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THE PADE TABLE OF MEROMORPHIC FUNCTIONS
OF SMALL ORDER WITH NEGATIVE ZEROS
AND POSITIVE POLES

ALBERT EDREI
Introduction. The Padé table of a power series
1) ap+az+ a2+ = f(z) (ap#0)
is an infinite array of rational functions
Ry Ry Ry
Ry, Ry, Ry,

2
@ Ry R,z Ry

defined as follows:
P,

R‘mn = an >

where
(i) Py is a polynomial of degree not greater than m;
(ii) Qmn is a polynomial of degree not greater than n;
(iii) the polynomials P,,, and Q,,, are chosen so as to maximize the
multiplicity of the zero, at z = 0, of

f(2) = Ruy(2).

The obvious questions concerning the existence and uniqueness of
the Padé table have well known answers which will be taken for
granted [3; pp. 235-244] .

The study of the general convergence problem, stated below, has
made little progress since Perron’s masterful account of the theory (in
the first edition (1914) of [3]).

CoNvERGENCE ProBLEM. Find relations between the analytic char-
acter of f(z) and the convergence of suitable sequences of approxi-
mants of the associated Padé table.
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176 A. EDREI

The present note continues a recently published paper of Arms and
Edrei [2] and is devoted to the convergence problem posed by the
following class of meromorphic functions.

DEFINITION OF THE cLASS S. An analytic function f(z) belongs to
the class S if it is representable in the form

—1s

1+ oz)

7

I a-89
i=1

Il
—

(3) f(Z) = gger*

where

{ao>0,‘y; 0,
=0,8=0(forallj=1), Y (q+ ) < +.
j

We shall always assume that
qZ ==, BIERZBE

and do not exclude the possibility that some or all of the quantities
aand B be zero.
I prove here a single

THEOREM. Let (1) be the expansion of a nonrational member f
of the class S and let (2) be the associated Padé table. Let {m,}3_,
and {n, } x_, be two sequences of positive integers such that m, — =,
n, — ©. Assume that D is a compact subset of the complex plane and
that it contains no poles of f(x). Then, as A— ®,R,, , (z)— f(z),
uniformly on D.

If y =0 in (3), the above Theorem is an obvious consequence of
Theorem 1 of Arms and Edrei. In the general casey > 0, treated here,
I obtain the Theorem by combining results of Arms and Edrei with
well known properties of normal families.

Is it possible to enlarge the class of functions considered in the
Theorem without seriously affecting the conclusion?

Consideration of the class of real meromorphic functions of order
less than two, with real zeros and poles, suggests itself naturally at
this stage and may warrant further study.

1. NotaTION AND REFERENCES. This note continues the paper of
Arms and Edrei [2].
In order to avoid the repetition of published material
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(i) I assume that the reader has access to [2];

(ii) I adopt without modification all the notations and assumptions
used in the statement and proof of Theorem 1 of [2];

(iii) I refer, without additional explanations to specific formulae of
[2] and use, with their obvious meaning references such as [2; p. 15,
(4.13)];

(iv) [2; p- 4, (13)] contains a misprint which has been corrected in
the corresponding formula (3) of the present note.

2. NorMALITY OF THE PADE ApPROXIMANTS. From this point on,
{m,}3-, and {n,}7_, denote two sequences of positive integers such
that

(2.1) m, —> ®, n —> %,
We first simplify our notation by writing P,, Q,, instead of P, ,,
Qs and focus our attention on the sequence of approximants
P,(z)
(2.2 )= 22 (Z=1,2,3, ).
) R\(z) 0.(2)

Let 0 be a bounded region and Q its closure [the word region is used
in the sense of nonempty open connected subset of the complex plane].
We assume

(2.3) B%q; 8 (=123 ).

LemMa 1. Let the sequences of integers {m, }, {n, }, satisfy the condi-
tions (2.1), let the approximants R,(z) be defined by (2.2), and let ()
be a bounded region satisfying the condition (2.3). Then,

(i) for A > No(Q), the approximants R,(z) have no poles in Q;

(ii) the functions {R,(z)} (A > Ao(Q)) form a family normal in Q.

PROOF OF ASSERTION (i). Assume that (i) does not hold. It is then
possible to find a sequence

(2‘4) Al) AZ) AS) T

such that each @, (z) has some zero in Q.
From (2.4) extract a subsequence {u } s, chosen so that

Lo

lim
k— o n“k
[We do not exclude the occurrence of ® = + ©.]
By Theorem 1 of [2; p. 4]
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(2.5) Q., (&) > exp ( {225 (1 = B2) (k> =)

uniformly in ). [For @ = + @, the exponential term is absent from
2.5).]

Now the limit function of the polynomials Q,, does not vanish on
the compact set 0. Hence, for k large enough, these polynomials have
no zeros in {. This contradicts the construction of (2.4) and hence
proves assertion (i) of the lemma.

PrOOF OF ASSERTION (ii). By assertion (i) all the functions of the
family

(2.6) {R\(z)} (> ro(D)

are regular in Q. This enables us to use the simplest definition of
normality (see, for instance, [1; p. 168]) and to avoid the slightly
more cumbersome consideration of normal families of meromorphic
functions.

To establish the normality of the family (2.6) we start from some
given infinite sequence of strictly increasing integers and select one
of its subsequences, say {¥x} %-;, such that

my,

lim =0 == +x)

koo N vy
Hence, by Theorem 1 of [2]

2.7) P, (z) = ao exp ( lw-:zw > H 1+ az),
izl

(2.8) Q. (z) — exp ( 1 + > IT @ -587),
izl

uniformly in ). [For w = + ®, the exponential term is absent from
(2.8) and equal to exp(yz) in (2.7).]
We thus conclude that

P, (z)
e f(z),
0. 1%
uniformly on {. This proves the normality of (2.6) in Q.

3. ProorF oF THE THEOREM. By assumption, D contains no point of
the set

P = {1IB;};=1-
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Since the set % has no finite limit point and D is compact, the dis-
tance between % and D is positive and we may select 7 smaller than
this distance and satisfying the additional conditions

1
1 0<m<——.
(3.1) <n B,

Consider now the set

Q= {z:lz|< LO<L< +oo),|z—-/31—-l>n(j=1’2,3, )},
]

where L is large enough to imply
DC{z: z|< L}
It is clear that ) is a bounded region which contains the interval
—L<x=0, y=0 (z=12x+1iy),

satisfies (2.3) and the additional condition
(3.2) DCQ

In view of Lemma 1, the sequence

{R(2)} AZ ()

forms a family normal in ).

Put
=— =r< -1
x (0 =x< B, ) s
in [2; p. 14, (4.3)]. Using the notation of (2.2), we conclude that

A0 = Rl = | S0 =275 | = 3 e

k=m,+1

Hence, in view of (2.1)
33) R(z) = f(z) (A > =),
at all points of the interval
-1 _ = =
max( B, L)<x_0,y 0,

which is contained in ). From a fundamental property of normal
families [1; p. 172, exercise 2] we now deduce that (3.3) holds uni-
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formly on every compact subset of (). By (3.2), D is such a subset; this
remark completes the proof of the Theorem.
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