categories naturally associated
with R/B. Let T, be the category with objects the R modules and
with Hom_ (A, B) = R; ® Homg(A, B). Let J; be the category
with objects the R modules and with Hom, (A, B)=
Hom 45(R, Homg(A, B)) = (Homg(A, B));. With the obvious defini-
tions of composition of maps, both T ; and &4, are additive categories.
There are natural functors relating the categories R/B, Tz and g,
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and the main objective is to determine when these functors are equiva-
lences.

Note that for [f] € Hom 4g(A, B), it may be assumed that
f:IA — B/B[I] for some I € 3(B), where B[I] = {b &€ B|Ib = 0}.
Also Homg(A, B)[I] = Homg(A, B[I]) for all ideals I of R.

Let [ f] € Hom (R, Homg(A, B)) with

f: 1 — Homg(A, B)/Homg(A, B[I]), 1€ 3(B).

Define hy: IA — B/B[I] by hia) = f(z ) + B[I], where f(i)=
f( i) + Homg(A, B[I]). Now defining H( ) A, and H([f])=
[hy] yields an additive covariant functor H : J; — R/B.

3.15. Tueorem. Let B be a bounded complete Serre class in R,
with R commutative. Then the functor H : 4, — RIB is an equiva-
lence. In particular, 54, is an abelian category.

Proor. It suffices to show that H induces an isomorphism
Hom 4z (R, Homg(A, B)) — Hom ,5(A, B).

Let [g] € Hom 4s(A, B), g:IA — B/B[I], 1€ 9(B). Define
g : 1 - Homg(A, B/B[I]) by (g(i))(a) = g(ia) for i€ I, a € A The

exact sequence
0 — Homg(A, B[I]) — Homg(A, B)
— Homg(A, B/B[I]) — Extg!(A, B[I])
induces a natural monomorphism
Homg(A, B)/Homg (4, B[1]) 3 Homg(A, B/B[1])

with its cokernel annihilated by I, since I(Extg'(A, B[I])) = 0. Since
B is a bounded complete Serre class, this cokernel is in B. Thus
I' = g~ Y(a) is an ideal belonging to 3(B). The diagram

I > 1
e I
Homg(A, B)/Homg(A, B[I]) % Homg (A, B/B[I])
|x
Homg(A, B)/Homg(A, B[1'])

can be filled in uniquely (where k is induced by the inclusion (I' C I),
and the correspondence [g] — [kZ] € Hom 4= (R, Homg(A, B)) is
an inverse of the homomorphism Hom ,;(R, Homg(A, B)) —
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Hom .z (A, B) induced by H). This concludes the proof.

One may prove directly that 2, is an abelian category, though it
is quite laborious. For example, the proof of the existence of
kemels proceeds as follows. Let [f] € Hom,,(A B)=
Hom 45 (R, Homg(A, B))  with  f: I — Homg(A, B)/Homg(A, B[1]),
1€ 3B), and f(i) = f(i) + Homg(A, B[I]) for i €I Let K=
ﬂielKer;,ef(i) with j: K — A the inclusion map, and define k;: R
— Homg(K, A) by ky1)=j Then [ks] € Hom, (K, A) and it
can be checked that K with [k/] is a kernel in ¥ for [ f].

A functor D: 9, — 4, is defined as follows. For [f] € Rz
and g € Homg(A, B) with f:1— RIR[I], 1€ HB), let f(i)=
fG) + R[I], and define gz:I — Homg(A, B)/Homg(A, B)[I] by
g/(i) = fli)g + Homg(A, B)[T],  where (f(i)g)(@) = fli)g(a). Let
D(A)= A for A€ Y, and D([f] ® g)= [gf]. Then D is an
additive covariant functor. Also D composed with H yields a canoni-
cal functor T ; — R/B.

3.16. THEOREM. Let B be a bounded complete Serre class of R,
with R a commutative ring. The following are equivalent.

(a) Rz¢(I) = Ry foralll € I(B).

(b) The canonical functor HD : I, — R|B is an equivalence.

Proor. By 3.2, (a) is equivalent to the natural transformation
0:T — L being an equivalence. One need only observe that the
map R; ®g Homg(A, B) — Hom 45 (R, Homg(A, B)) induced by the
functor D is the same as the map Oﬂomw .8 This together with 3.15
shows that (a) is equivalent to (b). ’

4. Injectives relative to Serre classes. The main purpose of this
section is to generalize some of the results of [9]. Throughout, S
will be a strongly complete Serre class of R, and in the case S = R
various results in [9] are obtained. Let P be a set of primes. A P-
group is an abelian group each element of which has order a product
of powers of primes in P. Specializing S to the class of P-groups yields
the principal results of [5].

4.1. DeFinitioN. A module M € R is S-injective if for each exact
sequence

0>A—>B—->S—-0
of R modules with S € S, the associated sequence
0 — Homg(S, M) — Homg(B, M) — Homg(A, M) — 0

is exact.
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According to Proposition 2.4, the following are equivalent.

(a) M is S-injective.

(b) Extg!(S, M) =0Oforall S € 5.

(c) For each I € 9(S), the sequence Homg(R, M) — Homg(I, M)
— 0 is exact.

(d) HMIM) = 0, where M is an injective envelope of M.
As before, 3 = 3(S) denotes the set of ideals I of R such that R/I €
S, and for MER, IM={mEM|0:m) € FHS)}= {mEM|
Rm € S} is the maximum submodule of M which belongs to S. It is
interesting to note that S is closed under injective envelopes if and only
if S € S and S S-injective implies S is injective.

The module M obtained in 4.2 will play the role that the injective
envelope of M plays in [9], and is an S-injective envelope of M.

4.2. ProposiTioN. Let M € R and let M be an injective envelope
of M. Let M be the (unique) largest submodule of M such that
MIM € S. Then M is S-injective and is (up to isomorphism) the
unique smallest S-injective module containing M.

Proposition 4.2 is proved by standard arguments.

4.3. DeriniTiON. Let M € K. Then M is quasi-S-injective if
Homg(M, M) — Homgz(N, M) — 0 is exact for all submodules N of
M such that M/N € =.

44. TueoreM. Let M € R and E = Homg(M, M). Then M is
quasz-é-m]ectwe if and only if M is an E submodule of M; that is, if
and only if M is a fully invariant submodule of M.

Proor. Suppose M is an E submodule of M and NC M with
MINES. Let f€ Homg(N, M). Since M/M E S, MIN eEs
and M - -injective imply there exists an extension f M->M
of £ Then f(M)C M and Homg(M, M)— Homg(N, M) -0 is
exact.

Now suppose M 1s quasi-S-injective and let f€& Homg(M, M)
Let N= MN f-Y(M). Then the monomorphism M/N — M/M
induced by f 1mp11es MIN € S. Thus f: N - M can be extended
to g: M — M, and since M is S-injective and M/M € S, g can be
extended to g:M —>M. If N# M then (¢ —f)(M)#0, and
M being essential in M, (- f)M)NM#0. There are m,
m' €M with (g — f)(m)=m'%# 0. Then f(m)= g(m)—

g(m) —m' € M implies m € N contradicting (g — f)(m) # 0. Thus
N= M= MN f~{(M) and f(M) C M so M is an E submodule of E.

4.5. CoroLLARY. Each M € R has a unique (up to isomorphism)
minimal quasi-S-injective essential extension (called the quasi-S-
injective envelope of M).
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Proor. The desired extension is the (E, R) submodule of M
generated by M.

46. DeFINITION. Let M € R. Then M*= (ImEM |0: m € HS)
and 0 : m is essential in R} is the S-singular submodule of M.

It is easy to show that the set of ideals 9, = {I | € 3(S) and I
is essential in R} is a filter. Moreover if R* = 0, 3, is a strongly com-
plete filter.

The following lemma is fairly well known.

4.7. Lemma. If N is an essential submodule of M, then N:m =
0:(m+ N)= {r € R|rm € N} is an essential left ideal of R for all
m € M. Furthermore, if N* = 0 then M* = 0.

4.8. ProposiTioN. Let M € R. Then Homg(M, M) — Homg(M, M)
is an isomorphism if and only if M is quasi-S-injective. If M* = 0
then Homg(M, M) — Homg(M, M) is an isomorphism.

Proor. The first assertion follows from 4.4. Let M* = 0. Then
Homg(M/M,M) =0 by 47, and Extg! (M/M,M)=0 since
M/M €. Thus Homg(M, M) — Homg(M, M) is an isomor-
phism.

Notice that by 4.8, if M* = 0 then M is quasi-S-injective if and only
if Homg(M, M) is naturally isomorphic to Homg(M, M).

4.9. ProrosiTioN. If M* = 0 and M/N € S then N has a unique
maximal essential extension in M.

Proor. Let L= {x E M |N:x is essential in R}. Note that
N:x € 9(I) for all x € M since MIN € S. Now ifx, y EL, r ER,
then N:(x + y) D (N:x) N (N:y) which is essential and N:rx =
(N : x) : r which is essential. Thus L is a submodule of M, and clearly
LD N. Now if K is an essential extension of N in M, by 47 if k € K
then (N : k) is essential. Thus KC L. If 0 # x € L, M* = 0 implies
(N :x)x # 0 whence Rx N N #0. Thus N is essential in L.

In [9], the notion of a closed submodule plays a fundamental role.
This notion in the present context is given in

4.10. DerFiniTioN. Let £ (M) denote the set of submodules N of
M such that (M/N)* = 0. Such submodules are called S-closed in M.
For a submodule N of M, the S-closure of N in M is the submodule
N¢ of M given by N¢/N = (M/N)*.

It is easy to see that N¢ is S-closed in M. The lattice £,9(M) is of
greatest interest when M* = 0. It is in this case, for example, when
every submodule of M is essential in its S-closure. Some basic proper-
ties of S-closure are given in
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4.11. ProrosiTionN. Let M € R with N, N;, N,, * * - submodules of
M. Then

(a) If N, is S-closed in M then N, N, is S-closed in M.

(b) Ne= N {C|MD CD Nand C is S-closed in M}.

(c) Neis the unique maximal essential extension of N+ M* in M',
where M'IN = S3(MI|N).

(d) (N°)°= Ne.

(e) (N:m)°= N¢:mform € M.

(f) (Mi_ Ni)e= M5, Ne.

(g) Let M* = 0,m € M. Then Im = 0 implies [°'m = 0. ~

(h) Let I be a left ideal of R. If M* = 0 then M(I) = M(I°), where
M(I) denotes the elements of M weakly annihilated by I (see 1.11 for
definition of weakly annihilate).

(i) If C is S-closed in M then C: S is S-closed in R for any subset
Sof M.

Proor. There is a monomorphism MIN, N,)—[[.(MIN,). Since
(T MIN)* CTIAMINY* =0, it follows that (MI(NN))*=0
and ), N, is S-closed in M. The proofs of (b) and (d) are almost
immediate.

Let M'IN= 9(MIN). It is easy to show that M'/(N + M*) =
HMI(N + M*)). Since (M/M*)*=0, (M'/M*)*=0 and by 4.9,
(N + M*)/M* has a unique maximal essential extension L/M* in
M'[M*. It follows that N + M* is essential in L. Moreover L/IM* =
{x+ M*&€ M'IM* | (N + M*)IM*): (x + M*) is essential in R},
so (M'/(N+ M*)*= L[N+ M*) and L= (N+ M*¢° Now
NeC L, but N°D N+ M* implies N°= (N°)°D (N+ M*)°=1L
so Nc= L, and since L contains any essential extension of N + M*
in M' by 4.7, N° = L is the maximum essential extension of N + M*
inM’.

To prove (e), x € (N:m)c if and only if there exists an essential
ideal J, ] € 3(S), with Jx C N : m if and only if xm € N¢ if and only
if x€N¢:m. For (f), the inclusion (ﬁ,f:lNi)CC MNi_, N is
clear (this does not even depend on the intersection being finite). Let
x €i_, Ne. Then there exist essential ideals J,, - - -, J, of HS)
with Jix C N;. Now J = (i_, J; is essential and in (S), and Jx C
M., N; implies x € (N, Ny)e.

Suppose M* = 0 and Im = 0 for some ideal I of R, m € M. Let
r& Ic¢. Then I:r is essential and in HS), and (I: r)rm C Im = 0
implies rm = 0. This proves (g).

Suppose M* =0 and let I be a left ideal of R. The inclusion
I C I°¢ implies M(I) D M(I¢). Let x € M(I). This means there exist
elements r, --:, r,ER with ((Vi_,I:r))x=0. Then
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(M- (I:m))x = 0. But (Mo (Ter))e= Mo (T:n) =
n_, (I°: 1;), so x € M(I¢) and M(I°) = M(I).

Let C be S-closed in a module M, and S any subset of M. Since
(MIC)* =0, (C:S)(s+ C)= 0 for s €S implies (C:S)(s + C) =0,
and (i) follows.

4.12. ProposiTioN. Let M be quasi-S-injective. If N is S-closed in
M and MIN € S then N is an absolute direct summand of M. In
particular, N is quasi-S-injective.

Proor. Let A be a maximal submodule of M such that AN N = 0.
There is a homomorphism f: A@ N — M:(a + n) - n for a € A,
n &€ N. Since M/(A® N) €S and M is quasi-S-injective f can be
extended to a map M — M. Now form € M, (A® N:m) € 3, by
47 so (N:f(m))&€ 9, Then (M/N)*=0 implies f(m)&E N.
Thus f:M — N with f(n)=n for all n €N, implying M=
N @ Ker f. Moreover A C Ker f with A maximally disjoint from N
implies A= Ker f,soM = N&® A

4.13. TueoreM. Let M be quasi-S-injective. If N and N' are S-
closed in M and MIN € S then N + N' is S-closed in M.

Proor. By 4.12, (N + N')c is quasi-S-injective. Also N + N’ is S-
closed in M if and only if it is S-closed in (N + N')¢, so it may be
assumed that (N + N')°= M. Let AC N’ be maximal such that
ANN=0. By 412, M= N+ B with BD A Then BNN'= A
so A is S-closed in M by 4.11(a). Moreover, B is quasi-S-injective,
being a summand of M, so by 412, B= A® C for some C, and M =
(N® A) @ C implying N® A is S-closed in M. Let x EN + N’
and suppose Rx N (N@® A) = 0 with x # 0. Then N:x is in 3(S)
so it must not be essential, and there is a nonzero ideal I of R with
IN(N:x)=0. Now x=n+n' with n€N and n’ €EN' and
n' €A Thus (In'"+ A)NN#O0 and jn' + a=n; # 0 for some
jEIL a€A n €EN. Since ANN=0, in particular j# 0. But
jx=jn+jn'=jn+n —aERN(ADN)=0, contradicting
IN(N:x)=0. Thus A® N is essential in N+ N’. Then since
(N+ N')IN®A)isinS, (N+ N')(ND A) = (N+ N')(ND A)*
C(M/(N® A)*=0,so0N+ N'= N® AisS-closed in M.

4.14. CoroLLARY. Let M be quasi-R-injective. If N is S-closed in
M then N is quasi-S-injective.

Proor. Let SIN = 9(M/N). Since F(M/S)= 0 it is easy to check
that S is quasi-S-injective. Now N is S-closed in § with S/N € S so,
by 4.12, N is quasi-S-injective.
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4.15. CoroLLARrY. Let M be quasi-K-injective. If N and N' are S-
closedin M and (N + N')IN € S then N + N' is S-closed in M.

Proor. Let S((N+ N')= 9(M/(N+ N')). Then S is quasi-S-
injective, and the exact sequence

0—>(N+ N')JN—->SN->S/(N+N') >0

with (N + N')/IN and S/(N + N') in S implies SN € S. Then by
413, N + N' is S-closed in S and hence in M.

4.16. ProposrrioN. Let N be an S-closed submodule of an R module
M and let k € Homg(M', M). Then k—'(N) is S-closed in M'.

Proor. Let x € (k—'(N))°. Then I = (k~!(N):«x) is essential in R
and is in S). Hence Ik(x) = k(Ix) C k(k~'(N)) C N with N S-
closed in M implies k(x) € N, sox € k~!(N). Thus k~!(N) = (k~!(N))°
is S-closed in M.

For an R module M, let E(M)= Homg(M, M) and £, (M) =
{N | Nis an E(M) submodule of M,0: N € F(S) and N= M[0:N]}
where M[I] = {m € M | Im = 0}. The module M is called S-faithful
if it is not annihilated by any nonzero ideal which belongs to S.

4.17. THEOREM. Let M be an S-faithful, S-injective R module with
M* = 0. Then £ (M) is lattice dual isomorphic to £, °(R) N FHS)
under the correspondence N — 0 : N.

Proor. By 4.11(i), 0: N is S-closed in R for any N C M, since
M*= 0. Thus for NE £,(M), 0: N is in L,4(R) N HS) = II).
Let I € 94S). Then M[I] is an E(M) submodule of M, and I C
(0: M[I])implies (0 : M[I]) € (). Itis easily checked that M[I] =
M[0: M[I]], hence M[I] € £,(M). Let J=0:M[I] and let BC J
be maximal such that 1IN B=0. Assume B3# 0. The mono-
morphism B — R/I implies B € S so there exists an x € M such that
Bx#0. The map f:I®B—>M with f(I)=0 and f(b)= bx
for b € B can be extended to an R-homomorphism f: R — M since
RI(I® B) €S. Now y = f(1) satisties by = bx for b € B and Iy =
0. Thus By # 0, but y € M[I] implies Jy = 0 which is a contradic-
tion since B C J. Thus B = 0 and I is essential in J. Then I S-closed
and J/I € S implies I = J = 0: M[I]. The theorem follows.

For an ideal I of R, M(I) denotes the submodule of M which is
weakly annihilated by I (see 1.11). The module M is strongly S-
faithful if M # M(I) for all nonzero ideals I of R such that I € .

4.18. Tueorem. Let M be a strongly S-faithful, S-injective R
module with M* =0, and let B, (M)= {N|N= M(I) for some
1€ 3(S3)}. ThenB (M) is lattice dual isomorphic to £, °(R) N H(S).
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Proor. Suppose I, ] € F(S)areboth S-closed in Rand M(I) = M(J).
Let BCJ such that IN B=0 and assume B# 0. The mono-
morphism B — R/I implies B E S so there exists an x € M with
x ¢ M(B). The map F:1® B—>M with f(I)=0 and f(b)=
bx for b € B can be extended to an R-homomorphism f: R — M,
and letting y = f(1), Iy = 0 and by = bx for b € B. Thus y € M(I)
= M(J) C M(B), so there exist r,, - -, r, € R with ("N_,(B:n)y
=0. Let rp=1, then (N (B:n))y =0 with (\,o(B:r,) C B
implying (M. (B:7;))x = 0. This contradiction establishes that
B=0. Now let aE I+ ], a# 0 and suppose Ra N 1= 0. Then
a=i+jwith i€l jE], and I:j € F(S) with I S-closed and
j & I implies I:j is not essential in R Let K# 0 with KN (I:j)
=0. Then IN Kj= 0 but Kj# 0 with Kj C J contradicting what
was proved earlier. Thus I is essential in I + J, and then (I + J)/IE S
and I S-closed implies I = I + Jso J C I. It follows that ] = L.

Letl € 9(5) Clearly M(I°) C M(I). Conversely if m € M(I) with
(N, (I:r))m=0 then (N, T:r)m =0, and (N}, (I: 1))
=N, T:r)e= ", (I¢:r;) so m € M(I°). The theorem follows.

Let R,= {r € R|(0:r) is essential in R}. If R, = 0 then the set
9 of ideals of R which are essential in R is a strongly complete filter
of ideals. Letting S = S(9J), R, is an injective R module, in fact an
injective envelope of R. (See [3, pp. 416-421].)

4.19. THeOREM. Suppose R, = 0, and let G be the filter of all
essential ideals of R. The following are equivalent.

(a) Rs(g is a semisimple ring.

(b) There does not exist an infinite family of left ideals of R whose
sum is direct.

(c) D has a cofinal set of finitely generated ideals.

(d) RiI= R, fordlllI € 9.

Proor. The equivalence of (a) and (b) is in [3, Lemme 6, p. 418].
The equivalence of (b) and (c) is easily verified.

Let ¢ € R;. The homomorphism @: R, — R, : x — xa induces an
exact sequence

O—)K—)R__\.—_q)RAa—)O.

Now (R,/K)* = (R,a)* = 0 so K is S-closed in R,. This means K is
a maximal essential extension of itself in R, so since R, is injective,
K is a direct summand of R,. It follows that R,a is an injective R
module. Now let I be a finitely generated and essential ideal of R,
with generators @, - - -, a,. Then R;I1= R,a, + - - - + R,a, is essen-
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tial in R,. The module R,a; ® - - - ® R,a, is injective, and the exact
sequence

0O->L—>Ra® - ®Ra,>RI—>0

splits since L is S-closed, implying R.I is injective. It follows that
R,I = R, and the equivalence of (c) and (d) follows.

Additional properties equivalent to (a), (b), (c) and (d) are stated
in Theorems 3.2 and 3.5.

Two types of regular elements will be considered. Let B,(R) =
{eER|Ra € FS)}and D,(R) = {a € R|0:a € S}. Thestandard
notions are realized when R, = 0 and 3 is the set of all essential ideals
of R.

4.20. PropositioN. B, (R) and D(R) are multiplicative sets. More-
over,a € D(R)ifand only if SR:a= FR.

Proor. Let a, b € By(R). The epimorphism R/Rb — Ra/Rba :
R+ Rb — ra + Rba implies Ra/Rba € S. Then the exact sequence

0 — Ra/Rba — R/Rba — R/Ra — 0

implies R/Rba € S, so ba € B,(R).

Let a, b € D,(R). The map (0:ab) — (0: b) with x — xa yields
an exact sequence 0 — (0:a) — (0:ab) — (0:b) — 0, implying
(0:ab) € S, s0ab € D,(R).

Since OR is a two-sided ideal, JRC JR:a for any a € R. Sup-
pose 0:aE€S and let x& 9R:a. Then 0:x¢ € HS) and
(0:xa)/(0:x)= (0:a) €ES implies 0:x € F(S). Thus x € SR
The converse follows from the inclusion0: a C 9R:a.

Let U,(R) = {r € R |¢(r)isaunitin R }.

4.21. Tueorem. U (R) = B,(R) N D,(R).

Proor. Let a € B,(R) N\ D,(R) and define f:Ra — R/(0:a)
by f(ra)=r+ (0:a). Then [fl €ER, and for rER, af(ra)
=a(r+ (0:a)=ra+ (0:a), fa(r)=f(ra) = r + (0:a). Thus
[fléla) = [af] = 1= [fa] $(a)[ ] implying a € U, (R)

Suppose b € U,(R), and ¢(b)x = 1. Then ¢(0 : b) = ¢(0 : b)d(b)x =
&((0 : b)b)x = 0 implying (0:b) C SR so (0:b) ES. Now x = [g]
with g: I — R/9R for some 1 € HS), and for i € I with g(i) =
r,+ OR,bg(i)=rb+ 9R=i+ YR ThusIC Rb + 9R implying
Rb + SR € F(S) and hence Rb € (). This completes the proof.

4.22. CoroLrary. If 1N B,(R) N D(R) # @ for each 1 € 3(S)
then R, = {¢(b)~'$(a) |a € R, b € B,(R) N D.(R)}.
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Proor. Let [f] €ER,, f:1—> R/9R with 1€ 9(S). Let
b€ 1N B,(R) N D,(R), and f(b)=a+ FR. Now ¢(b)~!'= [g]
where g: Rb — RISR:1b - r+ 9R, and¢(b)~¢(a) = [g] Ja] =
[ag]. Then for r€& R, ag(rb)=ra+ FR= rf(b)= f(rb) so
[f] = [ag] = ¢(b)~'¢(a). The other inclusion follows from
4.21.

This condition is equivalent to the conditions in [3, p. 415], that
B,(R) N D,(R) be a multiplicative set such that the ring of quotients
with respect to that set exists. In particular, if the hypothesis of 4.22
is satisfied, R, is flat and the localization functor is exact and is iso-
morphic to the functor M — R, ®y M.

In order to compare B,(R) and D,(R) some assumptions must be
made.

4.23. ProrosiTioN. If the ascending chain condition holds for the
set of ideals {( SR : a) | a € B,(R)} then B,(R) C D(R).

Proor. Let a € B,(R), and let I, = 9R:qa". Then I, C [, C - - -
whence there exists an n such that I, = I,,, = - - -. Now a" € B,(R)
and 9R:a"= S9R:a® If x € (FR:a") N Ra" then x = ra™ with
ra?" € 9R, whence r €E FR:a?"= FR:a" and x = ra" is in 9R.
Thus (DR :a") N Ra® € S. But Ra® € F(S) so R/Ra" € S, and the
exact sequence

0 - (9R:a") N Ra® - 9R:a"” — R/Ra"

implies 9R:a" € S. Since0:a C FR:a"0:a € S and a € D,(R).

Reasonable conditions for the inclusion in 4.23 to be an equality
seem to be elusive. In the special case R, = 0 and 9 is the filter of
all essential ideals, the a.c.c. on £,°(R) will suffice. (See [9, Theorem
34].)

5. Concordant and harmonic functors. Let &4 be an abelian cate-
gory and I the identity functor A4 — A. A subfunctor of the identity
functor I is a (covariant, additive) functor S : A# — A4 together with
a natural transformation «:S — I such that a,:S(A) = I(A)= A
is a monomorphism for all A € 4. Dually, a quotient functor of I
is a functor Q:A — A4 together with a natural transformation
B:1— Q such that B,: I(A) = Q(A) is an epimorphism for all
A € A. With a subfunctor (S, @) of I there is associated a quotient
functor (S*, a*) of I via S*(A) = Cok @y, ay* = cok oy, and with a
quotient functor (Q, B) there is associated a subfunctor (Q*, 8%) of I via
Q*(A) = KerB, and B,* = kerB4. It is readily seen that S** = §
and Q** = Q.
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5.1. DerFINITION. A functor S: A4 — A4 is concordant if S is a left
exact subfunctor of the identity functor. A functor Q: A — A is
harmonic if Q is a right exact quotient functor of the identity functor.

The purpose of this section is to show how concordant and har-
monic functors give rise in natural ways to relative homological
algebras, and to characterize such functors in terms of certain sub-
classes of A. In particular, it will be shown that if 4 = R for a ring
R, then concordant functors are in natural one-one correspondence
with the filters of left ideals of R, and harmonic functors are in natural
one-one correspondence with the two-sided ideals of R. Thus con-
cordant functors are intimately related to the strongly complete
additive classes studied in §1.

Two significant examples are the following. Let J be a left ideal of
the ring R. Let S(A) = A(J), the submodule of A consisting of elements
which are weakly annihilated by J (see 1.11). Then S: R — R is
concordant. Let Q(A) = A/JA. Then Q is harmonic.

5.2. ProposiTiON. Let S be a subfunctor of the identity. The fol-
lowing are equivalent.
(a) Sis concordant.

(b) S* preserves monomorphisms.
(c) If Ais a subobject of B then A N S(B) = S(A).

Proor. Let 0 > A — B — C — 0 be exact. Then the kernel of
S(B) — S(C) is AN S(B), which is S(A) if and only if A/S(A) —
B/S(B) is a monomorphism. The proposition follows.

The terminology concordant is inspired by 5.2(c). Dually, one can
show

5.3. ProposiTiON. Let Q be a quotient functor of the identity. The
following are equivalent.

(a) Qisharmonic.

(b) Q* preserves epimorphisms.

(c) If Aiis a subobject of B, then Q*(B/A) = (Q*(B) + A)/A.

5.4. DeriniTioN. Let S be a subfunctor of the identity, and 0 — A
— B — C — 0 be exact. This sequence is S-pure, or A is S-pure in B,
if 0 — S(A) — S(B) — S(C) — 0 is exact. Similarly, if Q is a quotient
functor of the identity, then this sequence is Q-pure, or A is Q-pure in
B,if 0 — Q(A) — Q(B) — Q(C) — 0is exact.

5.5. CoroLLArY. Let S be concordant, Q harmonic, and let
0 - A — B — B/A — 0 be exact. Then A is S-pure in B if and only
if A is S*-pure in B if and only if S(B/A) = (S(B) + A)/A, and A is
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Q-pure in B if and only if A is Q*-pure in B if and only if AN Q*(B) =
Q*(A).
Proor. If T = S or Q% the sequence
0> ANT(B) - T(B) = (T(B) + A)JA -0
is always exact, using the natural isomorphism T(B)/(A N T(B)) =
(T(B) + A)/A.
The corollary follows, using 5.2 and 5.3.

It is useful to note that if T is any subfunctor of the identity, and
A C B, then T(A) C AN T(B) and (T(B) + A)/A C T(B/A).

56. THeoreM. Let S be concordant and Q harmonic. If A, B,
CE AwithACBC C,and T = S, §*, Q, or Q%, then

(a) If a short exact sequence is T-pure, then any equivalent short
exact sequence is T-pure.

(b) If Ais a direct summand of B, then Ais T-pure in B.

(c) If Ais T-purein C, then Ais T-pure in B.

(d) If Ais T-pure in C and BJA is T-pure in C/A, then B is T-pure
in C.

(e) If Bis T-pure in C, then B|Ais T-pure in C/A.

(f) If A is T-pure in B and B is T-pure in C, then A is T-pure in C.

Proor. Since T is additive, (a) and (b) are immediate. Suppose
T = S; that is, that T is concordant.

(c) Suppose Ais T-pure in C. Then

T(B/A) = (BIA) N T(C/A) = (BIA) N ((T(C) + A)IA)
= (BN (T(C) + A)IA= (BN T(C)) + A)A
= (T(B) + A)/A.
(d) Suppose Ais T-pure in C and B/A is T-pure in C/A. Then
T(CIB) = T((CIA)(B/A)) = (T(CIA) + (B/A))I(B/A)
= (((T(C) + A)/A) + (BJA))I(B/A)
- = ((T(C) + B)IA)(B/A) = (T(C) + B)/B.

One may easily check that these natural isomorphisms imply T(C/B)
= (T(C) + B)/B.
(e) Suppose Bis T-pure in C. Then

T((CIA)(BIA)) = T(CIB) = (T(C) + B)/B
= ((T(C) + B)/A)/(B/A)
= (((T(C) + A)A) + (BIA))/(BIA)
C (T(CIA) + (BIA)(BIA) C T((CIA)(BIA)).



QUOTIENT CATEGORIES AND RINGS OF QUOTIENTS 551

It follows that T((C/A)/(B/A)) = (T(CIA) + (BIA))/(BIA).

(f) Suppose A is T-pure in B and B is T-pure in C. Write
T(CIA) = DIA. By (e), BIAN T(C/A)= T(B/A)= (T(B) + A)/A,
so that BN D= T(B)+ A. The natural projection C/A — C/B
induces the diagram

T(CIA) — T(C/B) = (T(C) + B)/B

DIA —» (D + B)/B

so that D+ B= T(C) + B. Now, since T(C) C D we have D=
DN(T(C)+ B)= (DN B)+ T(C) = T(C) + A, that is, T(C/A) =
D/A = (T(C) + A)/A.

If T is harmonic, (c)—(f) follow in a dual fashion.

The properties expressed in 5.6 are simply a restatement of the
axioms for a proper class [11, p. 368]. Consequently, for each pair A,
B of objects of 4 and for each positive integer n is associated an
abelian group Extr"(A, B). The elements of Exty!(A, B) are the usual
equivalence classes of T-pure sequences of the form 0 > B - X —
A — 0. Assuming that V is concordant or V* is harmonic, it is not
difficult to show that

Exty!(A, B) = Ker (Ext!(A, B) — Ext!(V(A), V*(B))).
From [11, Theorem 5.1, p. 372] follows

5.7. CoroLLarY. Let S be concordant and Q harmonic. If T = S,
S* Q, or Q*and 0 > A - B — C — 0 is a T-pure exact sequence,
then for any X € A, there exist exact sequences

0 — Hom (X, A) = Hom_(X, B) — Hom (X, C)

— Ext; (X, A) — Ext;'(X, B) — Ext;!(X, C) = Ext;%(X, A) —
and
0 — Hom,, (C, X) — Hom_, (B, X) — Hom 4 (A, X)

— Extr!(C, X) — Extr!(B, X) — Ext;'(4A, X) —» Extr3(C, X) —»

For T concordant or T harmonic, those exact sequences 0 - A —
B — C — 0 for which 0 —» T(A) — T(B) — T(C) — 0 is splitting
exact form a proper class, that is, satisfy (a)-(f) of 5.6. However, the
resulting relative homological algebras are special cases of those
studied in [15]. Indeed, if T is a subfunctor of the identity such that
T2 =T and ;= {AE A|T(A) = A}, then 0 — T(A) — T(B) —
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T(C) — 0 is split exact for 0 - A — B — C — 0 exact if and only
if this latter sequence is Cr-pure in the sense of [15]. Dual statements
hold for quotient functors of the identity.

Attention is turned now to characterizing concordant and harmonic
functors. Let S be concordant. As before, for A € A4, S(A) is identified
with the subobject a, : S(A) = A of A. Let s denote the class of
objects A € A4 such that S(A) = A.

5.8. LEMMa. Let S and S’ be concordant. Then

(a) S2=S.

(b) Cs is closed under subobjects, quotient objects and (finite)
direct sums.

(c) If Cs = CgithenS = S'.

Proor. For A€ A, S(A)C A and, by 5.2, S(A) = S(A) NA=
“’S(A)) = S%A). Hence S2 = S. If BC A € Csthen S(B) = B S(A)
~ BMA=B, whence B& 5. Also S(A/B)D (S(A) + B)/B=
(A+ B)B= A/B, whence A/BE 5. Since S is additive,
S(A, @ Ay) = A, @ Ay for A, A, € C, and (b) follows.

Suppose g = Cs. For AE S, S(S(A)) = S(A) € &g, so that
S(A) = S’(S(A)) C S'(A). By symmetry, S(A) = S'(A) and (c) follows.

Suppose 4 has arbitrary infinite direct sums. As in {1 with cate-
gories of modules, a nonempty subclass € of A is called a strongly
complete additive class if it is closed under subobjects, quotient objects,
and arbitrary direct sums. For such a class ¢, and A € A4, A has a
maximum subobject which is in €. Define S, (A) to be this subobject.

59. Lemma. If C is a strongly complete additive class in the
category A with infinite direct sums, then S, is concordant.

Proor. This follows readily from 5.2.
Now 5.8 and 5.9 yield

5.10. Tueorem. Let 4 be an abelian category with arbitrary in-
finite direct sums. Then S — Cg is a natural one-one correspondence
between the concordant functors on A and the strongly complete
additive classes of A. The inverse of this correspondence is C — S, .

From 1.10, follows

5.11. CoroLLArY. Let R be a ring. Then the concordant functors
on R are in natural one-one correspondence with the filters of left
ideals of R.

In a dual fashion, harmonic functors can be characterized.
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5.12. Lemma. Let Q and Q' be harmonic, and Cy be the class of
objects A € A such that Q(A) = A. Then

(a) Q2= Q.

(b) Co is closed under subobjects, quotient objects and finite direct
products.

(c) If Co = CoithenQ = Q.
Proor. For A € A,
Q*(A) = Q(AIQ*(A)) = (AIQ*(A))IQ*(AIQ*(A))
= (AIQ*(ANI(Q*(A) + Q*(A)IQ*(A)) = AIQ*(A) = Q(A),

using 5.3(c). Thus (a) holds.

If ACB= Q(B), Q*(A) — Q*B) =0 is a monomorphism, Q*
being a subfunctor of the identity, so that Q*(A) = 0 and Q(A) = A.
Also 0 = Q*(B) — Q*(B/A) — 0 is exact by 5.3(b), so Q*(B/A)=0
and Q(B/A) = B/A. If Q(A;) = A, then Q(A, & A;) = Q(A)) @ Q(A;)
= A, @ A,, and (b) follows.

Suppose Lo = Co, and AE A Then Q*AIQ*A)) =0, so
Q' *(AIOX(A) = (Q*(A) + QHANQ*A) =0  whence  Q'*(4)
C Q*(A). By symmetry, Q'*(A) = Q*(A), and it follows that Q = Q.

Let o4 have infinite products. Call a nonempty subclass € of A4 a
strongly complete multiplicative class if C is closed under subobjects,
quotient objects, and arbitrary products. For A € A, any set {A,}
of subobjects of A has an intersection in A, namely the kernel of the
natural map A =[], (A/A,). Define

Q.(A)=N{B|BC Aand AIB E ¢}.
The following lemma is straightforward.

5.13. LemMma. If C is a strongly complete multiplicative class in an
abelian category A having infinite products, then Q. is harmonic.

The dual to 5.10 is

5.14. THEOREM. Let A be an abelian category with arbitrary prod-
ucts. Then Q — (g is a natural one-one correspondence between the
harmonic functors on A and the strongly complete multiplicative
classes of A. The inverse of this correspondenceis ¢ — Q,, .

Strongly complete multiplicative classes in the category R of R
modules are readily determined. Let € be such a subclass of K. Then
3(C) is a filter of R and [[;e 5oy RII € €. The class C is a strongly
complete additive class so by 1.10, £ = S(9(C)). Hence there is an
I, € 9(C) such that I, {1 + I};c5¢ = 0, and I, is a smallest
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element of (). Since I:r € F(C) for all r ER, I, is a two-sided
ideal of R. The ideal I, determines 9(C), for HC) = {I |1 is a left
ideal of R and 1D I,}. If I is any two-sided ideal of R, then the
class €; of all A € A such that IA = 0 is a strongly complete multipli-
cative class of 4. Given a two-sided ideal I, I, = I, and given a
strongly complete multiplicative class £, ¢, = C. From these re-
marks one has

5.15. ProprosiTioN. Let R be a ring. Then I — C; is a natural one-
one correspondence between the set of two-sided ideals of R and the
strongly complete multiplicative classes of R. The inverse of this
correspondence is C — I ,.

5.16. TueoreM. Let R be a ring. Then Q — I 2o is a natural one-
one correspondence between the harmonic functors on R and the
two-sided ideals of R. Furthermore, I ¢ = Q*(R), and for AE R,

Q(A) = AIQ*(R)A.

Proor. The first assertion follows from 5.14 and 5.15. Since
Q%= Q, Q(R) = RIQ*(R) € Cp and I¢, (RIQ*(R)) = 0. Thus I, C
Q*(R). But Rllo, € Cp so that Q*(Rlle, ) = (Q*(R) + Icg )¢,
=0. Thus Q*R)=1I¢, . For A€ R, Q*AIQ*(A))=0. Thus
HQUAE co and QRAQ(A) =0 Thus QRIAC Q')
Further, A/(Q*(R)A) € Cg being annihilated by Q*(R), so

Q*(A/Q*(R)A) = (Q%(4) + Q¥(R)A)/Q*(R)A = 0.

Hence Q*A)C Q*R)A. Thus Q%A)= Q*R)A and Q(A) =
A/Q*(A) = AIQ*(R)A. This concludes the proof.
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