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SINGULAR PERTURBATION OF SOME QUASILINEAR
PARABOLIC EQUATIONS IN DIVERGENCE FORM

MIN MING TANG

Let Q C E*, n= 2, be a smooth domain. Consider for every € > 0
and ¢ > 0 the initial value problem

3 L )
€U, — —aix, t,u,u,,€
i=1 dxi "
+ a(x, t, u,u, €)u + €f(x, t,e) = 0.
u(x,t,e) =0, forx &€ IQ.

u(x,0,€) = d(x,¢), forx € Q.

n
(L) Y alx, t,u, u, €)u, = v|Vul|2
i-1

lai(x, t, z, p,€)l = M(|z| + |p|), and
a(x, t,u,u,€) = 0,foranyx € Q,¢t > 0,andz,p € R X R".

|f(x,t,€)] < Mforanyx € Q,t>0,and0 < e < 1.

The purpose of this paper is to study the behavior of the solution
of (I,) as € > 0. The methods employed here are similar to [5], where
the stability of some quasilinear parabolic equations in divergence
form is considered.

Singular perturbation of quasilinear parabolic equations has been
studied by Hoppensteadt [1]. He was able to obtain uniformly valid
asymptotic expansions of the solution in terms of inner and outer
expansions. However, many hypotheses were required to obtain his
results. In particular, he required certain smallness criteria of the
initial conditions. In this paper we are able to eliminate these special
hypotheses. However, the equations we consider are of a more special
type than was considered in [1] and our results are qualitative.

We will assume a unique classical solution exists for equations (I,).
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Existence theorems for these equations can be found in [3]. [4]
obtained maximum type principles for these equations.

Our method of proof is first to obtain an energy type inequality to
obtain an L?> estimate on the behavior of the solution in the spaces
variables; and then obtain a Di Giorgi-Nash type inequality to improve
the L? estimate to an L * estimate.

We state here the results of this paper.

LemMma 1. Let u(x, t, €) be the solution of (1.). Then the following
estimate holds:

L) u*(x, t,€) dx = B,(t, €) + By(t, €), where

Bi(t,€) = j (i(x, €))? dx e~ and
0N
Bo(t€) = (Ld)e j ; Jﬂ F2x, 7, €)e -5t dx dr.
8 = vlc(mes Q)*™ where c is given by the inequality
jﬂ u? dx = c(mes (2)%n jﬂ |V u|2 dx for u € W,1(Q).

(eq. (1.2) [5])

Moreover, B,(t,e) is of boundary layer type, and PBy(t,€) is
O(e?).

TueoreM 1. Let u(x, t, €) be a solution of (I.). Then, for t > pe, u
arbitrarily small, the following estimate holds

lu(x, t, €)] = B,(t, €) + By(t, €), where

~ t
Bilte)=(oe=n [ Bi(r,€)dr)2+%, and
~ t
ﬁz(t, 6) = (ce—l/)\ J’t_(3/4)m '32(7’6> dT)"I(2'+2)‘)_
_ 2
A n+2°

Moreover, B,(t,€) is still of boundary layer type, and Bs(t, €) is
OfeBr—112+h),

Proor oF LEmMma 1. Multiplying equation (I) by u, integrating
over (), integrating by parts, noting the hypotheses on the coefficients
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of (I.) and dividing by €, we obtain the inequality:

9 2 2
], wdx+ (@) jﬂ |V ul? dx

2| lfuld=Ws) [ fdits, [ wd

Since

(—2v/e) jﬂ |Vul? dx = (2/n)j u? dx,

(esQ

we choose
14

ec(mes Q)(2/n)
We obtain the differential inequality

y'(0) + 8y(0) = (o) [ fra

where y(t) = Jﬂ u?dx.

Using a form of Gronwall’s inequality, we obtain the desired result.

Proor oF TueoreM 1. We will only give a brief outline of the proof
of this theorem, since it is somewhat technical. However, many of the
details of this proof can be found in [5]. In a subsequent paper, we
will include all the details and generalize the results.

We need to define the following terms:

(1) uk(x, t) = max{u(x, t) — k, 0},
(2) Qd—d’lp,pi ={|x - x()l < p — O1p: t() - (1 - 0'2[.16) <t< t()}’

(3) Ak p(t) = {xl lx - xOl =p; u(x’ t) > k}’

to
(@) wlkop,pe)= [ mes Ay, (r)dr,and

- 2 T 2
B luly, = egi—fr;l:;.x Jﬂ u2dx + fo Jn | Vul2 dx.
Then multiplying equation (I,) with u*é%(x, t), where &(x, t) is chosen
suitably, we eventually can obtain the Di Giorgi-Nash type in-
equality
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2
[uko, -

o P e oy HE

= wil(@w) 2 + (@) ) [ [ w—kpdrar

+ (k> + Dulk, p, pe)}.
We now define the following terms:
6) kn=k+ k(1 — (1/2)"),
(7) pn= 112+ (1/2)"*2)p,
8) 7= (112 + (1/2)"*?) ne, and

to

© = |

Using the above inequality, we can show that the following recursion
relationship holds

Yot = (yle)2 (UK2+2)(Lp? + 1pe)y, !,
h=20,--- wherex = 2/(n + 2).
From [2,p.66],y,— 0ash— o« if
Yo < 2 {(yle)(1k>+2)(1p* + e)}="n

to—1)

j (u — k)2 dx dt.
Ak,,, "h“)

Since
= to o _ . 2
o= jt"_(s’““‘ ‘[Ak,mm (u = k) dxdt = Jto—(3/4)w Jo u?dx dt
= Jt" (B(t, €) + Ba(t,€)) dtDéFB(t)e),
to—(3/4)ue
we choose
— G“I/AB(t, E) .
= { (7(1/p + pe)) 1z —4is }x/2+2>\
= c(e~'MB(t, €)M+,
Then
1,
L:—u/z»u jA% o (u — 2k)2dx dt = 0.

Therefore, u(x, t, €) < 2k a.e. Since m spheres of radii p can cover Q
and u(x, t, €) is a classical solution, then u(x, t, €) < 2mk.
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In a similar manner, we can show that u(x, t, €) > —2mk. We have
now proved the desired result.
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