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A CRITERION OF OSCILLATION FOR
GENERALIZED DIFFERENTIAL EQUATIONS®

WILLIAM T. REID

1. Introduction. For a second order ordinary linear differential
equation

1.1) [r(ty’ ()] + q(e)u(t) = 0,

with real-valued coefficient functions r, ¢ continuous and r(t) positive
on a non-compact interval I = [a,®) the well-known Wintner-
Leighton criterion, (see Wintner [12], and Leighton [4]), states
that (1.1) is oscillatory on arbitrary subintervals [c, ©) of I whenever

= ds _ .. e ds _

(1.2a) L E‘_hmz-ﬂnja —rz;)‘— >
and

(1.2b) j“ q(s) ds = lim, ., j' q(s)ds = .

The present paper presents an extension of this criterion for general-
ized matrix differential equations of the type previously considered by
the author [6, 9]. In particular, this extended criterion implies
for self-adjoint systems of difference equations a result, which in the
case of a scalar self-adjoint difference equation yields a generalization
of a theorem on oscillation established by McCarthy [5], and answers
a question raised by that author.

Matrix notation is used throughout; in particular, matrices of one
column are called vectors, and for a vector (y,), (=1, - -, n), the
norm |y is given by (Jy,|2 + - - -+ + |y,|?)¥% Then X n identity matrix
is denoted by E,, or merely by E when there is no ambiguity, and 0 is
used indiscriminately for the zero matrix of any dimensions; the con-
jugate transpose of a matrix M is designated by M*. The relations
M= N, (M > N), are used to signify that M and N are hermitian
matrices of the same dimensions and M — N is a non-negative,
(positive), definite matrix. A matrix function is called continuous,
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integrable, absolutely continuous, etc., when each element of the
matrix possesses the specified property. If a matrix function M(¢) is
locally absolutely continuous on an interval I, then M'(¢) signifies the
matrix of derivatives at values where these derivatives exist, and zero
elsewhere. Similarly, if M(t) is Lebesgue integrable on a compact
subinterval [a, b] of I then [% M(t) dt denotes the matrix of integrals
of respective elements of M(t). If M(t) and N(t) are matrix functions
which have a common domain of existence, and M(t) and N(t) are
equal almost everywhere (Lebesgue) on this domain, we write simply
M(t) = N(¢).

2. The basic oscillation theorem. Consider a generalized vector dif-
ferential system

2.1) —do(t) — [dS(t)]u(t) = 0, u'(t) — B(t)v(t) = 0,

in n-dimensional vector functions u, v with coefficient matrix functions
satisfying the following hypothesis on a given non-compact interval
I= [a,b), where —© <a< b= x;:

($) B and S are hermitian n X n matrix functions, with
B locally of class £~ and S locally of bounded varia-
tion, while B(t) = O fort € L.

For basic properties of such systems, and the relation of such systems
to ordinary differential systems to which (2.1) reduces when S(¢) is
locally absolutely continuous, the reader is referred to [6] and [9]
of the Bibliography. In particular, two values ¢, and ¢, of I are called
(mutually) conjugate with respect to (2.1) if there exists a solution
(u; v) of this system with u # 0 on the subinterval with endpoints ¢,
and t,, while u(t,) = 0 = u(t;). Such a system is said to be discon-
jugate on a subinterval I, of I provided no two distinct points of I,
are conjugate. On the non-compact interval I = [a, b) the system is
said to be oscillatory near b, (oscillatory for large t if b = =), in case
(2.1) is not disconjugate on an arbitrary non-degenerate subinterval
[c,b)of L

In view of the assumption that B(t)= 0 and B is locally of class
£ on I, the smallest eigenvalue Ay;,[B(t)] of B(t) is a nonnegative,
real-valued function that is locally of class £~ on I, (see, for example,
[10; Theorem 3.1]). The basic oscillation result to be established
is as follows.

Tueorem 2.1. If hypothesis (9) holds, then (2.1) is oscillatory near
b whenever the following two conditions are satisfied:
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(i) AM(t) = Avin[B(t)] is such that [5\(s)ds =
22) lim,_;, fiA(s)ds = ;

(ii) there exists an n-dimensional vector ¢ such
that |§] = 1, and £*S(t) — © ast— b.

For r, q continuous real-valued functions on [a, ®) with r positive,
the result of the above theorem for n = 1, B(t) = 1/r(t), and S(t) =
It q(s) ds, reduces to the Wintner-Leighton criterion for the scalar
ordinary differential equation (1.1).

If hypothesis ($) holds, and there is a subinterval (¢, b) on which
(2.1) is disconjugate, then there exists an hermitian matrix function
N(t) and an hermitian constant matrix X such that for s € (c, b),

2.3) N(¢) — j’ N(r)B(r)N(r) dr = S(t) + X, t € (c, b).

This result is of the form of conclusion (iii) of Theorem 5.1 of [9],
with the substitutions N(t) = —W(t), S(t) = —M(t), X = —V, but is
not a direct consequence of the cited result of [9] as the latter deals
with a compact interval. The stated result may be proved by the same
method as that presented for conclusion (iii) of Theorem 5.1 of [9],
however, with the modification that one now refers to Theorem 5.3 of
the author’s earlier paper [8], rather than to Theorem 5.1 of [8].
In this connection, it is to be emphasized that the results of § 5 of [8]
do not involve any assumption of normality on subintervals, so that for
the existence of N(t) and X satisfying (2.3) no such assumption is
needed.

Now if |§] = 1, and £*S(t)¢é — © as t — b, then also £*[S(¢) +
X]é — ®© as t— b, and as B(t) = 0 on I equation (2.3) implies that
E*N(t)f— »© as t— b. Also, since N(t) and B(t) are hermitian we
have &*N(r)B(r)N(r)é = A(r)é*N2(r)€. Moreover, by the Schwarz in-
equality, it follows that £*N(r)§ = [£*£] [£*N%(r)é] = |E*N(r)é|>
Consequently, whenever conditions (2.2) are satisfied, and N(¢), X are
as in (2.3), there exists a value s € (¢, b) such that 6(t) = £*N(t)¢
satisfies the conditions

i > Ofort s, b
24) (i) 6(t) € [s,b),

(i) 6(t) — [tA(r) @%(r) dr— ® ast— b.

However, these conditions are incompatible with the assumption that
JtA(r)dr— © as t— b. Indeed, if M > 0 and 7 € (s, b)is such that
0(t) — [t A(r) 8%(r)dr = M for t € [1, D), then

¢ -2
Ao o) [ M+ [ Ao ar] TZA®), fort € [r,b),
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and integration yields the inequality M~1= [t A(r) dr, for t € [1, b),
contrary to (2.2i). Consequently, whenever ($) and conditions
(2.2, ii) hold the system (2.1) fails to be disconjugate on subintervals
of I of the form (c, b); that is, (2.1) is oscillatory near b.

If (2.1) is identically normal, and S(t) is locally absolutely con-
tinuous with derivative §’(¢) = C(t) almost everywhere on I, then in
case C(t) = 0 on a subinterval (c, b) of I it follows from Theorem 3.3
of [7] that the conclusion of Theorem 2.1 remains valid when (2.2i)
is replaced by the weaker condition

(2.50) £* [ f : B(s) ds] £— © as t— b, for arbitrary non-zero vectors £,

which, in view of the non-negative definite character of B(t), is equiva-
lent to the condition

2.5) Aatin [ f’ B(s)ds] — % ast— b,

For a discussion of various related criteria, the reader is referred to
the papers [1, 2] of Ahlbrandt. It is to be remarked, however, that
it is not known whether or not the result of Theorem 2.1 remains valid
whenever (2.2i) is replaced by (2.5) and no additional conditions are
imposed.

3. Criteria for related systems. Now consider a self-adjoint gen-
eralized differential system of the form

—dvy(t) + [Cy(thuy(t)
(3.1) — A X(t)o(t)] dt — [dS\(8)]uy(t) = 0,
u,'(t) — Ay(t)uy(t) — By(t)vy(t) = O,

wherein the n X n matrix functions A, B}, C,, S, satisfy on I=
[a, b) the following hypothesis.

($1) Ay, By, C, are locally of class £, with B, C, her-
mitian and B,(t) = 0 almost everywhere on I, while
S, is locally of bounded variation on this interval.

A system (3.1) is reducible to the form (2.1) under various sub-
stitutions. In particular, if Y,(¢) is a fundamental matrix solution of
the ordinary differential equation Y,'(t) — A;(¢)Y,(¢) = O, then under
the substitution

(3.2) ui(t) = Yi(Du(t), v1(t) = Y, *(t)o(t),
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the system (3.1) is reduced to (2.1) with

B(t) = Y;~(¢)B,(8)Y, *~X(¢),
(3.3)

)= [ YOS - [ Y06y ds

(see, for example, [9, § 2] ).
For a system (3.1) with

(3.4) 81(8) = M(t) + M,(1),

where M and M, are hermitian matrix functions that are locally of
bounded variation on I, and the system

= doy(t) + [Ci(thuy(t)
(3.5) — Ao (8)]dt — [dM ()] uy(t) = O,
u;'(t) — A(thuy(t) — By(tho(t) = 0,

is disconjugate on a subinterval (c, b) of I, let (U,(t); V,(t)) be a con-
joined basis of (3.5) with U\(t) non-singular on (c, b). Under the sub-
stitution

(36) u(t) = Ui(tu(t), v,(t) = Vi(tu(t) + U*~1()o(2),
the system (3.1) reduces on (c, b) to the form (2.1) with

(37) B(t) = Uy~ (OB(OU*1), S0 = [ Ui¥s)[dM(©)] Ui(s).

For hermitian ordinary differential systems appearing as the accessory
system for variational problems of Lagrange or Bolza type this trans-
formation is essentially the classical Clebsch transformation, (see [11,
Lemma 4.2 and Corollary of Chapter VII], and also [9, Lemma 5.1] ).
Moreover, in view of the equivalence of (3.5) to an ordinary dif-
ferential system as in [9, § 2], and the results on principal solutions
of self-adjoint ordinary differential systems presented in [11, § 3 of
Chapter VII], it follows that if (3.5) is identically normal on I then
B(t) defined by (3.7) is such that for ¢ < s <t < b the hermitian
matrix function @(t,s|U,) = [t B(r)dr is positive definite and
O-(t,s| U;)— 0 as t— b, which is equivalent to (2.5y) or (2.5).

4. Self-adjoint systems of difference equations. Now for a given
non-compact interval I = [a, b) let {t;},(j = 0,1, - - *), be a sequence of
values satisfying
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(4.1) a=tg <t < <<y <o limLotf=b,

and let R, S;, (j = 0,1, - - ), be hermitian n X n matrices with each
R; positive definite. Consider a system (2.1) wherein for j= 0, 1, - - -
we have

(4.2) B(t)= R;~1, S(t)= S, fort € (¢, t;,).
For definiteness, one may also suppose
S(tis) = 3 [+ Sl G=0,1,- ).

As presented in [8, § 6], if (u; v) is a solution of (2.1) on I then on
this interval u(t) is a continuous vector function that is linear on each
subinterval [¢;, ¢, ], and for

Kii1 = 501 — S Au(ty) = u(ty,y) — u(ty),
At

i =t

(4.3)

the sequence {u(t;)} satisfies the self-adjoint system of difference
equations

(44) Rf“AZtﬁll) B At

Conversely, if on I the vector function u(t) is continuous, linear on
each subinterval [#, #;,,], and satisfies (4.4), then a solution of (2.1) is
given by u = u(t), v = v(t) with

olto) = Ro 5 = [Slto) = Sel (o)

Au(t;)

+ Kj+1u(tj+1) = O’ (j= 07 ]-a o ')‘

o(t) = R; —A%(ttL) for t € (t;, tj:1),
u(t)

]+1) = RJ

For a direct treatment of real self-adjoint systems (4.4), with the
derivation of certain central oscillation and comparison theorems, the
reader is referred to Harris [3].

Since for t € (¢, t;,,) we have Ay [B(¢)] = 1Ayax[Rj], a direct
application of Theorem 2.1 . yields the following result.

—[8(t+1) — Sjluti+1), (j=0,1, - - ).

Tueorem 4.1. IfI = [a,b),and t;, R;, S, (j = 0,1, - - *), are as speci-
fied above, then (4.4) is osczllatory near b when the followmg condi-
tions are satisfied:
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(i) 27=0 (Atj)/AMax[Rj] = ®,
(ii) there exists a vector £ with |€| = 1 and 3, 5_¢ £*K;, €
= lim,, , .37, £*K; € = ®.

Forn=1,a=0,b=,=4(j=0,1, - - ), and r;, k; real values
with each r; positive, this criterion states that the real self-adjoint dif-
ference equation

(45) 101 Au(ty,) — 1 Au(t) + K u(t,) = 0,(j= 0,1, - - ),
is oscillatory near ® whenever

(4.8) (i) 250 lry= o, (i) 2G-0kjs1 = .

This condition generalizes the result of McCarthy [5], whose
criterion for the oscillation of (4.5) near infinity involved (4.6ii) and the
boundedness of the positive sequence {r;}, and who stated [5, p.
204] that he did not know whether the boundedness of {r;} could be
replaced by the divergence of the series 3, 5_, 1/r;.

Added in proof. Subsequent to the submission of the present paper
the author received from Don B. Hilton and Roger T. Lewis a copy
of a manuscript entitled Spectral Analysis of Order Difference Equa-
tions, wherein they also obtain the above stated generalization of the
result of McCarthy [5].
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