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THE PIERCE REPRESENTATION OF AN 
INERTIAL COEFFICIENT RING 

ELLEN E. KIRKMAN 

ABSTRACT. Let R be a commutative ring and A be an R-
algebra which is finitely generated as an R -module and has 
Jacobson radical N. E. C. Ingraham defined R to be an 
inertial coefficient ring if whenever AIN is a separable R-
algebra, there exists a separable fl-subalgebra S of A such that 
A = S + N. Let X(R) denote the Pierce decomposition space 
of R and Rx denote the stalk of the sheaf of rings over 
X(R) at the point xGX(fl). We show R is an inertial co
efficient ring if and only if flx is an inertial coefficient ring 
for all x G X(R). This result is used to give new examples of 
inertial coefficient rings; in particular, if R is a von Neumann 
regular ring the polynomial ring R[t/i, •**, t/n] and the 
formal power series ring R[[t/i, •••, yn)] are inertial co
efficient rings. 

Introduction. The classical Wedderburn Principal Theorem states 
that if A is a finite dimensional algebra over a field and N is the Jacob-
son radical of A then when A/N is separable, there exists a separable 
subalgebra S of A such that A = S + N. Let R be a commutative ring 
with identity and A be an K-algebra which is finitely generated as an 
fl-module and has Jacobson radical N. E. C. Ingraham defined R to 
be an inertial coefficient ring if whenever AJN is a separable R-algebra, 
there exists a separable fl-subalgebra S of A such that A = S + N; S 
is called an inertial subalgebra of A. The basic properties of inertial co
efficient rings can be found in [6]. 

R. S. Pierce [11] described a representation of any commutative 
ring fl as the ring of global sections of a sheaf of connected rings (rings 
with no idempotents but 0 and 1) over a totally disconnected, compact, 
Hausdorff space X(fl). W. C. Brown [3] used this representation to 
show that von Neumann regular rings are inertial coefficient rings. 
We have generalized the work of Brown by showing that R is an 
inertial coefficient ring if and only if for each x G X(fl) the stalk fl^ 
is an inertial coefficient ring. This result is used to construct new 
examples of inertial coefficient rings. 
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All rings we shall consider contain an identity; all subrings contain 
the identity of the overring; all homomorphisms preserve the identity. 
Throughout R is a commutative ring and all R-algebras are finitely 
generated as R-modules. The Jacobson radical of the R-algebra A 
will be denoted by N. All unadorned tensor signs ® will mean <£>H. 
The decomposition space of R will be denoted by X(R) and for each 
x G X(R), Rx will denote the stalk of the sheaf over X(R) at the point 
x. If M is an R-module and m G M we shall let mx denote the image 
of m in Mx = M ® R* = MU(x)M, where I(x) is the ideal of R gen
erated by the elements of x. 

1. Main Theorem. The key to the proof of our main theorem is to 
show that an inertial subalgebra exists if and only if a certain finite 
collection of equations hold. The following lemma which follows 
from [4, Proposition 1.1 (iii), p. 40] will be used in producing these 
equations. 

LEMMA 1.1. Let S be an R-algebra generated as an R-module by 
slt • • -, sn. Then S is separable if and only if there exist bit b< ' G S for 
i = 1, • • -, m such that 

m 

(i) 2b«V- l ,and 
t = l 

m m 

(ii) £ * A ® V = £ bi®bi'sjholdsinS®S°forj= 1, ^ n . 

THEOREM 1.2. A ring Ris an inertial coefficient ring if and only if 
R^isan inertial coefficient ring for every x G X(R). 

PROOF. If R is an inertial coefficient ring then R̂  = RII(x) is an 
inertial coefficient ring [6, Corollary 3.4, p. 86]. 

Conversely, suppose R* is an inertial coefficient ring for all x G X(R), 
and let A be a finitely generated R-algebra such that AJN is R-separ-
able. Then A* is a finitely generated Rj-algebra. Since R* is a flat R-
module, without ambiguity we can let Nx denote the image of N 
under the canonical homomorphism A —» A/(I(x)A) = A^ Furthermore, 
since 0—• N—> A—> AIN-> 0 is an exact sequence of R-modules and 
R* is R-flat, AJNX = (AIN)X is a separable R^-algebra. Since each R* 
is an inertial coefficient ring and Nx C rad(Ax), for every x G X(R) 
there exists a separable R^-algebra S'(x) such that S '(x) + Nx = A* 
[7, Corollary, p. 3] . 

By [12, Theorem 5, p. 5] each S'(x) is a finitely generated R*-
algebra; for each x G X(R) let *x(x), • • -, sn(x)(x) G A be such that 
(s\(x))x, ' * -, (sn(x)(x))x are R-module generators of S'(x). Let S(x) 
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be the R-submodule of A generated by {^(x) : i = 1, • • •, n(x)}. Then 
(S(x)) , -S' (x) . 

Let al9 • • -, ap be fl-module generators of A Since for each x G X(R), 
(S(x))x = S'(x) is a separable fl^-algebra such that Nx + (S(x))x = A*, 
there exist elements fy^x), r;(x), tqJ(x)9 rhj(x)9 r'hj(x) G R, elements 
zq(x) G N, and elements bh(x)9 bh'(x) G S(x) for i, j , fc = 1, • • -, n(x), 9 
= 1, • • • , /? , and ft = 1, • • •, m(x) such that: 

(1) (*<(*))*(%(*))* = S (nj*(*))*(*k(*))x for t j = 1, " • *, n(x). 

(2) l x = S(r,W),(*(x))r 
» = 1 

(3) (aq)x = (^(x)), + n f («Qi(x))^(x)), for 9 = 1, • • -, p. 

(4) 1 , = 2 (bh(x))x(bh'(x))x. 
h=i 

(5) 2 [(Sj(xMbh(x))x®Rx(bh'(x))x] 
h = l 

= 2 [(bh(x))x®Rx{bh'{xMSj(x))x] 

in (S(x)), ®Rx (S(x))S for; = 1, • • -, n(x). 

(6) fcfc(x)~ ? rhj(x)Sj(x)andfch'(x)= ? r^(x)5j(x) 
i = l i = i 

for ft = 1, • • -,m(x). 

Using standard sheaf theory arguments, there exists a cover 
{N'(x)j of X(R), where N'(x) is an open-closed neighborhood of x 
such that equations (1) through (5) hold for all y G N'(x) when the 
subscript x is replaced by the subscript y. By the "partition property" 
of X(R), there exists a disjoint open cover {Nfc) : i = 1, • • •, t} of X(R) 
refining {N'(x)}9 where Nfo) C N'fo). Using standard "patching" 
arguments we obtain elements r$, r<jfc, £QJ G R, elements ẑ  G Af, and 
elements Sj G A for i,j, k = 1, • • -, n and 9 = 1 , • • ', p such that (^)x 

= (%(**))» (tj), = (r/x*))* (z,), = (z,(xfc))*, etc., where x G N(xfc) and 
n = max n(x<). 
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Let S be the R-submodule of A generated by {sj :j = 1, • • -, n}. One 
can check that equations (1) and (2) imply that S is an R-algebra and 
Sx = (S(xk))x where x E N(xk). Using "patching" arguments as above, 
elements biy i / £ S can be found so that equations (5) and (6) and 
Lemma 1.1 demonstrate that S is a separable fl-algebra. Finally equa
tion (3) can be used to show A = S + N, and we can conclude that R 
is an inertial coefficient ring. 

2. Examples. We shall next use Theorem 1.1 to produce several 
new examples of inertial coefficient rings. 

PROPOSITION 2.1. Let S = C(X, R) be the ring of continuous func
tions from a totally disconnected, compact, Hausdorff space X 
to a connected, inertial coefficient ring R endowed with the discrete 
topology. Then S is an inertial coefficient ring. 

PROOF. By [9, pp. 40-1] for every x G X(S), Sx = R and thus S 
is an inertial coefficient ring. 

We note that one can construct rings R of certain functions on par
ticular totally disconnected, compact, Hausdorff spaces so that R* is 
an inertial coefficient ring for all x Œ X(R) [see 2, examples 5.2.1, 
5.2.3, and 5.3, p. 224], providing further examples of inertial coefficient 
rings. 

COROLLARY 2.2. Let UR denote the direct product of a family of 
rings {Rn : a G 7} where each R^ is isomorphic to a fixed finite, con
nected ring R. HR is an inertial coefficient ring. 

PROOF. If / and R are given the discrete topology, UR = C(I, R). 
Let ß(I) denote the Stone-Cech compactification of /. It is not hard 
to show ß(I) is a totally disconnected, compact, Hausdorff space, and 
hence by Proposition 2.1 C(ß(I), R) is an inertial coefficient ring, since 
any finite ring is an inertial coefficient ring. The natural ring homo-
morphism <t> : C(ß(I), R) -* C(I, R) given by restriction is surjective 
since R is compact. Then C(I, R), being a homomorphic image of an 
inertial coefficient ring, is itself an inertial coefficient ring. 

It is unknown if the direct product of any family of inertial coefficient 
rings is an inertial coefficient ring. We next show that the infinite 
direct sum (with identity adjoined) of a family of inertial coefficient 
rings is an inertial coefficient ring. 

PROPOSITION 2.3. Let R= ®^ Rabe the direct sum of a collection 
of inertial coefficient rings {Ra}. Embed Rin a ring with an identity 
element in the usual manner (let R* — R © Z where Z denotes the 
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integers; define addition coordinatewise and multiplication by 
(a,i) • (b,j) = (ab + ib + ja,ij)). Then R* is an inertial coefficeent ring. 

PROOF. If x G X(fl*) then one can check that fl** = (RJx^ for some 
x(a) G X(flJ or fl»* = Z. Since all the stalks of R* are inertial co
efficient rings, R* is an inertial coefficient ring. 

Our next example is the polynomial ring R[yi9 ' * •, yn] over a von 
Neumann regular ring fl. 

PROPOSITION 2.4. If R is a ring such that Rx[yi9 • • •, yn] is an inertial 
coefficient ring for all x G X(fl) then S = R[yì9 • • •, yn] is an inertial 
coefficient ring. In particular, if R is a von Neumann regular ring, 
fl[j/i> * ' *»î/n] is an inertial coefficient ring. 

PROOF. It is not difficult to show that any idempotent of S is con
tained in fl, that if x G X(S) and J is the ideal of R generated by ele
ments of x then I(x) = 7 • S, and that Sx = fl*[yi, * * •, yn]. If fl is a 
von Neumann regular ring, fl* is a field and hence fl*[j/i, • • •, yn] is an 
inertial coefficient ring by [8, Corollary 2, p. 553]. 

As our final example we consider a class of rings studied by U. 
Oberst and H. Schneider [10]. They call a ring R F-semipetfect 
if the factor ring RIJ(R) of fl modulo its Jacobson radical is von Neu
mann regular and idempotents can be lifted from RIJ(R) to R. An F-
semiperfect ring R is Hensel (i.e., (fl, /(fl)) is a Hensel pair, see [5] ), 
if and only if the local ring /{„, is a Hensel local ring for every maximal 
ideal pi of R [ 10, Theorem 4.4, p. 346]. 

PROPOSITION 2.5. A Hensel, F-semiperfect ring R is an inertial co
efficient ting. 

PROOF. By [10, Lemma 3.2, p. 336] and [10, Proposition 3.5, p. 
340] for every maximal ideal m of R, R̂ , = Rim ' where m ' is the ideal 
of fl generated by the idempotents of m. By [9, Proposition II.6, p. 
27] every stalk of R is of the form Rim ' for some maximal ideal m of 
R. Since for each x G X(R), fl* = / ^ for some maximal ideal m of R, 
fl» is a Hensel local ring and hence an inertial coefficient ring [ 1]. 
Thus fl is an inertial coefficient ring. 

Oberst and Schneider show that F-linear compact and topologically 
coherent linear topological rings ("FKK rings") are Hensel, F-semi
perfect rings ([10, Proposition 2.2, p. 328] and [10, Theorem 4.3, 
p. 346]). By the preceding proposition FKK-rings are inertial co
efficient rings. If S = fl[ [yl9 • • -, yn]] is the ring of formal power 
series over a von Neumann regular ring fl then S is a Hensel ring 
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[5, Example 1.13, p. 49] ; since S//(S) = R, S is an F-semiperfect ring 
and hence an inertial coefficient ring. 

Most of the material in this paper appeared in my doctoral disserta
tion written at Michigan State University. I am deeply indebted to 
Professor E. C. Ingraham for his guidance in its preparation. 
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