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AXITAL INCOMPRESSIBLE VISCOUS FLOW PAST
A SLENDER BODY OF REVOLUTION

WILLIAM B. BUSH

ABSTRACT. As an example illustrating expansion procedures
for the Navier-Stokes equations involving two parameters, the
axisymmetric incompressible large Reynolds number viscous flow
of a uniform stream past a semi-infinite slender body of revolution
(or ‘needle’) is studied for the case where the radius of the body is
much less than that of the thin boundary layer that the body
produces and supports.

Through the application to the Navier-Stokes equations of
limit process (or parameter-type) expansions that are valid for
both 8, the body thickness parameter, and A, the boundary
layer thickness parameter, going to zero, with the ratio A/8
going to infinity (specifically, A!'70/sC = 1, with Q a positive
constant of order unity), asymptotic solutions are obtained for
the three distinct flow regions that span the domain from the
body surface to the freestream.

1. Introduction. This paper presents an analysis of the axisymmetric
incompressible viscous flow of a uniform stream past a slender body of
revolution for the case where the cross-sectional radius of this body is
much less than the cross-sectional radius of the thin boundary layer
that the body produces and supports. This subject has been studied by
Stewartson [8], Glauert and Lighthill [3], and Mark [6]. Stewartson
treats the case of flow past a cylinder (r,* = by*); Mark treats the case
of flow past a paraboloid (r,* = b, *x*':), the case for which self-similar
solutions exist; and Glauert and Lighthill treat the (more general) case
of flow past a ‘power-law’ body (r,* = b, *x*", with0 = n = 1).

In the present paper, rather than employing the more intuitive ap-
proach of the above-mentioned papers, a more formal approach is em-
ployed. In this approach, through the application of limit process (or
parameter-type) expansions (cf., e.g., Lagerstrom and Cole [4]; Cole
[2]), solutions are obtained to the axisymmetric incompressible Navier-
Stokes equations of motion for high Reynolds number viscous flow past
a slender body of revolution. Such a flow is characterized by two
small parameters, A and §. The parameter A is defined by A = R,
where R = p*u.*a*/u* is recognized as the Reynolds number (based
upon the characteristic axial body length). Further, A is identified as
the boundary layer thickness parameter. The body thickness parameter
8 is defined by 8§ = c*/a*, the ratio of the characteristic normal and
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axial body lengths, such that the equation for the body surface takes
the form (r,*/a*) = §Z(x*/a*), with Z a function of order unity. (For a
‘power-law’ body, c* = b, *a*", such that § = b, */a*'~", and (r,*/a*) =
8(x*a*)".) With 8 and X identified as the body and boundary layer
thickness parameters, respectively, it follows that, physically, the ratio
A/8 must be greater than or equal to order unity. For the case under
consideration, where the boundary layer radius is taken to be sig-
nificantly greater than the body radius, this ratio is greater than order
unity

In the limit of both A and & going to zero, subject to the constraint
that /8 goes to infinity, it is determined that three distinct flow re-
gimes span the domain from the body surface to the freestream, namely:
an exterior inviscid region (or layer); an interior viscous region, which
is made up of an outer viscous (or boundary) layer and an inner
viscous (or surface) layer; and a transition viscous region (or layer),
intermediate to these exterior and interior regions. In the papers cited
previously, neither the exterior inviscid region nor the intermediate
viscous region is treated; while, the interior viscous region is treated as
a one-layer region. It should be noted, however, that the exterior
inviscid region and the intermediate viscous region solutions do not
play a primary role in the determination of such properties as the
viscous stress at the body surface (skin friction). Further, in the
previous (boundary layer) treatments of the interior viscous region, the
two-layer character of this region is implicit in the methods of solution
employed. Indeed, it should be emphasized that the representations
introduced in the present analysis are motivated, in part, by the re-
sults obtained in these previous analyses. It is the purpose of the more
systematic approach of this paper to present the results within a
framework that both clarifies the problem at hand and offers guidance
for the solution of future problems by perturbation techniques involv-
ing two parameters.

In the analysis presented, the asymptotic solutions for the exterior,
interior, and intermediate regions are shown to match, subject to cer-
tain restrictions on the domain of validity of the analysis. Rather than
A(= R7":) and & being independent small parameters (as is initially
implicitly assumed), it is determined that they are related by A!+¢/§©
=1 (and/or R +Q/2Q = 1), where Q is a positive constant of order
unity. Further, it is found that the ‘power-law” body exponent n must
satisfy 0 < Q/2(1+ Q) = n = 1, and, thus, the case where the body is a
cylinder (with n = 0) is excluded from the present analysis.

2. The Equations of Motion. Consider the uniform axisymmetric
flow of a fluid of constant density and viscosity (p*, u* = consts.) past
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a slender body of revolution. Let x* = a*x and r* = a*r represent the
cylindrical polar coordinates along the axis of symmetry from the
vertex of the body and normal to this axis, respectively, with the
characteristic axial body length a* chosen so that x is of order unity in
the region where the interaction theory presented is valid. The
velocity components in the x*- and r*-directions are u*(x*, r*) =
u*u(x, r) and v*(x*, r*) = u.*v(x, r), and the pressure is p*(x*, r¥) =
p* + p*u*?p(x, r), with u.* and p.* respectively, the (constant)
velocity in the x*-direction and pressure in the undisturbed region far
from the body surface.
The Navier-Stokes equations of motion governing such a flow are

: 1 9 1 9
o Om) o) _ o law 1w
ax ar r or r ox
uau T ou +_3&___A2[1 (r 3u> Bzy]’
ax ar dx r ar ar 9x?
(2.2a)
] a ad 109 2
LA Y4 p—_—)\z[ (_(m))+ 8.0]
ar ar ar r odr dx?
(2.2b)
Here, the parameter A is defined by
(2.3) A = (p*u*a*{u*)~': = R

In this analysis, it is taken that R — o, and, thus, A — 0.
The uniform freestream and nonslip surface boundary conditions,
respectively, for this system are

(2.4a) u—>1v—>0andp =>0asr - o (0 < xy = x);
(2.4b) u,v > 0asr — §Z, with Z = fac(x) (0 < xy = x).
Here, x, is the lower bound on x (to be specified). Further,
(2.5) 8 = c*la*,
with c* the characteristic normal body thickness. In this analysis, it is
taken that § — 0. Although a general body shape function Z(x) of
order unity is considered, special attention is directed to the ‘power-
law’ body, for which Z(x) = x" (and ¢* = b, *a*").

As has been noted, it is taken that both of the parameters —§, the
body thickness parameter (appearing in the boundary conditions),
and A, the ‘effective body’ (or boundary layer) thickness parameter

(appearing in the equations of motion) —go to zero. In the present
paper, solutions are developed for the case where the boundary layer
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thickness is large compared to the body thickness, i.e., for
(2.6a) T=7\8) = N8 —> .,

In much of what follows, however, rather than to employ the large
parameter 7, it is more convenient to employ the small parameter e,

defined by
(2.6b) € = €\, 8) =log~'7(A, 8) = log~'(A8) — 0.

In the limit of A\, 8 — 0, and 7(\, §) — o (and/or €(), §) — 0), the
analysis of the flowfield divides into one for an exterior inviscid region
(or layer); an interior viscous region, which consists of an outer and an
inner viscous layer; and an intermediate viscous region (or layer). The
formulation for the exterior inviscid region (or layer) is presented in
§ 3; the formulations for the outer and inner layers of the interior
viscous region are presented in § 4; while that for the intermediate
viscous region (or layer) is presented in § 5. It is determined that the
parameters A and § are not independent, but, rather, are related by

(2.7a) A11O[80 = 1, with Q = positive const. of O(1),
and, in turn,

T= )\/8 = 6—1/(I+Q) = A*I/Q;

e = log=!(A\/8) = (1 + Q) log='(1/8) = Qlog='(1/n).
Further, based on equation (2.7), it is noted, for future reference, that
(2.8a) AZem = Q "A2log™(1I\) = (1/e)™ exp{—2Q(1/e)} — 0;
(2.8b) &%em = (1 + Q)~™8%log™(1/8)

= (lle)" exp{—2(1 + Q)(1/e)} — 0.

3. The Exterior Inviscid Region. To initiate the analysis, the ex-
terior inviscid region (or layer), produced by the interaction of the
slender ‘effective body’ (i.e., the combination of the actual slender body
and the thin viscous layers adjacent to the body surface) and the uni-
form external flow, is studied.

For this exterior layer, the independent variables x and r are both of

order unity; while, the dependent variables are taken to have the
representations

(2.7b)

(3.1) u=1+oU,v=0V,p= 0P,

where the inviscid perturbation parameter o is taken to be o =
A% — 0. (That o = A% is the appropriate inviscid perturbation scal-
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ing is determined only after consideration of the solutions in the in-
terior viscous region.) In terms of the variables of equation (3.1), the
equations of motion become

arU) AV

ax ar
6U+0<U 3U+V6V>+3P
ax ox ar 0x
(3.3a)
S [, Uy, ]

r or ar dx2 ’
oV +0’<U 8V+V6V>+6P
ox ox ar ar

(3.3b)

8 /1 8V 82V
()
ar r  ar dx2

The freestream boundary conditions are
(3.4) U, V,P - 0asr — o (xfixed).

The perturbation flow quantities U, V, and P are taken to have
asymptotic expansions of the forms

(3.5a) U= (Uy+ €U, + €Uy + )+ -,
(35b) V= (Vo+eV,+e2Vy+ )+ ---,

(3.5C> PZ(P()+EP1+EZP2+“‘>+"'

Then, the governing equations for Uy, Vj, and Py(k = 0, 1,2, - - -) are
a(rUy) + a(rVy)

. =0,
(36) 0x ar
ad
(3.7) Uy | 3B =0, Vi | 9P _
dx ox ox ar
The momentum equations, equations (3.7), yield the following:
. 6Vk 6Uk C@k
.8 = = y = < —_— > —_ = R
(3.8) Ik = (Px+ Uyx) = O, P o ar

with ©, functions of r (to be determined). If this flow is taken to be
irrotational, i.e., ) = 0, then, dO,/dr = 0, and/or®, = const. The free-
stream boundary conditions yield ®, = 0. Thus, the equations of mo-
tion reduce to the ‘small disturbance theory’ equations for inviscid
irrotational incompressible flow past a slender body of revolution (cf,,
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e.g., Ashley and Landahl [1]; Cole [2]), namely:

1 9 920, RN
r or (T ar ) + w2 0,
(3.9) .
with Uk= —Pk= —* 7Vk= aq)k .
0x ar

As r — 0 (x fixed), it is determined (cf. Cole [2]) that the solutions
for @, are of the forms
Qk ~ - Sk IOg(l/T) + Tk

(3.10a) ‘
14%(Sk + 2Ty)

+1[°il2 g(llr) + ——d—,—-]r2+"‘,

with S, and T functions of x (to be determined). Thus, in this limit,
Uk, Vi, and Py are given by
(3.10b) ds dT
= P ~ — 2% fhadall. ST _~ R
U,= —P I log(1/r) + I + s Vi~ Si(Lir) + .
From equation (3.10), it follows that, as r — 0 (x fixed), the asymptotic
behaviors for u, v, and p are given by

(3.11a) u~1+ A% {2 €k [— ik log(1/r)
+ %ﬁi + ] }

(3.11b) v~A26{26"[Sk(1/r)+"'] 4o }
k=0

(3.11c) p~ \% { 3 e [ %log(lh)
k=0

_%.’_...] +...}'

The appropriate functions Sy are determined only after the matching of
the solutions for the outer and inner layers of the interior viscous
region has been performed. When the functions Sy are known, the
functions Ty are found from the solutions of equation (3.9) (cf. Cole
[2]). Here, it is anticipated that this matching yields S, = 1, and that
the resulting solution for @, is that for flow past a paraboloid, namely:

(3.12a) o, = ‘é‘log{(xz + 1) — 1},
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such that
- _ 0Dy 1
Uop=—Po= ax 2+ )’
(3.12b)
Ve = 0Py  (x2+rH):+x
0 ar 2r(x? + r2)'":

For this solution, it is found that T, = (1/2){log(1l/x) — log 2}, such
that dTo/dx = —1/2x. From the above-mentioned matching, it is
determined that, for a ‘power-law’ body, S, = (1/2){(1 — 2n)
log(Lix) + ¥}, - - -

With S, =1, dSodx =0, To= (1/2{log(l/x) — log2}, dTyldx =
—1/2x, 8, = (1/2){(1 — 2n) log(1/2) + y},dS,/dx = —(1 — 2n)/2x, - - -,
then, at the ‘inner edge’ (where r — 0 (x fixed)) of this exterior layer,
this exterior layer,

(3.13a) w~1-— A% {[2% + ]

[ﬂ;_xf%n) log(1/r) + - - - ] TR }
(3.13b) o~ A%{[(l/r)+ -]

+ €[ 3{(1 — 2n) log(L/x) + y}(Lr) + - -] + -},

(3.13c) p~ A% {[§1; + ]

[(——1 ;:‘") log(1/r) + - - - ] 4o }

Written in terms of the outer viscous layer coordinates x,y, with
y = r/\, equation (3.13) yields the following ‘outer edge’ (y — » (x
fixed)) boundary conditions for the outer viscous layer:

(3.142) u~ 1= {[ % + o] —etogam [ d ;xQ")]

e (852 gy ] e )

=1— QaZlog~!(1/A) {[ 1-00=2n + .- ]

2x

+ Qlog=!(1M) [(l;__x_Zg_) logy + - -+ ] + - },
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(3.14b) v~ Ne{[(Lly) + - - -]
+e[1{(1 — 2n) log(Lx) + y}(Ly) + -] + -+ -}
= Qnlog~'(UIN{[(Uy) + - -]
+ Qlog ') [3{(1 = 2n) log(1/x) + y}(Lly) + - -]
+ooe),

om pve{ [+ J-evmon 252

+e[(1;x2"> logy+ - ] + 1.

= OA2log~'(1/A) { [ I_ZQ_;C;%@ + - ]

1—-2
+ Qlog! 1/A)[(2—;£) logy + ] + o }
for the ‘distinguished limit’ of

log(1
(3.15) € log(1/x) = 1—2;2%7‘; Q = const. of O(1).
For this ‘distinguished limit" it follows that the parameters A and § are
not independent; rather, they are related by

(3.16) ALHO[80 = 1.
4. The Interior Viscous Region

4.1. The outer viscous layer. The flow in an outer viscous (or
boundary) layer, which is the principal contributor to the slender
‘effective body’, is studied now. In this layer, the flow is taken to be
both (1) ‘Prandt-like’, in that the spatial variables x and r, respectively,
are of order unity and of order A = R~Y2 and (2) ‘Oseen-like’, in that
the flow quantities u, v, and p are viscous perturbations with respect
to their freestream values.

To formulate the problem for this outer viscous layer, then, the ap-
propriate independent variables of unit order are

(4.1) X,y = 1/
while, the representations for the dependent variables are taken to be
u=1+eF+oF=1+¢eF +\2F)=1+ €F,

(4.2)
v = (o/A\)G =G, p=o0H=\%H.
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This representation for u is determined to be one that is consistent with
the one introduced by Lagerstrom and Cole [4] for an ‘Oseen-like’
outer viscous layer and is sufficiently general to take into account
matching with the exterior layer representation. The representations
for v and p are determined to be ones that complement this represen-
tation for u. In terms of these outer layer variables, the equations of
motion become

a(yF) n (yG)

(43) dx dy -
oF te (F oF e oF >
ax Jx dy
(4.42) oH 1 9 dF 92F
2 O _ 1_0 or 2 97
A x [y ay <y ay>+)‘ ax"']’
G +e <P‘ G +C G >
0x 0x Iy
(4.4b)

oH ] 1 a(yG 2
L () ]
dy ay y 9y dx2
Consider, now, that the perturbation flow quantities F, G, and H
have asymptotic expansions of the forms

(45a) F=(Fy+€F +eF+ - )+ AxFo+ef + )+ -,
(4.5b) G=(G) +€G, + €2Gy+ )+ A(Go+ €CG + )+ -+
(45C) H:(H()+€HI+GZH2+ "')+A2(H0+€H1+ "')+ st

Then, subject to the restriction that A%e™ — 0 (cf. equation (2.8a)), the
equations of motion for the zeroth- and first-approximations, essentially
the Oseen equations in boundary layer form (i.e., the (so-called) defect
boundary layer equations), are

a(yFo) 4 9(yGo) =0

>

(4.6) P oy ,
1.9 OFy \ _ 9Fy _
(47) y dy <y dy ) dx
dy \y Jy ax ay ’

ax ay



1 o oF oF dF oF
49a) = < 1 > 1 0 0
(4:92) y oy dy ox [FO ox o ay ] ’
8 /1 a(yG,) > 3G, _ oH,
(4.9b) oy ( y dy ox ay
_ G, 3G,
B [FO dx + Go oy ] '
(The higher order approximations for u, ie., Fo, F\, - - -, are con-
sidered in § 4.3.)

Directly, it is seen, from equations (4.6) and (4.7), that the zeroth-
approximation has the first integrals

dF dr,
(4.10) y < ayo + G0> = Fo, HO == 0o dxo lOg Y,
with Iy and E , functions of x (to be determined). It is taken that, as
y =0 (x fixed), Fy~ — log(lly) » —,Gy — 0 (algebraically);
while, as y — » (x fixed), F, — 0 (exponentially), then, G,~
(1/y) — 0 (algebraically). Hence, it is taken that I'y = S, = 1. Clearly,
in this approximation, the pressure is constant across the layer, i.e.,
H, = E y a function of x.

In the limit of y — 0 (x fixed), it is found that the asymptotic be-
haviors for Fy and G, are

1 dC,

) ~ =1 l 24 ...

(4.11a) Fy og(lly) + Co + 1 dx y>+ ,
1 dC,

(4.11b) Go 5 y ,

with C, a function of x (to be determined). It is noted, for future
reference, that, in this limit,

d
F, Fo | Go 9F,
0x oy
(4.12a) dc 1 d(Cy{Co — 1})
~ _ 9% 1 a(Co{Co = 1}) .
I log(1/y) + 2 It + R
Gy Gy
Fo ax 0 By
(4.12b)

1 d2C, 1
~ 5 oy logllly) — {200

(@)
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The first-approximation has the first integral
aF 9 o )
(4.13) y<—a—1— + G ) =T, + FoGo — EC—(L tF,? dt )

with '} = S, a function of x (to be determined). Based, in part, on this
first integral, it is taken that, as y — 0 (x fixed), the asymptotic be-
haviors for F), G,, and H, are given by

(4.14a) F,~ — K, log(lly) + C,

1 dK, dCo
4 [ dx } log(lly)
_ qd(C,—Ky) | 1d(Co{Cy —3}) 24 ...
{8 dx } vt
_ 1 r dK, — d(C_l__%K_l) R
(414b) G~ | [ o loglly) ix ] y+ oo
(4.14c) H,~ ——=*log(lly) + J, + -+,

with K, =T} — d(f§yFo?>dy)ldx, C,, and J, functions of x (to be
determined).

Collecting terms, the asymptotic behaviors for u,v, and p at the
‘inner edge’ (i.e., y — 0 (x fixed)) of this outer viscous layer are given

by
(415a) u~1+e{[—log(lly)+ Co + - -]

+e[—K, log(lly) + C, + - --] + -},

(415b) v~ e {[_% ddiﬂy+...]

e [} {dKl log(liy) — d(Cld; 1K) Jo o]+ )

(4.15¢) p~ A% {]0+e [idl—i—l- log(1ly) + J, + ] + .. },

Wlth ]() = E 0

Written in terms of the inner viscous layer coordinates, x, z, with
z = 1/6 = (M8)y, equation (4.15) yields the following ‘outer edge’
(z = o (x fixed)) boundary conditions for the inner viscous layer:
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(416a) u~ 1 — elog(\/8) + e(logz + Cy)
— e2log(AM8)K, + €X(K,logz+ C,) + - -~
=e{[logz + (Co — K;) + - - -] + O(e)},

dC,

K,
dx ?

dx

(4.16b) v~ 8¢ {— 1 + 1 elogne) =tz

—ée(ddlil log z + ﬂ—qld——x%l(—l)>z+ }
=ae{[— @Bd;—mz+ ] + Ole) }

DO |—

, , dK
(416c) p~ A% {]0 + elog(\fe) -

+€(— ddlil logz+]1> + - }

v {[(%e0) <] o )

for € log(A/6) = 1,1i.e.,e = log=!(A/§), as defined originally.

4.2. The inner viscous layer. To complete the analysis of the in-
terior viscous region, the flow in an inner viscous (or surface) layer,
which is directly adjacent to the slender body, is studied. In this
layer, the flow is taken to be ‘Stokes-like’, in that (1) the radial variable
is scaled to be of the order of the body thickness parameter, and (2) the
viscous effects are the dominant ones as the velocity goes to zero to
satisty the nonslip boundary conditions at the body surface.

For this inner viscous layer, the appropriate tangential and normal
independent variables of unit order are

(4.17) x, 2= 118(= (\8)y);
while, the representations for the dependent variables are taken to be
(4.18) u = €f,v = deg, p = \h.

These forms for the variables, which are consistent with those intro-
duced by Lagerstrom and Cole [4] for a ‘Stokes-like’ inner viscous
layer, can be ‘derived’ from a consideration of the nonuniformity in
the solutions at the ‘inner edge’ of the outer viscous layer. The form of
equation (4.15a) for y — 0 (x fixed) suggests that € log(1l/y) = O(1)
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or y = O((A/§)~9), where g must be found. If it is taken that u — 0 for
y — 0 (on physical grounds), then, it follows that ¢ = 1. Such a
‘derivation’ yields equation (4.16) from equation (4.15), and, in turn,
yields the proper scalings for the dependent variables in this inner
layer. Introduction of equations (4.17) and (4.18) into equations (2.1)
and (2.2) produces

a( zf a(zg)

ax 9z

3 h
(4.20a) 0<f a;’:+g a£>+ 52 g—x

(o)== 28]

P 9 oh
(4.20D) 0<f ai +g af >+ -

— [ (1 9 . 9%
_[az<z 9z >+8 axQ]'
Here, 6= € exp(—2/e) = (1 + Q)8%1*log~1(1/5). The boundary

conditions to be satisfied are

(4.21) fig »0asz — Z (xfixed).

(4.19) = 0;

It is taken, as suggested by equation (4.16), that the perturbation flow
quantities f, ¢, and h have asymptotic expansions of the forms

(4.22a) f=fotefites+ )+,
(4.22b) g=(g0+eg +e€g+ )+ -,
(4.22¢) h=(hy+ €h, + €hy+ )+ -~

Then, subject to the restrictions that 6/e™ and §%e™ — 0 (cf. equation
(2.8b)), the equations of motion and the boundary conditions, for k =
0,1,2, - - -, reduce to

(4.23) sz ;fk) 0,

(4.24) —a—(z‘;—fz> =o,i<l 9(22) ) _ O,

0z 9z \z 0z 9z
(4.25) fio & = 0asz — Z (xfixed).

The solutions of these equations, the Stokes equations in boundary
layer form, are determined to be
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(4.26a) fi = A(log z — log Z),
4.96b dA d(Ai{log Z + 1/2
( ) gk=-%—dxizlogz+% AcflogZ+ 1l ix Y
d(AcZ?)
-1
4 dx (1/z),

(4.26¢) he = — -dcz—" logz + A dl;’ Z) 4 B,

Here, A and By are functions of x (to be determined).
Collecting terms, the solutions for u, v, and p can be written as

u=e{[< zoekAk> (log z — log Z) ]+ }

—5{2 [Ax(log z — log Z)] + },

dA;
dx zlog z

(Ak{log Z+ 3 })
dx

d(Ak )<1/) ]+ })

—
N
[\
J

B
[§]

I
®
—r—
Ea) M
m

x>
~
|

DO =

+
DO |t

W=

(427c) p=»\% { > ek [— d—(;‘:— log z
k
d(Alog Z) N
+——g—dx +Bk] + - }

Written in terms of the outer viscous layer coordinates x, y, equation
(4.27) yields the following ‘inner edge” boundary conditions for the
outer viscous layer:

(4.28a) u=e { S k[ Ac(log(\/8) — log(1ly) — log Z)] + - - - }
k=0
= Ay — €{[Aolog(lly) + (Aglog Z — A)) + - -]
+e[A log(lly)+ (A log Z— Ay) + -+ -] + -}
=1+ e{[ — log(lly) + (A, — log Z) + - - -]
e[— A log(lly) + (A, — AjlogZ) + - -] + - -},
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(4.28b) v= Ae{ 2 €k [— %d—é:—k-y(log()\/S) — log(1ly))
1
+ % d<Ak{10§xZ + 2}) —%(8/)\)2 d(AkZ ) (1/ )]
+ ... }
_ 1 _d(A — log Z) .
A [ s 2 l dx y+ ]

(4.28¢) pzx%{zek[ (\8) — log(1fy))
k=0

dlog?) ]y

S (e ]

+

dA,
+ € [ T log(1/y)

+ {8 - ‘:llogz)} ]+}
for Ay = 1(and € log(A/8) = 1).

From a comparison of equation (4.15) and (4.28) it is seen that the
outer layer-inner layer matching requires

(4.293.) AI CO + log Z A2 = Cl + (CO + log Z) lOg Z

dCO dCl
.29 By= ], + cee.
(4 2 b) 0 ]0 lx ]l x > >

(430) K, = A, =Cy+logZ - -

Thus, to complete the velocity problem (to the order of approximation
considered), the functions Cy and C; andfor A; and A, must be deter-
mined.
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4.3. The velocity boundary value problem. From the results of
§ 4.1 and § 4.2, it follows that the zeroth- and first-approximation outer
viscous layer velocity boundary value problems take the forms

1 9 aFy \ _ 9Fy _
(4.31a) y 9y (y ox > x 0:
(4.31b) Fy — 0 (exponentially) asy — o (x fixed),
(4.31¢) Fy~ —log(lly) + Cy + - - - asy — 0 (x fixed);
1 9 9F, \ _ oF, _ aF,
(4.322) y dy (y dy > dax [FO 0x
1 9F, \ 9Fy 1
+ <y ay > ay ] '
(4.32b) F, — 0 (exponentially) asy — « (x fixed),

F; ~ —(Cy + log Z) log(1ly)

(4.32¢)
+ C; + - -asy — 0 (x fixed).

Solutions of these boundary value problems are presented now
for the case of a ‘power-law’ body, i.e., for Z = x".
Consider the transformation of independent variables from (x, y) to

(&, 0), where

(4.33) E=1x, = y4x

Under this transformation, the differential equations become
9 daF, aFy aF — 0.

wsy) (e ) vt o
() vt
d ( 9 ad aé

(4.35) ¢ ¢ ¢

- [ (o e i -2 (50 )]

The solutions of equations (4.34) and (4.35) are determined (cf.
Glauert and Lighthill [3]; Lagerstrom and Cole [4] ) to be

(4.36) Fo= —3 Eo @)
(4.37) Fy =34 (1 — 2n)[log €E()
+ {log(1ig) = y}Eo(¢) — 2E,(Q)]
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+1[2E4(20) — E\©)
— Eo(0){3Eo(¢) — log(1/t)
+ exp(—¢) + (1 + 2y — log4)}].

The functions Ey(¢) and E,({) introduced in these equations are de-
fined by

(438) B = ~Ei(—)= [ () exp(~v)dn

(4.39) E,) = f :’ (1) Eq(v) dv.

From these solutions, it is found that

(4.40a) Co= —1{log&+ (log4 — )},

(4.40D) A= —1{1—2n)logé+ (log4 — )k

(4.41a) = Hlog ¢ + (log 4—y)H{{1 — 2n)log & + (log4 — y)}
-1 {6-m —+ log4 }.

(441b) A, =3 {(1 — 2n)log & + (log4 — v)

——{(3-—-4n) 12-I-log4}

(Here,y = Euler’s const. = 0.577 - - -.) (The presence of the term con-
taining log £ in equation (4.37) introduces nonuniformities for £ — 0
and £ - ® )

To complement the solutions of equations (4.36) and (4.37), it is
determined that the normal velocity functions are

(442)  (4€0)'2Gy = 1 — exp(—{);
(443)  (4€0)'2G, = —5 (1 — 2n)[log £{1 — exp(—0)} + Eo()
— {log(1/g) — v} exp(—¢)]
+ 5 [2Eo(20) + {log(1/g) + (log 4 — »)} exp(—{)
— Eo){1 + 2 + 0 exp(—0)}]
+3 [y — exp(—O)H1 — exp(—0)}].

In turn, the pressure functions are found to be
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(4.44) Hy= Jo= E;

(4.45) H =] - u ;;n) [log(1/g) — log &€ — log 4]

45 [{Eo(2f) + log 2 — Eo({)}

=3 (LU{1 = exp(—=0)}?).

Here, ], and ], are functions of £, namely:

1
= B, + —
o= B+ 5

Ji= B, — —{(1 — 2n)log £ + (1 — n)(log 4 — y)}.

(4.46)

Based upon the solutions obtained here for Fy, Gy, Hy and F,, Gy,
H |, at the ‘outer edge’ of the outer viscous layer, it is found that

(447a) u~1—1 e{(1g) exp(—)(L + - - )} X
I+e[l—n)logl+ A+ -]+ -}
=1 -1 e{(y?4x)"  exp(—y2x)(1 + - - )} X
{(L+e[20—n)logy+ A, + -]+ -}
(447b) v ~3 Ae (UE)'2{[1+ -] + €[l + -]+ -~}
=xe(Uy){[1+ -] +e[l}+ -]+ -}

(4.47c) p~\e {Eo'+e[(1;—§2n)log§+ Ey+ - ] + }

P=)\2€ {EO+€[(1—x2n>10gy+ E 4+ - ]+ },
where
Ay =1 {(1— 2n)log(1/) + 1 — (log4 — (3 — 2npy))},
(4.48a) 1
=5 {(3—4n)log(l/x) + 1 — (3 — 2n)(log4 -y}
r,’ =% (1 = 2n) log(1/¢) + v},
(4.48b)

T, =% {(1 — 2n) log(1/x) + y},
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(448¢c) =, =B, + 515
=, = B, + 4—16{(l-2n)10g(1/§)_(10g2—2(1—n)'y)},
E()=Bo+ i,

ux

=B, + i {(1 — 2n) log(1/x) — (1 — n)(log 2 — y)}.

From inspection of (3.13b) and/or (3.14b) and (4.48b), it follows
directly that the exterior region-interior region matching for v is ac-
complished if I'ly= Sy, =1, I'y = §;, = }{(1 — 2n)log(1/x) + v}, -
Similarly, inspection of (3.13¢) and/or (3. l4c) and (4.48¢) 1ndlcates that
such matching for p is accomphshed if E0={1+2Qn—3 }/2x
and/or By = Q(n — 1)/x, - - -. It is noted that, based on the foregomg
the pressure at the ‘power- law’ body surface is

(149) py= QU+ Ozlog- () { [ W;x”o_)] bl

with ny = Q2(1 + Q).

This result indicates that, in order for p, to be non-negative to leading
order of approximation, the analysis is applicable only to a ‘power-law’
body for which the exponent n satisfies0 < ny = Q2(1 + Q)=n= 1.

From inspection of (3.13a) and/or (3.14a) and (4.48a), it is seen that
the exterior region-interior region matching for u does not follow
directly. It is suggested that, to accomplish this matching, it is neces-
sary to consider the contributions of the terms of order A2 and higher
in the outer viscous layer asymptotic representations (equation (4.5))
for the flow quantities. From such a consideration, it is determined
that the governing equations for Fy, Goand F, G, are

d(yFy) n 3(yGo)

(4.50a) = 0,
ox dy
7 iy 2
(450b) li( af, > _ 0y _ 9y _ 3°F,
y dy dy dx dx dx>
dyF G
(4.51a) (yF,) + yG) _ 0,
0x ay
1 4 < oF, > _ 9k,
0H,  98%F, < aF, of,  9F, . 9F, .
= - —++ (F +
dx ax? O ox +G dx dx Fo dy +Co
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In principle, equations (4. 50) and (4.51) can be solved to determine the
behaviors of £y, G, and F,, G, throughout the outer viscous layer.
However, here, it is sufficient to determine the behaviors of F, and
F, at the ‘outer edge’ of this layer. From inspection of the above
equations, it is seen that these asymptotic behaviors are those that
result from a velocity-pressure balance, namely:

Fo~—[Eo+ 15
F~ - [(l;——x—zn—)logy+ E, + ]
With the introduction of these higher order contributions, the expres-
sion for u at the ‘outer edge’ of the outer viscous layer becomes
(4.53) u~1—73 e{(1lg) exp(—O(L + -~ )} X
{I1+e[I—n)logt+A,"+ -]+ -}

(1 — 2n)
4¢

(4.52)

—ne {0+ e |

ST EIT T

=1 —% e{(y*/4x)~Lexp(—y?f4x)(1 + - )} X
{1+e[20 —n)logy+ A, + -]+ ---}

1—-2
—)\26{ [E + € [(Q,——x—n)logy-l— =5

v ] }+

Now, an examination of equations (3.13a) and/or (3.14a) and (4.53) re-
veals that these higher order boundary layer contributions behave con-
sistently with the leading order inviscid layer contributions. How-
ever, a further examination of equation (4.53) reveals that this solution
for u has a nonuniformity when A% exp({) = O(1). This nonuniformity
in the solution for u at the ‘outer edge’ of the interior region prevents
direct matching of this solution with that for u at the ‘inner edge’ of
the exterior region. How this matching is accomplished is discussed in
the following section on the intermediate viscous region (or layer),
which is introduced in order to treat the above-mentioned nonuni-
formity in the interior viscous region solution.

log¢+ 2’

5. The Intermediate Viscous Region. The motivation (cf. Lee and
Cheng [5]) for the consideration of an intermediate viscous region
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arises from the results of equation (4.53), which indicate that, while the
leading order correction terms for the interior region velocity u decay
exponentially near the ‘outer edge’, the higher order correction terms
remain fixed near this ‘edge’. Thus, near this ‘edge’, although the com-
bined leading order-higher order boundary layer solution (of equation
4.53)) has the proper behavior to match that of the inviscid layer, the
leading order boundary layer solution (of equation (4.47a)) fails to be
valid as a ‘first approximation’. Indeed, it is seen from equation (4.53)
that the given solution ceases to be the uniformly valid asymptotic
solution for the interior region in a region where A% exp(¢) = O(1). To
treat this region, a new set of independent variables of unit order is
defined as follows:

s=&=x,
(5.1) t = N2 exp({) = A%(y?/4x) exp(y*/4x)
= (r%4x) exp(r?/4r3x).

For the interior region, with x, y fixed, t = O(A2) — 0; while, for the
exterior region, with x,r fixed, t = O(exp(l]A?))— ®. As t—1,
{ — L, where

e exp(fx) = (1A% :

log log(1/A2
(5.2a) & = log(1A2) [ 1— %

{1- log(i/)\z) o} o

Equation (5.2a), thus, relates the small parameter A to a new large
parameter {x. For future reference, it is appropriate to note that

A= G2 eXP(“%C*);
€ = Qlog='(1/\) = 2Q% (1 +& 'log &)~ .

In turn, it is determined that

(5.2b)

(5.3) (=0 +logtl — L'+ - 0) > o,
such that
(5.4a) y = 2(£0)V2 = 2L, 112s112(1 _+_% Le'logt+ - ),

log y = % {log &« — (log(l/s) — log4) + &x—'logt+ -~ -}
(5:4b) (1) = 3 (LA)&)~"
=L exp(L5)(1s) V(1 — L gt log 1 + - - ),
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log(1/r) = L {¢ + (log(l/s) — log4) — L ~'logt + -},

Introduction of equation (5.4a) into equations (4.53) and (4.47b,c)
yields

(5.52) u~1— Qb 2exp(— &) {[(1t) + 2]
+ O(%«~'(log & + 1))},
(5.5b) v~ Q2 exp(— 1 L) {[(1s) 2] + O '(log &« + 1))},

(5.5¢) P~ Qb > exp(—Lx){[2E0] + O '(log&x + 1))},

the boundary (or matching) conditions for the flow quantities at the
‘inner edge’ (defined by t — 0, s fixed) of this intermediate layer. In a
similar manner, introduction of equation (5.4b) into equation (3.13)

yields the ‘outer edge’ (defined by t — o, s fixed) boundary (or match-
ing) conditions

(5.6a) u~1— Qb 2exp(—&){[2E] + O '(log& + 1)}
(5.6b) v~ Qs 2 exp(—§ L) {[(Us)"2] + O ~'(log & + 1))},
(5.6¢) p~ Qb 2exp(— &) {[250] + O« '(log&x + 1))}

From the forms that the boundary conditions of equations (5.5) and
(5.6) take, the following asymptotic representations for the flow
quantities in this intermediate layer are suggested:

(5.7a) u=1— Qx> exp(—&)(Up*
+ g*_IIOgC* ;—l + C*_1U1+ + - '),

(5.7b) v = QL2 exp(— 5L+ )(Vy
+ L log LV + VT ),
(5.7¢) p = Qx> exp(— L« )(Po

+C* llogg* +§*_1P1++ >

Substitution of equations (5.1) and (5.7) into equations (2.1) and (2.2)
yields
+ + 2 + +
ﬂ_:()’ Vo =0, 9*Up +_2.6U° =0, --
at at at> t ot

(5.8)

The solutions for the zeroth-order quantities Uy*, V,*, and Py*
satisfying the boundary conditions are determined to be
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(5.9) Up* = 250 + (1), Vor = (LUs)"2, Py* = 25 .

The details of the work needed to obtain higher order solutions for the
flow quantities in such an intermediate layer are not presented here.
It is important, however, to note how the technique outlined here is
able to treat matching problems involving decaying exponentials.

Appendix. The Local Skin Friction Coefficient. The local skin
friction coefficient C, is defined by

2u* Ju*
(Ada) 7 <6r* ) e

or, in terms of the previously-introduced nondimensional quantities, by

) u
6= (G )

C/R'2 = % < ai}zc )z = 2¢ exp(lfe) ( of ) -z

(A.1b)

It follows from the present analysis that, for Z = ", with 0<
ORA1+ Q) =n=1,

C/R"2 = 2 exp(le) [ﬁ(l-i—eAl A+ )+ ]

(A.2a)
with

Ay=1,A = —1{1 - 2n)logx + (log4 —y)},
(A.2b) Ay =1 {(1 - 2n)logx + (log4 — y).}2

- {(3—-4n) T 4 log 4 }
It is noted that this expression may be rewritten as
(A3a) CR2=2exp(}y)(LX) exp(1X) X
_ _ m? 2 3
[1 {(3 4n) T+ log 4 }(lfx) + O((1X) )] ,
where R, = Rx(= p*u.*x*/u*), and
X = log{4 exp(—y)r>x!—2"}
(A.3b) = 2(l/e) + {(1 — 2n)log x + (log4 — y)}
= 2{(l/e) — A,}.
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Essentially this expression is presented by Glauert and Lighthill [3],
Wu and Wu [9], and Mark [7].
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