ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volmue 6, Number 1, 1976

ON THE WEAK CONVERGENCE OF
SIMILAR PROBABILITY LAWS

RAMACHANDRAMURTY PONNAPALLI*

The concept of types of random variables can be extended to random
vectors in several ways. It is shown in this paper that with some
natural extensions of this concept, convergence of laws is in reality
convergence of types as in the case of random variables.

DEeriniTioN 1. We say two random variables X and Y (or their prob-
ability laws) are of the same (positive) type if 3b > 0 and a such that
£L(Y) = L(a + bX).

DEerinITION 2. We say a random variable X (or its law) is degenerate
if3csuchthat P(X = ¢) = 1.

DerFiniTioN 3. We say a distribution function F(x) is defective if
F(+®)— F(—®) <1, or equivalently, if F(+®)<1, or F(—®)
> 0 or both.

In this paper we are primarily concerned with distribution functions
of random variables which are necessarily nondefective.

Derintrion 4. We say U, converges weakly to U (U,5 U)
or £(U,) - £(U) if for every continuity point z of F(u)=
PU=wu),P(U, = z) = F,(z) > F(z).

This definition holds both for random variables and random vectors.

We restate the familiar result about the weak convergence of types
of random variables as follows. If, for sufficiently large n, X,, and Y,
are of the same type and X, > nondegenerate X and Y, -5 non-
degenerate Y, then X and Y are of the same type [1, Theorem 1, p.
40]. It is this result that justifies the usage that a sequence of random
variables Z, has, asymptotically, a normal distribution (without speci-
fying the norming constants). Since all (univariate) nondegenerate nor-
mal distributions are of the same type it follows that for any sequence
of constants a, and b, > 0 the limit law of a, + b,Z, is also normal
possibly with different mean and variance if it is nondefective and
nondegenerate.
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The author introduced the following concepts of similar probability
laws of random vectors in [3].

DeriniTioN 5. We say two random vectors U’ = (U,, Uy, * - -, U,)
and V' = (V, V,, - -, V,) or their probability laws are similar if 3
a nonrandom vector A’ = (a,,ay, - * *,a,) and a nonrandom non-
singular p X p matrix B = (b;;) such that £(V)= £(A + BU). We
then write U ~ V. They are said to be strongly similar if 3 a scalar
b# 0 such that £(V)= £(A+ bU). We write ULV if they
are strongly similar.

DeriniTiON 6. We say a random vector U (or its law) is nondegen-
erate if there is no hyperplane in R, containing the total mass of the
probability distribution of U; that is, if there exists no nonrandom
2= (R, %, L) # (0,0, -+, 0) such that PQ,U, + 2,U, + - - -
+ 2,U, = £) = 1 for some scalar %.

Some authors use ‘nonsingular’ instead of ‘nondegenerate’; the latter
is used here to avoid possible confusion with nonsingularity of matrices.

It is clear that U is nondegenerate if and only if (U, , Uy, - - -, Uy,)
is nondegenerate for all distinct i}, iy, - - -, 4, such that 1 = ;= p, j =

1,2, -+, ¢t

Lemma 1. If P(X,=x)= F,(x) > nondefective F(x) then,
(a) |ay|—> ®© = (X,Ja,) 50, (b) a, >+ =X, + a, converges
weakly to a defective probability distribution.

Proor. Given € > 0, let A(e) be a continuity point of F such that
F(A)>1—e€/4. Since F,(A)— F(A) 31L(e) such that n> L(e)=
|F,(A) — F(A)| < €/2. Now forn > L(e) and x > A(e)

|Fo(x) — F(x)] = [{1 — F,(x)} — {1— F(x)}|=1— F,(x) + 1 — F(x)

=1-F,(A)+1—-FA)=1-F(A)+ %+1—F(A)

IA

+2— =&

€
4
Similarly 3 M(e) and B(e) such that F(B(e)) < €/4, x < B(e), and
n> M(e) = |F,(x) — F(x)| <e. If we let N(e) = max (L(e), M(€)),
then n > N(e), x < B(e) or x > A(e) =>|F,(x) — F(x)| < e. Now given
5> 0,31P(3,¢) such that n> P(§,€) = |a,|8 > Ae) and —|a,[|6 <
B(e). For such n we have

£
2

P(|5> |<8) = Fullanls) = Ful=lanle)

an
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= F(|a,]8) — € — {F(—|a,[8) + €}
= F(|a,|8) — F(—lan[8) —

Z1-S - _oe=1-%
Since e is arbitrary it follows that P(|X,/a,| < §) - 1 as n— « for all
8>0. QED
Part (b) can be proved similarly.

Lemma 2. Suppose 31 sequences of scalars for8n1> " > Eap and
sequences of random variables U,;, U,,, - - U,,,, such that (U,;, U,,,

-+, U,,) 3 nondegenerate (Uy, Uy, *--, U,) and f,+ Ni.| gu
U,; 5 nondegenerate W,. Then lim sup |f,| < o, lim sup |g,| <o,
i= 1,2’ CLp.

Proor. Note that if limsup |g,;|< o, i=1, 2, -+, p, then
lim sup |f,| < ®, for otherwise, 3 a subsequence {n;} such that
f;‘k — *+o and g,; = g;. It follows from a theorem of Prokhorov
[4, Theorem 1.10, p. 166] that _L'(Z, 1 &g Unyt ) — L% gUi)
and from lemma 1(b) that Z£(f, + D% 18niUni) = a defective
probability distribution Wthh cannot be £(W,). We shall show that
limsup |g;| < ®,i=12, -, p by 1nduct10n on p. Suppose first
that p =1 and hm sup |g,;| = . Then 3 a subsequence {nk} such
that |g,,| — <, and from lemma 1(a) f, /g,,kl + Un, 50. This
contradicts .L’(U 1) = £(U,;) from lemma 1(b) if f,,k lgna is un-
bounded. If f, /g, isbounded, then 3 a subsequence ;' such that
furlgn, ) converges to some real ¢, and then, Z(fu:/gsn +
Un,1) S 2U, + ¢) nondegenerate, which contradicts f, - /g, +
Un,1 0. Now suppose the result is true for p, and Z£( f,,
2',’ +11g,,, U,:) = nondegenerate £(W,,,). Suppose lim sup lgni, | =
Then 3 a subsequence {n;} such that

oty &y, + U, S0,

g"k*o i#iy gﬂkio

and

< Zni + 3 B Un,i )—) nondegenerate £(—U; ).

i#ig 8nio

L

It follows from the induction hypothesis that 3{n, } C {n;} such that
f;'x + 2 Enyi U, + U"fc'o >-—) L(a+ z B:U; + Uio)
Enyiy irio 8naiy i

with & and g; finite. Hence P(};.;, B:U; + U;, + a = 0) = 1, which
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contradicts (U, Uy, * - -, U,4,) is nondegenerate. Thus lim sup |g,|
< ®,i=12, ", (p+ 1), and the proof is complete.

THEOREM. LetU," = (U1, Uy, =+ -, Upp), V' = (Vor, Vaas * 5 Vip)s
U'=U,U,,  --,Upy),and V' = (V,Vy, - - -, V). If £(U,)— non-
degenerate £(U) and £(V,)— nondegenerate £(V) and U, ~ V,, for
sufficiently large n, then U ~ V.

Proor. Let £(V,) = £(A, + B,U,) forn= Nwith A,' = (a,1, dpno>

**,a,,) and B, = (b,;;). It follows from the Mann-Wald theorem
[2, Theorem 5, p. 223] that £(U,,) = £(a,; + X%, bu);Uy;) — non-
degenerate £(U;) and from lemma 2 that limsup |a,,|< =,
limsup |b,;| <, j=1, 2, -+, p. Similarly limsup |a,| < =,
limsup |b,;| < o,i=12 -+, p;j=1,2, -, p. Hence I{n;}
such that A, - A and B, — B with elements of A and B
finite. Since £(V, )= £(A, + B, U,) for sufficiently large
values of n; it follows from the theorem of Prokhorov referred to earlier
that 2(V, )— £(A + BU). Since £(V, ) also converges to £(V)
it follows that £(V) = £(A + BU). Since V and U are both non-
degenerate, B is nonsingular, and the proof is complete.

The following analogous result for strong similarity is proved in
[5]. If £(U,) — nondegenerate £(U), £(V,) — nondegenerate
£(V), and U, 2 V, for sufficiently largen, then U~ V. One can
also define an intermediate type of similarity with diagonal matrices
B, and the theorem remains true for this type of similarity also.

It is easy to see that any two (nondegenerate) multivariate normal
distributions are similar, and it follows from the above theorem that if
L(U,)—> N(w, 3), then L(A, + B,U,)—> N(v,¢) if B, are non-
singular (for sufficiently large values of n) and the limit law of A, +
B,U, exists and is nondegenerate. This justifies the usage that a
sequence of random vectors U, is asymptotically multivariate normal
without specifying the “norming constants” A, and B,
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