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BOUNDARY VALUE PROBLEMS FOR SECOND ORDER 
ORDINARY DIFFERENTIAL EQUATIONS AND 

APPLICATIONS TO SINGULAR PERTURBATION 
PROBLEMS ON [a,b] C ( - o o ? o o ] 

TAI-CHI LEE 

Throughout this paper we will assume that L—D2-\- p(t)D + q(t) 
is disconjugate on [a, b], where D = dldt. Let (ul,u2) be a funda­
mental principal system of solutions of Ly = 0 on [a, b]. 

Let u(t) = Ui(t) + u2(t). Define 

for each y (E C^a, b), and atàt^kb, where W($1? <£>2)
 =<f>i<t>2f ~~ 

Assume a ^ £ C 2 ( a , f e ) , a ^ / 3 , /(*, t/, y ' ) £ C ( G ) , where G = 
{(*, y,y'):a<t<b, a(t)^ y g £(*), and \y f\ < oo }? 2>°a(ö), 2>°a(k), 
2N°/3(a), £>°/3(fo) exist, and £>!a(£), ^VßW are bounded on (a, b). Let 

(4) A = max(2>()/3(fo) - !fc«a(a), <h°ß(a) - ^{)a(b)\ 

(5) F{t,y,z)-f^y, — ) . 

DEFINITION. f(t, y, y') is said to satisfy a generalized Nagumo con­
dition on (a,b) with respect to the pairs (ul,u2) and (a, ß) if 
there exists a positive continuous function <j>(s) on [X, oo ) such that 

u:i(t) 
(6)

 W2 ( U i ?4)(o | F(*> ̂ z)| - *(N)'for aW - » - m > 
a< Kb, \z\ < oo ? 

and 

(7) —— ds > sup —— - mf —— = K, 
h <t>(s) a<t*b U(t) a<t<b U(t) 
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wheri e \ is as in (4). 

Let N be such that 

(8) 

(9) 

(10) |2V 

f 
•owi.r 

N>\ 

<f)(s) 

E£(t)| <Non [û: .&). 

Assumption A. The function /(£, i/, (/') G C((a, fo) X R2), a and 
y3 G C\a, b), and, f o r K K i , L/3 g f(t, ß, ß '), L a â / ( i , a, a ' ) , 
a(f) = ß(t). Also /(f, y, y') satisfies a generalized Nagumo condition 
on (a, b) with respect to a and ß. Let N be such that (8)-(10) hold, 
k(t) be any positive continuous function such that vtk G Ll [a, b], i = 
1,2, and assume û A, Ü;A. G L1 [a, b], i = 1, 2, where 

Ol(*)=«2(*)/W(«1,U2)W, 

Ü2(*) = « iW/W^i , u2)(t), 

k(t)= m{{F(t,y,z):a(t)^y^ß(t), 

\z\^N,a<t<b} - (nl2)k(t), 

A(t) = sup{F(*, y, z):a(t)^y^ ß(t), 

\z\^N,a<t<b} + (nl2)k(t). 

Let 

(11) M0 = 2>°/3(fo) - P v2(s)k(s) ds, N0 = !fc0a(&) - P u2(s)A(s) ds, 
Ja J a 

(12) M! = to°ß(a) - P u,(s)\(s) ds, Ni = £°a(a) ~ P ui( s)A( s) *> 
Ja Ja 

(13) Jo = {(*, y) : 2N«a(a) ^ x g Wß(a), N0^y^M0}, 

(14) / ! = {(x, y) : 2>°a(b) ^ * ^ 2>°/8(fo), ^ ^ y ^ M J , 

(15) r 0 = {(2>°a(a), y):N0^y<*h la(a)} 
U{(Wß(a),y):2>lß(a)<y^M0}, 

(16) r , = {(2>°a(k), y) -Ni = î/ < ^ « W } 

U{(2 i ( )3 ( fo ) ,y ) :2 iWfo)< t /^M 1 } . 
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THEOREM 1. Let Assumption A hold and assume that a is finite. 
If for i = 0 ,1 , the continuum ili is contained in Jt and intersects both 
lines y = MÌ9 y = Nh then there exists a solution y(t) of Ly = fit, y,y') 
such that 

( ^ ° y ( 6 ) > a l y ( f e ) ) G n i " r i ' 

and 

a(t)^y(t)^ß(t)fortG(a,b\ 

where b is possibly a finite singular point or <*>. 
In the proof of theorem, we first obtain a solution to a slightly 

modified problem by using the Tonelli procedure for demonstrating 
the existence of solution to initial value problems and the intermediate 
value theorem for continuous functions. Finally, by means of differen­
tial inequalities, we conclude that the solution to the modifying equa­
tion is a solution to the problem considered. 

COROLLARY 1. Let Assumption A hold. Then the boundary value 
problem 

Lz = f(t,z,z'),a< t< b, 

a^z(a) + a22>lz(a)= AQ, 

bl
çh{)z(b)+ b2^

lz(b) = Al9 

where (a^ + a2
2)(bl

2 + b2
2) ^ 0, AQ, AX G R\ has a solution 

a(t) ^ z(t) ^ ß(t) for a< t < b, 

provided 

a^la^da) + a2^
la{a) - AQ] ^ 0, 

a2-*{ay<b{)ß(a) + a2^ß{a) - Ao] g 0, 

if a2 / 0 

or 

2N°a(a) ^ Aola, g <h*ß(a) ifa2 = 0, 

and 

b2-
ì[bl^céib) + b2^

la{b) - Ax] ^ 0, 

b2-
l[bi<Jb0ß(b) + b2^

lß(b) - AJ g 0, 

ifb2 f 0, 
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or 

<£>{)a(b) ^ AJbl g &°j8(fe) ifb2 = 0. 

COROLLARY 2. Le£ Assumption A hold. Then the boundary value 
problem 

Lz = f(t,z,z'),a< t< b, 

aYz(a) + a2z'(a) = Ao, 

bl
(à{)z(b)+ b2^

lz(b) = Al9 

where (a{
2 + a2

2)(bl
2 + b2

2) 7̂  0. Ao, ^1 *= R1, /ias a solution 

a(t) g z(f) ^ /3(*) for a<t<b, 

provided 

ö2
_ 1[öia(a) + a2a'(a) — AQ] ^ 0, 

a2-
l[afi(a) + <y8'(a) - A)] g 0, 1/02 7̂  0 

or 

a(a) S Ao/ax â 0(a) if a2 = 0 and ux{a) = 1, 

and 

V ^ i ^ V f r ) + b2<£>la(b) - A,] ^ 0, 

fe2-
1[fe12>()/8(fe) + b2^

lß(b) - Ax] ^0ifb2 ji 0, 

or 

!k°a(fc) = A^fei ^ !fc()/8(b) 1/ fe2 = 0. 

These results generalize most of the existence theorems in [ 1], 
[2], [4], [7], [8], [10], [11], for the solutions of two-point boundary 
value problems on the finite interval and also apply to nonlinear 
boundary conditions as well. Finally, the results are used to deduce 
the existence of solutions to singular perturbation problems on [a, b] 
C (— 00 ? 00 ] ? which are of the general form 

(17) L€y = ey" + Ky' + My = f(t,y, y ' ,e), - 00 < f l g ^ f e S 00 , 

(18) aiy(a) + a2y'(a) = 4 , &°y(b) = B€. 

The procedure used to treat (17)-(18) starts by assuming the 
existence of an appropriate approximate solution to (17)-(18). Such 
a solution is usually obtained by inspection or some approximation 
method and is another interesting and difficult problem in itself. From 
this approximate solution we show how to construct upper and lower 
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solutions. Therefore, existence of solution to (17) and (18) follows im­
mediately from Corollary 2. Moreover, the true solution obtained lies 
between the upper and lower solutions and so a measurement of how 
much the true solution differs from the approximate solution, as 
e —» 0, is available. 
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