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BOUNDARY VALUE PROBLEMS FOR SECOND ORDER
ORDINARY DIFFERENTIAL EQUATIONS AND
APPLICATIONS TO SINGULAR PERTURBATION

PROBLEMS ON [a,b] C (-, ®]
TAI-CHI LEE

Throughout this paper we will assume that L = D2 + p(t)D + q(t)
is disconjugate on [a, b], where D = d/dt. Let (u,,u;) be a funda-
mental principal system of solutions of Ly = 0 on [a, b].

Let u(t) = u,(t) + uy(t). Define
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for each y € C'(a,b), and a =t = b, where W(d,, ¢) =1y’ —
&1 bo.

Assume o,8 € C¥a,b), a =8, f(t, y, y') € C(G), where G=
{t,y,y'):a<t<b, a(t) y = B(t), and 'y | < % }, DNo(a), Da(b),
DB(a), ‘DYB(b) exist, and r\' a(t), D1B(t) are bounded on (a, b). Let

(4) A = max(DB(b) — Da(a), DB(a) — (b)),
"ty + W(u,, u.
(5) F(t.y.2) = (1,4, u(t()u 7).

DerFIntTION. f(t, y, y') is said to satisfy a generalized Nagumo con-
dition on (a,b) with respect to the pairs (uj,u;) and (o, B) if
there exists a positive continuous function ¢(s) on [A, © ) such that

© Wf(Z;fiiz)(w | E(t, y, )| = (zl), for alt) = y = B(2),

a<t<b, |z| <o,
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where A is as in (4).

Let N be such that
(8) N>\
N s
9
©) [N
(10) [Dla(t)], [D8(t)] < Non [a, b).

Assumption A. The function f(t, y, y') € C((a, b) X R?), a and
B E C3a, b), and, fora< t<b, LB= f(t, B, B'), La= f(t, &, a’),
a(t) = B(t). Also f(t, y, y') satisfies a generalized Nagumo condition
on (a, b) with respect to a and B. Let N be such that (8)-(10) hold,
k(t) be any positive continuous function such that vk € L![a, b], i =
1,2, and assume vA, v;A € L'[a, b], i = 1,2, where

0)(t) = ua(t)W(uy, ug)(t),
0a(t) = u () W(uy, ug)(t),
A(t) = inf{F(t, y, z): a(t) = y = B(t),
|2] = N,a < t < b} — (w/2)k(¢),
A(t) = sup{F(t, y,z) : oft) = y = B(¢),
|2| = N,a < t < b} + (w/2)k(¢).
Let

(11) My = DB(B) = [ vals)A(s) ds, No = Daib) = [ oa(s)A() ds,

(12) M, = 28(@) = [ 0166 ds, Ny = Dafa) = [ vi(9A(s) ds,

(13) Jo = {(x,y): Dafa) = x = DPB(a), No = y = My},

(14) J, = {(x,y): DVa(b) = x = DB(B), N, = y = M,},
(15) Lo = {(Da(a),y): No = y < Dlefa))

U {(2%B(a),y) : D'B(a) < y = My},
(16) [y = {(2%(b),y): N, S y < Dia(b)}

U {(DB(b),y) : DIB(b) <y = M,}.
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TueoreM 1. Let Assumption A hold and assume that a is finite.
If, for i = 0, 1, the continuum (); is contained in [; and intersects both
linesy = M;, y = N, then there exists a solution y(t) of Ly = f(t,y,y")
such that

(D(a), Dly(a)) € Qo — T,
(D%(b), Dly(b)) € Q — Ty,

and
at) = y(t) = B(t) for t € (a, b),
where b is possibly a finite singular point or .

In the proof of theorem, we first obtain a solution to a slightly
modified problem by using the Tonelli procedure for demonstrating
the existence of solution to initial value problems and the intermediate
value theorem for continuous functions. Finally, by means of differen-
tial inequalities, we conclude that the solution to the modifying equa-
tion is a solution to the problem considered.

"CoroLLarY 1. Let Assumption A hold. Then the boundary value
problem

Lz= f(t,z,z"),a< t < b,
a,D%(a) + a,D'z(a) = A,
b, DY%(b) + by D'z(b) = A,
where (a\ + a,2)(b,2 + by?) # 0, Ay, A, € R, has a solution
oft) = z(t) = B(t) for a< t<b,

provided
ay~'[a,D%(a) + a;D'afa) — Ag] =0,
ay~'[a;DPB(a) + axD'B(a) — Ag] =0,
ifas # 0
or
Dig(a) = Alay < DB(a) ifa = 0,
and

by~ '[b;D%(b) + byD'a(b) — A}] = 0,
by~ ' [biDB(b) + byDIB(b) — A] =0,
ifby # 0,
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or
Doa(b) = AJb, = DB(D) ifby = 0.

CoroLrLarY 2. Let Assumption A hold. Then the boundary value
problem

= f(t,3,z2"),a< t<b,
a,2(a )+a2z (a) = A,
b, D%(b) + byD'z(b) = Ay,
where (a,®> + a;2)(b,2 + by2) # 0, Ay, A; € R, has a solution
oft) = z(t) = B(t) for a<t<b,

provided
a;"'[a,a(a) + aza’(a) — Ay) =0,
a;"'[aB(a) + aB’(a) — Ay =0, ifay # 0
or
ola) = AgJay S B@) if ay = 0 and wy(a) = 1,
and

by='[b,Da(b) + byD'a(b) — A)] = 0,
by~1[b,DB(b) + by D'B(b) — Aj] = 0ifby # 0,
or
Da(b) = A,fb, = DB(B) if by = 0.

These results generalize most of the existence theorems in [1],
[2], [4], [7], [8], [10], [11], for the solutions of two-point boundary
value problems on the finite interval and also apply to nonlinear
boundary conditions as well. Finally, the results are used to deduce
the existence of solutions to singular perturbation problems on [a, b]
C (=, =], which are of the general form

(17) Ly=ey" + Ky' + My = f(t,y,y',€), —® <a=t=b=»,
(18) ayy(a) + agzy’'(a) = A, D(b) = B..

The procedure used to treat (17)-(18) starts by assuming the
existence of an appropriate approximate solution to (17)-(18). Such
a solution is usually obtained by inspection or some approximation
method and is another interesting and difficult problem in itself. From
this approximate solution we show how to construct upper and lower
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solutions. Therefore, existence of solution to (17) and (18) follows im-
mediately from Corollary 2. Moreover, the true solution obtained lies
between the upper and lower solutions and so a measurement of how
much the true solution differs from the approximate solution, as
€ — 0, is available.
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