ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 7, Number 4, Fall 1977

BIFURCATION OF 2mth ORDER NONLINEAR ELLIPTIC
PARTIAL DIFFERENTIAL EQUATIONS

DAVID WESTREICH

Apstract. Eigenvalues of the linearized part of 2mth
order elliptic partial differential equations are shown to be
bifurcation points.

Introduction. C. V. Coffman [5] and E. T. Dean and P. L. Chambré
[6] among others (see for example [9]) investigated the bifurcation
problem for elliptic partial differential equations of the form Au =
AP(x)u + G(A, u,x), restricting themselves to second order equations.
Coffman showed that if G(A, u, x) = AG(u, x) and either G, is bounded or
G is odd in u then every eigenvalue of the linearized part is a bifurca-
tion point. Apparently his methods cannot be extended to the instance
where G depends nonlinearly on A. Under less severe conditions Dean
and Chambré proved that the principle eigenvalue is a bifurcation
point. In this paper we consider the equation where A is a linear
partial differential operator of order 2m, G is a nonlinear function of
A, and trade off Coffman’s unduly restrictive assumptions for a greater
degree of differentiability of the terms to show that bifurcation occurs
at every eigenvalue.

Main Results. Let A be a formally selfadjoint elliptic [1, pp. 95-96,
45) linear partial differential operator of order 2m defined on a
bounded domain Q in R® with sufficiently smooth boundary. Con-
sider the boundary value problem

Au = \P(x)u + G(\, u, x) x€E QN
Du=0 xE N ld =m—1

where A € R and P(x) and G(A, t, x) are real valued continuous func-
tions on R X R X {). We are interested in the existence of solutions
(A, u) satisfying (1) for u small and A near the eigenvalues of the linear-
ized equation
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Au = A\P(x)u, xEQ,
Deu=0, x € aQ, g =m — 1.

To be more precise we assume A is uniformly elliptic [1, p. 71]
and can be expressed in divergence form

@)

Au= Y (—1)klD¥a,4(x) DPu)
lel,| 8| =m

where a is the n-tuple of nonnegative integers: a = (ay, * * *, @), D* =
I1;-1 (8/3x;)% with the order of D= defined by |o] = a; + * - * + a,
a,5(x) = ag,(x) € C*™(Q) (CKR) the space of bounded k times con-
tinuously differentiable functions defined on R). We further assume
that P(x) € C3(Q), |P(x)] #0 for x€Q, GEC(RX RX Q)
and G(\, t, x) = o(t) uniformly for A near eigenvalues of (2) and all x.
An eigenvalue ), of (2) is said to be a bifurcation point if every neigh-
borhood of (Ay, 0) (in the R X C() topology) contains a nontrivial
solution, that is a solution (A, u) # (A, 0), of (1). With our assumptions
we can prove

TueoREM. Every eigenvalue of (2) is a bifurcation point of (1).

Proor. Let Ay be an eigenvalue of (2). To complete the proof we
will show that A is a closed linear operator in a suitable Banach space
and reduce the problem to one of finite dimension and apply M. S.
Berger’s bifurcation theorem [3] which we state in our context as
follows. In a real Hilbert space H, let L be a compact selfadjoint map
of H— H and let T € C? be a gradient operator [10, p. 54] (for
fixed A) mapping a neighborhood of (A, 0) € R X H into H such that
T(A,0)=0 and T,(A,0)= 0, and suppose A, is an eigenvalue of L.
Then A, is a bifurcation point of the equation Lx = Ax + T(A, x).

As our first simplification we set |P(x)| V2 v = u. Then (1) is equi-
valent to the problem

Av = apv + G\, v, ), x €,
Dv=0, =x€E93Q, o =m -1,

where A = |P|-12A|P|-V2, G = |P(x)|~"2G(A, |P(x)|~"2v,x) and
p = P(x)/|P(x)| (that is =1). It is readily verified that

(3)

Av= ¥ (—1)klD@,(x)DPv)
lal,|18]=m
is a selfadjoint uniformly elliptic linear operator, @,s(x) € C2"({}) and
Ao is an eigenvalue of the corresponding linearized part.
To find a suitable Banach space and domain for A we let C, =(2) be
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the space of infinitely continuously differentiable functions with com-
pact support in  and let W,™ (Q) be the closure of C, *(Q) with respect
to the norm

lolzm= X [Dvlizq.
la|=m

By Garding’s inequality there exist constants y, § > 0 such that for
v € Wym(Q),

© S, a0 DiodsE lelun = slolirn
al,|1B|Sm

[1, p. 78]. Thus for f € C({)) there eixsts a unique generalized solu-
tion v € W,m(Q) such that (A + 8I)v = f [4, p. 199], [1, p. 102].
Moreover, by regularity (see [2, section V] and the references cited
therein) we also have v € C2»-}(Q) N C™-({)), Dov = 0 for x € 40
and |ol = m — 1 and for |a] = 2m, D € L2(Q). If f is also Holder
continuous [2] then v € C*™({)). We therefore let C be the space of
continuous functions on () vanishing on the boundary, with the supre-
mum norm and define the domain of A, D(A) = (A + 86I)~}(C) and let
A be defined by Au = f — éu for u € D(A) where u = (A + 8)-'f.
Now D(A) is dense in C. Indeed, if v € C, for any subdomain Q' of
Q with closure contained in () we can define v’ = v for x € (' and
v’ = 0 otherwise. Let J, be a mollifier as defined in [1, p. 5]. Then
Jo' €Co=(2)and Jo'— v’ uniformly in Q" ase — 0 for any Q", with
Q" C Q' [1,p. 5]. Thus C,=(Q)is dense in C and as (& + 8I)(C,“(Q))
C Cit follows Cy () C D(A) and so D(A) is dense in C.

Now we show that A is closed on D(A) in C. As A defined on D(A)
is symmetric in L%((2) a Hilbert space, A has a minimal closed extension
in L%(Q), also denoted A, with domain D, (A) [8, p. 56]. Thus since
k||lvflc 2 ||v||L? @ it follows that A has a minimal closed extension in C
with domain D¢(A). However D(A) = D¢(A). Indeed, suppose v €
D¢(A) and let f = Av. Then as D¢(A) C Dy(A) there exists a {v;}
C D(A) such that v;— v in L%() and Av;— Av in L%(Q). By (4) and
the Cauchy-Schwarz inequality

o= olan= 3 | dpeDw:i—v)
lal,|1B8]=m
. Dp(v,‘ - Uj) dx + 8"05 - Uj"iﬁ @
= jﬂ (& + 8D)(v; — v)) - (v — v;) dx

= (A + 8D)(v: — 0|l @lloi — vsllL2 @)
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Hence {v;} converges in W,m(Q) and v € W,m(Q). As the bilinear
form associated with A is bounded in W,m() and f+ 8v € C it fol-
lows that v is a generalized solution of (A + 8l)v=g= f+ év. But
then v € D(A). Therefore A is closed on D(A) in C.

By the “Fredholm alternative” for uniformly elliptic operators [4,
p. 199], [1, p. 102] it follows the null space of A — \oul, N(A —
Aoul), is finite dimensional and by regularity contained in C. In addi-
tion (A — AopI)p = f for f € C if and only if fof - ¢ dx = 0 for all
¢ € N(A — ropI). Thus as C = N(A — Aoul) & N(A — Aoul) L+ (where

N = xopl) = {4 EC| fn ¥ -ddx=0ford € N(& — Aou)})

it follows that C = N(A — Aoul) ® R(A — oul) (R( +) denotes the
range of A — Aoul).

Therefore v € C is uniquely of the form v =¢ + ¢, ¢ E N(&A —
oml)andy € R(A — Aoul)and G = Gy(\, ¢ + ¥, x) + Gr(\, b + ¥, %)
where Gy € N(A —Xoul) and Gy € R(A — AouI). Clearly A —
Apl: N(A — Agul) = N(A — Apul) for all A and as the resolvent of a
closed map is open, A — Aul is a one-one map, with uniformly
bounded inverse, of D(A) N R(A — Aoul) onto R(A — Aoul) for all
A near Ao. Thus finding solutions of (3) is equivalent to solving in
R X N(A — Aoul) X (D(A) N R(A — Aoul)) the system

b= (A= AuD)"1Ga(\ ¢ + ¥, %)
Ap = App + Gy(\, ¢ + ¥, ).

By an application of the implicit function theorem [7, p. 265] there
exists a unique twice continuously differentiable function ¢ = ¢(A, ¢)
such that

Y\, @)= (A — ApD)"'Ga(\, ¢ + (A, @), %)
for (A, ¢) near (A, 0).

Moreover, by regularity for each fixed A and ¢, ¥ € C2"(Q) N
Cm=1({}) in x and D>y = O on 4. Thus our problem is reduced to solv-
ing the finite dimensional equation
(5) Ap — App — Gy(A, ¢ + Y(A, ¢),x) = 0

An argument similar to that of [11, Theorem 3] will show that (5)
is a gradient operator equation (for fixed ) with potential
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PO =(12) 3 [ as@Dis+ vine)

al,|1B1=m

DA + b\, @) dx — (U2 [ (6 + w1, 9)° d

- [ cé+ v g)x) dx

where G(, t, x) = [i G(A, s, x) ds.
Indeed a simple computation and integration by parts yields for
&, f € N(&A — aopl)

limt-Y(P(A, ¢ + tf) — P\, ¢))

0
= [, (A= ruD@+ b0 ) ~ C0. 6
UMD (F + b0 9)(f)) d
= [, U&= ruD@ + v ¢) ~ €O &
+ (A, ¢))] f dx
+ [ TE = auD@ + w0 9) - GO o
+ Y0 SN by BS)

Now the second term in the last expression is zero. Clearly Y4\, )(f)
€ R(A — Aoul) since Y(A, d) € R(A — Aoul) for all ¢ € N(A — roul).
Thus this integral reduces to

[ A= uDr 6) = Galh 6 + $(r, O] Yo B)N) ds.

But this must be zero by the definition of ¢(A, ¢). Thus by orthogonal-
ity the last expression reduces to

[ 1A= xuDp = Guir, & + b0, 8] f d

Consequently (5) is a gradient operator equation and the theorem
follows from Berger’s bifurcation theorem.

ReMark. In the proof of our theorem we never used the fact that
G is continuous for all (A, £, x). Thus it would have sufficed to assume
that G is twice continuously differentiable for A near A and ¢ near 0 for
allx € Q.
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