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0. Introduction. In 1951 Aronszajn [5] outlined a general procedure for
approximating the eigenvalues of a real quadratic form & relative to a
positive definite quadratic form 2, where % and B are defined on a vector
space V and B is completely continuous with respect to (. This procedure
encompassed all the then known variational approximation techniques,
including the Rayleigh-Ritz, Weinstein, and Aronszajn methods. Briefly
stated, the procedure is as follows:

The original eigenvalue problem is replaced by an auxiliary problem
determined by a pair of forms (B, o). The auxiliary problem is so chosen
as to be explicitly solvable and such that its eigenvalues give approxima-
tions, however bad, to the corresponding eigenvalues of the original prob-
lem. These initial approximations are improved by introducing inter-
mediate problems, whose eigenvalues give successively better (or at least
no worse) approximations to those of the original problem. The auxiliary
problem and the intermediate problems are chosen using the so-called
monotony principles, and the eigenvalues of the intermediate problems
are computed using those of the auxiliary problem and certain perturba-
tion determinants (often called Weinstein-Aronszajn determinants). De-
pending on the method used, one gets either upper or lower approxima-
tions to the eigenvalues of the original problem. By using different
methods, one can obtain both upper and lower approximations (and there-
fore a posteriori error estimates).

In [5] Aronszajn described how the above procedure could be applied in
the case of four basic approximation methods, derived the corresponding
Weinstein-Aronszajn determinants, and investigated the convergence of
the approximating eigenvalues to the corresponding eigenvalues of the
original problem. For three of the methods considered he was able to
show the convergence under relatively mild and “natural” hypotheses.
For the fourth method (Aronszajn’s method) he was able to show it only
under the additional hypothesis that %, be equivalent to 9. He left open
the questions of whether this hypothesis is necessary or whether conver-
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gence holds for this method under milder hypotheses than sufficed for the
other methods.

Since 1951, the theory of variational approximation methods has been
greatly enlarged. Many generalizations, extensions, variations, and ap-
plications have been discovered (see [12] [23] [24] and the references cited
there), most still within the general framework outlined above. The theory
of Weinstein-Aronszajn determinants has also been much generalized
[6] [9] [10] [13] [15], and many useful and important convergence results
for variational approximation methods have been obtained (e.g., [11] [16]
[17][18] [19]). Most of these convergence results, however, have confined
themselves to a particular method and often to special settings; e.g., when
A, is equivalent to .

The aims of the present paper are to investigate the questions of con-
vergence in the general framework proposed by Aronszajn in [S], to obtain
convergence criteria which will be useful in formulation of the intermediate
problems, and to provide answers to some of the questions raised by
Aronszajn in [5]. These investigations are carried out using the theory of
discrete convergence of Banach spaces in the form developed by Stummel
[20] [21] [22].

In §1 it is shown how this theory can be adapted to the study of
eigenvalue approximations, and a general convergence theorem is derived
using the notion of discrete compactness. In §2 this result is used to obtain
convergence criteria in a form applicable to variational methods. Necessity
and sufficiency of these conditions is investigated in this section and in
§3.

In §4 the convergence criteria are applied to the four basic types of
approximation methods considered by Aronszajn, and the convergence
results of [5] are recovered. In §5 the special case of Aronszajn’s method
is investigated in detail and some of Aronszajn’s original questions an-
swered.

Finally, in §§6 and 7, some special cases and variations of Arons-
zajn’s method are discussed, and applications of the convergence criteria
of §2 are illustrated.

1. Discrete convergence and the basic approximation theorem. Let }/ be
a (non-trivial) complex vector space, and %, Ay, A;, ... be positive definite
quadratic forms on V. Assume also that V is separable with respect to the
norm Y1/2. We shall say that {2} forms a discrete approximation to % on
V provided %,(v) — A(v) for every ve V. Let X, X,, X}, ... be the Hilbert
space completions of ¥ with respect to the norms %A1/2, Y2, A2, ...
respectively.

DEFINITION 1.1. Let x € X and {x,} be a sequence such that x, € X,
n=20,1, ....Then
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1. {x,} converges weakly discretely to x (written x, —, x)if and only if
the sequence {,,(x,)} is bounded and A, (x,, v) = A(x,v) Vve V.

2. {x,} converges discretely to x (written x, —, x) if and only if x, —, x
and U, (x,) — A(x).

Lemma 1.1. 1. x, =, 0 if and only if U, (x,) — O.

2.v >, vforeveryveV.

3. If Aux,) S Mforn=0,1, ... then
a. x, =4 x if and only if U, (x,, y,) = A(x, y) whenevery ,—,; y.
b. x,—4 x if and only if U, (x,, y,) = U(x, y) whenever y, =, y.

PROOF. Parts 1 and 2 are obvious. To prove 3:
a. Assume U,(x,, y,) — U(x, y) whenever y, —, . Then A, (x,, v)
— A(x, v) for all veV,so x, -, x. But then also %,(x,) = A, (x,, x,)
- UA(x, x) = A(x) by hypothesis; i.e., x, -, x.
Conversely, if x, -, x, let y, —, y. Given ¢ > 0, choose v € V' such that
A(x —v) < 2. Then

9[n(xn - V) = g[n(-xn) - 2R€QI”(X”, V) + 2{n(v)
— A(x) — 2Re A(x, v) + AW) = A(x — v) < €2

Let N be such that (), A,(y,) = N2 Then

|20,(x5 ¥,) — A, Y| £ | W v0) — W0, ¥) | + |80, 7)) — A, V)|
+ | AW, y) — Ax, p)|

< U (x, — VR + | U0, ) — AW, V)|
FUY = PAGP,

so lim sup |U,(x,, V) —A(x, )| = 2¢N. Therefore U, (x,, y,) — A, ).

b. Assume U, (x,, y,) — U(x, y) whenever y, —, y. Then in particular
A, (x,, v) = UA(x, v) for all v e V, so that x, —, x. The converse follows as
in the proof of a.

THEOREM 1.1. {X,} forms a discrete approximation to X in the sense of
Stummel [20, section 1.1], i.e.,

1. For every x € X, there is a sequence {x,} with x, € X, such that x,, — ; x.

2. If x, -4 x, then A, (x,) - AX).

3.Ifx, », xand y, -, y, then ax, + By, =4 ax + By for all a, Be C.

Proor. Parts 2 and 3 follows immediately form Definition 1.1 and
Lemma 1.1.3. To prove part 1 note that all three of the above properties
hold for Vin place of X; i.e., {X,} is a discrete approximation to the dense
subspace V of X. But then, given x € X'and ¢ > 0, there exists by the proof
of [20, Lemma 4.1.6}, x, € X,,, u,€ V,uec Vsuchthat u, -, u, A(x — u) < €2,
and lim sup %,(x, — u,) < ¢% Thenforallve V,
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lim sup |QI,,(X,,, V) - (‘)I(xa V)l
é lim sup [Igrn(xm V) - 2[n(um V)' + lg(n(um v)—%[(u, V)I
+ (A, v) — Ax, V)] = 2eM,

where %, (v)1/2, ()12 £ M, and
lim sup [,(x,)12 — A(x)1/2|

é lim sup [yn(xn . un)l/z + Imn(un)llz - 2[n(u)l/zl + 2(n(u - x)l/Z]
= 2e.

Therefore A, (x,, v) - A(x, v) v e V and A (x,) — AX); ie., x, =, x.
The theorem is proved.

Given a subsequence {2} of {%,}, note that {X, } is still a discrete
approximation to X. Therefore the notions of discrete and weakly discrete
convergence of sequences {x,,} with Xn; € Xy, are well defined. In view of
the separability of X we have [20, Theorem 2.3.1]:

PROPOSITION 1.1. Let {2,(x,)} be a bounded sequence, x,€ X,, n = 0,
1, ... Then there exists a subsequence {x,} of {x,} and an element x € X
such that x,,, =4 x.

Next, let B, By, By, ... be real quadratic forms on ¥ which are com-
pletely continuous with respect to A, ™y, Aj,... respectively. Then B,
By, B, ... can be continuously extended to X, X, X, ... respectively. We
introduce the following condition:

© X, —=a X = B,(x,) = Bx).

REMARK 1.1. Let ||, ]|, be the bound of B, with respect to 9, so that
1B, = 1B, A,(v) forall ve V.

If the sequence {||B,]|,} is bounded, then condition (C) is equivalent to
the condition

Vn € V! Vo —a X = %n(vn) - ﬁ)B(x)

REMARK 1.2. The forms 3B, B, define compact operators B, B, on X, X,
respectively according to the formula

B(x, y) = ABx, ), B(x,y) = (B, x, y).

Condition (C) then says that ({B,}, B) is weakly discretely compact in the
sense of Stummel [20]. In other contexts [4] [17] this notion appears under
the name of “collective compactness.”

The following theorem is simply a restatement of [21, Theorem 3.1.8]:

THEOREM 1.2. Let the positive definite quadratic forms 9,, n =0, 1, ...
form a discrete approximation to % on V. Let B, B, be real quadratic
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forms on V completely continuous with respect to A, A, respectively, n = 0,

1, ... . Let A be an eigenvalue of B with respect to U of mulitplicity m > 0,
and P be the orthogonal projection of X onto the eigenspace corresponding
to A. If {IB,ll .} is bounded and if condition (C)%olds, then for all sufficiently
large n there exist eigenvalues 73, ..., A% of B, with respect to N, such that
A%t — A for every j = 1, ..., m. Moreover, if P, is the orthogonal projection
of X, onto the direct sum of the eigenspaces corresponding to 1%, ..., A%, then
P,v -, PvforeveryveV.

For variational approximation methods the conditions of Theorem 1.2
suffice to insure the convergence of the eigenvalues of the intermediate
problems to those of the original problem. However, condition (C), while
simple to state, is difficult to verify. Our purpose in the remaining sections
will be to obtain conditions on the forms 3, 2, which will imply condition
(C) but will be easier to verify.

2. The general setting. From now on 9, Ay, Ay, ... will always denote
positive definite quadratic forms on the complex vector space V and 9,
By, By, ... will denote real quadratic forms on ¥ which are completely
continuous with respect to U, Ay, Ay, ... respectively. In addition, we shall
always assume that V is separable with respect to 172,

DErINITION 2.1. The sequence {(B,, %,)} is an allowable approximation
to (B, A) on Vif and only if the following conditions are satisfied:

(AD) A, (v) - A(v) for all ve V.

(A2) There is a positive definite form ;5 on V such that %;z < A and
g =W, forn=0,1,2, ...

(A3) ¥ is completely continuous with respect to %,z (and therefore
is completely continuous with respect to each 9(,).

(A4) 1B - 3B,[, — 0.

REMARK 2.1. The conditions (A1) through (A4) are quite similar to but
somewhat weaker than the conditions formulated by Aronszajn in [5]. For
variational approximation methods (A3) is always satisfied with either
Ay = Ay or Ay = UA. For specific methods it is reasonably simple to
choose the approximating problems so that the remaining conditions are
satisfied (see, e.g., [5]),

REMARK 2.2. It follows from (A4) that the eigenvalues of B, relative
A, converge to those of B relative A if and only if those of B relative A,
do. Thus in proofs we will often assume that 8, = B,n =0, 1, ... .

Let {(B,, ¥,)} be an allowable approximation to (B, %) in V. Then
{,} is a discrete approximation to %, and the notions of discrete and
weakly discrete convergence are defined. Also, conditions (A1)-(A4)
insure that {||B,ll,,} is bounded. Therefore convergence of the eigenvalues
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of B, relative ¥, to those of B relative A is insured provided condition (C)
holds. In this connection note also that Remark 1.1 applies.

Let X;p be the Hilbert space completion of ¥ with respect to 9(;z!/2
and ¢: X - Xz be the unique bounded linear transformation such that
¢v = for all ve V. Let B, be the continuous extension of B to X p.
Then clearly

2.1 B(x, y) = Brlex, ¢y) for all x, y e X.

[Choose sequences {u,}, {v,} in ¥ which converge to x, y respectively
in X. They then converge to ¢x, ¢y respectively in X5 and B(x, y) =
lim 5B(un’ vn) = SBLB(DC’ ly)]

ProposiTioN 2.1. Let {(B,, %,)} be an allowable approximation for
(B, &) on V. Then (C) is equivalent to each of the following

) v,eV,v, =, x=3B,0,, v) > B(x, v)forallve V,
(&8 Va€V, v, =y X, ¥, —yy, X = B(x) = Brp(x'),
and (C) is implied by the condition
(B) VaEV, v, =g X, v, g X =X =

ProoF. By property (A4) no generality is lost if we assume.B, = 3.
Property (A3) insures that if v,—, , x’, then B(v,) — B p(x’). The equiv-
alence of (C) and (C") follows easily from this fact, Remark 1.1, and Pro-

position 1.1. Clearly, also, (C) implies (C').
If (C') holds and if v, —, x, v, —y,, X’ then by (2.1), (C'), and (A3),

Brelex, v) = B(x, v) = lim B(v,, v) = Brp(x’, v) forall ve V.
Hence by continuity B, 5(cx, y) = Bs(x’, ) for all y e X} and
Brp(x') = Brp(x', x') = Brplex, x) = Byp(ex, ¢x) = B(x, x) = B(x).

Thus (C") implies (C").
Since clearly (B) implies (C”), the theorem is proved.

The advantage of condition (B) is that it is expressed entirely in terms
of U and its approximating forms %,,. Thus we have:

THEOREM 2.1. Let U, {¥,},— 1, be so chosen that (A1) and (A2) hold.
If also (B) is satisfied then the eigenvalues of B, relative 2, converge to
those of ¥ relative U for every B which satisfies (A3) and every sequence
{8,} which satisfies (A4).

Although (B) is not in general equivalent to (C), in some cases it is. In
other cases, condition (B) follows automatically from (A1) and (A2).

PROPOSITION 2.2. Let {(B,, U,)} be an allowable approximation to (B, %)
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on V, and let B be the continuous extension of B to Xg. If By is positive
definite on Xy, then (B) is equivalent to (C).

PrOOF. Assume (C’) holds, and let v, —, x, v, —y,, x". Then B(v, cx) =
Bre(v, x') or B(v, x’ — ¢x) = 0 for all ve V. Choose a sequence {u,} in
V such that u, —y,, X' — x. Then B 5(x" — ¢x) = 0,50 X" = ¢x.

PROPOSITION 2.3. Let U, {U,} satisfy (A1) and (A2) with Uz = U. Then
(B) is satisfied.

Proor. For each n =0, 1, ..., A(v) = U, (v) for all ve V. Hence there
is a bounded self-adjoint linear operator 4, on X, such that

2.1) A (A,u, v) = A, v) forall ve V.
Let ue V. Then

I%(A u, V)2 _ | 2A(u, v) [
UnlA) = Sup =g ey = S99 Gy
.2)
SMMW%%<WM

By (2.1) and (2.2), A,u— ;u. Moreover, since U,,(u) - A(u), foreverye > 0
there exists an N such that forn = N

(A (Au, w2 Aw)? A(u) _
20 T a0 gy = NG e
Thus (I — &)A W) = W,(4,u) < UA(w) for n = N;ie., A, (A,u) — Aw).
Thus A,u —, Au, for allue V.

Finally, let for all v,eV, v, —-,x. By Lemma 1.1.3 A(v,, u) =
A, (v,, A,u) = A(x, u) for all u e V, so (B) clearly holds.

PROPOSITION 2.4. Let U, {U,} satisfy (A1) and (A2) with %z < A, < ¥,
n=0,1,...IfUis equivalent to N, then (B) is satisfied.

A(A,u) 2

PROOF. Since A and U, are equivalent we may take X;5 = X and ¢ the
identity operator on X. Forn = 0, 1, ... let L, be the bounded self-adjoint
linear operator on X such that

2.3) A(L,u, v) = U, (u, v) forallu, ve V.

Then |A(L,u, u)| = |A,w)| < Aw) forallueV,so |L,|| < 1. Using
this fact and (2.3) we see easily that L,v — v for all v € V. (The operators
M, = 1 — L, are non-negative bounded self-adjoint operators which
converge weakly to zero in X and hence converge strongly to zero [14,
Cor. 3.2, page 452]).

Letv, —4x,v, =y, X. Thenv, —y x’,soforallve V
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A(x, v) = lim A, (v,, v) = lim A(v,, L,v) = A/, v).

Therefore x = x’ and (B) is satisfied.

3. The necessity of condition (B). Let {(B,, %,)} be an allowable ap-
proximation to (B, A) on V. Then condition (B) is a sufficient, but not in
general a necessary, condition for the convergence of the eigenvalues of
B, relative 9, to those of P relative . In this section, however, we shall
prove a converse to Theorem 2.1; more specifically, we shall show that
condition (B)is necessary if convergence of the eigenvalues is to hold for
all appropriate choices of ¥ and {%,}. First we consider a special case
where condition (C) is necessary for convergence of the approximating
eigenvalues.

PrOPOSITION 3.1. Ler A, {9,} satisfy (A1) and (A2) and let B be a real
quadratic form of rank one on V, bounded with respect to Nz (Thus
{(®, A,)} is an allowable approximation to {(B, N)} on V.) Let A be the non-
zero eigenvalue of B relative A and A, be the non-zero eigenvalue of B
relative A,,n = 0, 1, .... Then A, — A if and only if condition (C) holds.

ProoF. ¥ defines operators B, B, on X, X, respectively by the equations
3.1 B(u, v) = A(Bu, v) = A (B,u, v)forall u, ve V.

Since B has rank one, then B = AP, B, = AP,, where P, P, are orthogonal
projections in X, X,, respectively with one dimensional range. Thus

Bu, v) = AL, (P,u, v) = AA(Pu,v),Bu) = 1, U,(Pu) = AA(Pu).
If 4, — 4, then A
W, (P,u, v) = AX, ' A(Pu, v) > A(Pu, v), W (P,u) = A4 A(Pu) — A(Pu).
Thus P,u », Puforallue V. Letv, eV, v, —,x. Then
Bu, v,) = A,L(Pu, v,) > AA(Pu, x) = B(u, x) forallu e V.

It follows that A, — A implies condition (C’) and therefore (C). The con-
verse is clear.

LEMMA 3.1. Let U, {U,,} satisfy (A1) and (A2). If condition (B) is not satis-
fied, then there is a form B of rank one on V, bounded with respect to ¥,
such that condition (C) fails to hold.

PrOOF. Let v, € V, v, =, X, v, —y,, X" where x" # ¢x. Then ¢x = ax’
+ By, where € 5(x",y) = 0, A 5(y) = 1,and § = Ay p(cx, y). We may assume
8 # 0 (else choose any non-zero uy € ¥ and replace v,, x, x" by v, + u,
X + uy, x' + ug respectively). Let B be the bounded self-adjoint linear
operator on Xz such that By = yand B = O on X3 — [y]. Define
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B, (U, v) = B, v) = Arg(Bu, v), u, ve V.

Then 3 is bounded with respect to %, z(with bound one) and is ofrank one.
But

B(x') = Ap(Bx', x') = 0,
while
Blex) = App(Bex, cx) = BUL(y, cx) = |BI* # 0.
‘Hence (C") and therefore (C) fails.

REMARK 3.1. The non-negative form 9 constructed in the last example
can be used to construct more complicated examples, as follows:

Since B is of rank one, there is a decomposition V' = V' + [ug], where
B(ug) = 1 and B(v', v) = Oforall v’ e V', ve V. Then

X=X/+[u0]a Xn=Xr/z+[uO]7

where X', X, is the closure of ¥ in X, X, respectively. Let B, B, be the
bounded self-adjoint operator defined on X, X,, respectively by B:

B(u, v) = A, (B,u, v) = A(Bu, v)

and 0: X - X', 0,: X,, = X, be the projections along [u].

Let A > 0 be the non-zero eigenvalue of P relative 9, and let B’ be any
real quadratic form on ¥’ which is completely continuous with respect to
U p(restricted to V) and is such that ||’ [ly,, < /2. Extend ¥’ to V' by
setting

B'(v) = B(Qv) = #'(Q,v) forallvel,

and define the new form 8 = ¥ + ¥’ on V. Then {(B, U,)} is an allow-
able approximation to (B, 2) on V, but the eigenvalues of B relative U,
do not converge to those of B relative .

We combine the preceding results to obtain:

THEOREM 3.1. Let U, {,} satisfy (A1) and (A2). If (B) fails, then there
are real quadratic frms B on V and allowable approximations {(3B,, %,)}
to (B, A) on V such that the eigenvalues of B, relative A, do not converge to
those of B relative A.

4. Applications to standard variational methods. In this section the
results of the preceding sections are applied to obtain convergence criteria
for the general types of variational approximation methods considered by
Aronszajn in [5]. In each case one begins with a completely continuous
problem coming from a pair (B, %) and constructs (completely continuous)
approximating problems using pairs (3,, 2,) whose eigenvalues approxi-
mate those of the original problem.
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For methods of the first kind (which includes the Rayleigh-Ritz and
Weinstein methods) one can always take ;3 =%, =%, n=0, 1,2,...and
either Bo =B, = ... =B or Bp=B; = ... = B. Thus conditions (Al),
(A2), (A3) and (B) are automatically satisfied, and (A4) will hold provided
only [14, Theorem 8.3.5]:

(A4 B,(v) = B(v) forallveV.

This condition is therefore all that is needed to insure convergence of the
approximating eigenvalues to the actual eigenvalues.

For methods of the second kind, two cases are considered. In the first
case

Uz =z...2U PB=YHB, = ... =3B

One may therefore take ;5 = U, and conditions (A2) and (A3) are auto-
matically satisfied. {(3,, %,)} will be an allowable approximation pro-
vided only (A1) and (A4) hold, in which case (B) follows from Proposition
2.3. Convergence of the approximating eigenvalues to the actual eigen-
values is thus assured if one only chooses (B,, U,,) to satisfy:

(A1) A,(v) - A(v) forallveV,
(A4) 1B - B,l, > 0asn > oo.

In the second case of methods of the second kind (which includes
Aronszajn’s method) one has

=Wy =...2U ByzBz2...2%

One need only take Az = %, to satisfy (A2). Then {(3,, ¥,)} will be an
allowable approximation provided

(Al) A,(v) > A(v) forallve V.
(A3) % is completely continuous with respect to A, on V.
(A4) 1B — B,l, — 0.

If, in addition, % is equivalent to ¥, condition (B) follows from Proposi-
tion 2.4, and convergence of the approximating eigenvalues to the actual
ones is assured.

At this point we have recovered the convergence criteria established by
Aronszajn in [5]. How the criteria can be satisfied for each method is
further discussed there. In this paper Aronszajn asks whether, in the last
case considered above, the condition that 9, be equivalent to ¥ is neces-
sary. We shall show in the next section that it is not, but that some condi-
tion (e.g., condition (B)) in addition to (A1), (A3), and (A4)) is necessary if
the desired convergence of the eigenvalues is to hold in general.
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5. Further investigation of Aronszajn’s method. In Aronszajn’s method,
given the pair (B, A) on ¥V, a base pair (By, Ay) is chosen so that Ay = A,
B =< By. In addition, U, is chosen so that B is completely continuous with
respect to Ay and so that A is quasi-bounded with respect to ¥U,. Thus

A(u, v) = Ao(Lu, v)forallu, ve V,

where L is a symmetric operator in X, with dense domain V.

To construct the intermediate problems one defines A’ = A — Ao,
and chooses a sequence {p;} in V whose elements are linearly independent
modulo the null space N of A’ in V. Let P, be the projection, orthogonal
with respect to U’, of Vonto[py, ..., p,]).

Thus

V = Nn + [pl, '-‘7pn]’

where N, = {veV:%'(u, p;) =0,j =1, ..., n}, and P, is the projection
of Valong N,,.
Define

A, () = No(w) + A'(P,u),n=1,2, ...

Then %, = A; £ ... £ U, (A2) holds with %5 = %y, and (A3) holds. (A1)
will hold provided the sequence { p,} is so chosen that
(A1) V' = N + span { p;» is dense in X.

Analogously one defines B’ = B, — B and the null space N; of ¥’ in V,
then chooses a sequence {g,} in V linearly independent modulo N;. Let

B, () = Bo(u) — B(Q, w),

where Q, is the projection, orthogonal with respect to %', of ¥V onto
g1, ..., g,). Then By = B; = ... = B, and (A4) holds provided

(A4") M + span {(g;) is dense in X.

If {p,}, {g,} are chosen to satisfy (A1) and (A4’), then {(B,, %,,)} is an
allowable approximation to (B, %) on V. We wish to know when (B) is
satisfied.

First, note that since .o/ is quasi-bounded with respect to .27y, it is closable
in-the Hilbert space X, [14], and the mapping ¢ of X into X is injective.
Thus we may consider X as a subset of Xj and ¢ as an embedding. More-
over, L has a positive self-adjoint extension L, with square root L}? and
domain 2(L,) such that

VieV=al) < 9L < ALY = X < X,
A(x, y) = Uo(Ly x, ) for all x e D(Ly), y € X,
A(x, y) = Ao(LY? x, LY? y) forall x, y € X.
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Note that, in view of (A1’), V' is a core of L}?.

Next note that the eigenvalues of B relative to 9 and of B, relative to
A, do not change if we replace V' by the dense subspace V'’ of X, nor does
the discrete approximation of X by {X,}. Thus condition (B) may be
replaced by:

(8:9] VeV v, =4 X, v, =y Xo = X = X
Moreover,

LEMMA 5.1. Let v, € V'. Thenv, —, x if and only if {,(v,)} is bounded
and A(v,, v) > U(x, v) forall ve V',

(If ve V', then for all sufficiently large n, P, v=vand %,(v,, v) =
A(v,, v).) Finally,

THEOREM 5.1. If L(V"') is dense in X, then condition (B') is satisfied.
ProoF. Let v, e V', v, =4 X, v, — o, Xo. Then for all ve V’

Ao(Lv, x) = Ay, x) = lim A(v, v,) = lim Ao(Lv, v,) = Ao(Lv, xo),

so that Ay(Lv, x — xg) = 0 for all ve V'. Then x = x,, and the theorem
is proved.

Since Ay(Lgx, x) = A(x) = Up(x), x € Z(Ly), Ly has a bounded inverse in
Xyo. Therefore L(V'") = Ly(V’) is dense if and only if V' is a core of L.
Thus, if we only choose V' to be a core of Ly, both (Al’) and (B’) are
satisfied, and the approximate eigenvalues obtained using Aronszajn’s
method converge to those of the original problem. One of Aronszajn’s
questions is now answered; i.e., it is not necessary to choose 9, equivalent
to A in order to insure the desired convergence. However, the following
example shows that some condition is needed in addition to the allow-
ability of {(%,, )} with respect to (3, ).

ExaMpLE. Let X, be a separable Hilbert space with norm |- |y, and L,
be an unbounded self-adjoint operator with dense domain 2(L;) in X
and such that (Lox, x)g = (I + k)| x|3 for all x € X;. Let V be any subset
of @(L,) which is a core of L2 but not of L, and L be the restriction of
LO to V.

Define Ao(u) = |ullf, Ay, v) = Ao(Lu, v), and A'(w) = A(w) — Ay(u)
for all v, u e V. Then A = (1 + k)Uy, A’ is equivalent to A (A’ < A <
(1 + 1/k)A"), and X = @(L¥?) is a Hilbert space with norm 9(x)\/2 =
Ag(LY?x)12, x € X.

Let {p;} be any sequence in ¥ which is orthonormal with respect to %’
and which is complete in X with respect to U (and A’). Let ¥’ = span {p;»
and construct the intermediate forms U, (1) = Wo(v) + A'(P,u) according
to Aronszajn’s procedure.
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Since L(V)is not dense in X, there exists yy # 0 such that Ao(yg, Lv) =
0forall ve V. Let x, = Mgy, where My = Ly — 1. (Note that %'(x)
= Wo(Myx, x) = kUy(x) for all xe 2(My) = 2(Ly) < X.) Thenxge X
and

5.1 Ao(Yo, x) = Wo(Moxg, x) = A'(xp, x) for all x e X.
Choose a sequence {u,} in V' such that u, —y, o in X,. Then for all
ve V', (5.1) implies that
A'(uy, v) = Uo(u, Mov) = Uo(t, Lov) — Ao(t, V)
= Ao(yo, Lv) — Ao(yo, v) = —A'(xp, ).

Using a standard diagonal process we choose a subsequence {v,} of {u,}
such that

/ p 1 .
(52) |2[ (V,,, pj)lz é IgI (x0s Pj)|2 + jfz’ n _>_: J-
Using (5.2) we see easily that
/ 2y op 1 , 1
W) = 3100, )P < 3 [mr (X0, 2,2 + 72]
7= j=
19 1 , 2
= Z (A (XO’ pj)lz + Zfz‘ =Y (Xo) + %
i=1 =1J

Therefore A, (v,) = Ao(v,) + A'(P,v,) is bounded.
Since also

AW,, v) = Ug(v,, Lv) = Ao(»o, Lv) = Oforallve V',

Lemma 5.1 implies that v, —, 0. But v, —4 y, # 0. Hence condition
(B’) fails.

On the other hand, the choice of V' insures that (A1) and (A2) hold.
Thus Theorem 3.1 implies that there are forms B and allowable ap-
proximations {(3,, %,)} to (B, A) such that the approximating eigenvalues
do not converge to the actual ones.

REMARK 5.1. Note in the preceding example that once ¥ was chosen,
there was no way to choose V' so that (B’) would hold; i.e., the failure
of (B) did not depend on the particular choice of {p;}.

REMARK 5.2. See Weinberger [23, Theorem 4.8.2] for other conditions
which insure convergence of the approximating eigenvalues for Arons-
zajn’s method. Notice that if condition (B’) holds, then Weinberger’s
conditions are satisfied for every choice of B.

6. The Bazley distinguished choice. In order to compute the eigenvalues
of the intermediate nth problem from those of the auxiliary problem one
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investigates the zeros and poles of an associated perturbation deter-
minant. In the case of Aronszajn’s method this determinant is (with 8, =
3B for convenience) [5] [12] [23] [24]:

6.1) W) = det{((Bo — A" Mp; — % i Mp))},

where By, M are operators in X, defined by B(u, v) = Ao(Bou, v), A'(u, v) =
Ao(Mu, v)forallu,ve V, and i, j=1, ..., n.

Although the auxiliary problem is chosen so that (By — A1)~! Mp; is
known, it may, e.g., be known only in the form of an infinite series, and
finding zeros and poles of W(2) may be quite difficult. The idea of Bazley’s
distinguished choice [7] [23] is to choose Mp; = x;, where {x;} is an
orthonormal sequence in X; of eigenvectors of By. Then W(A) can be re-
placed by the simpler determinant

(6.2) W(2) = det{A2A'(p; p;) — A0:; + A'(pir P))}>

where 4; is the eigenvector of B, corresponding to x;. However, there
remains the question convergence of the approximating eigenvalues. For
cases where the convergence properties cannot easily be deduced using
ad hoc measures, we offer the following modifications:

Choose ¢, 0 < ¢ < 1, and replace %, by Ap= (I — ¢) Ap; i.e., use
(3B, Ap) to define the auxiliary problem to (3B, %) instead of (B, Ap). Then
A, By, M are replaced by A’ = A" + ¥y, By = By/(1 — ¢), and M =
(M + &)/(1 — ¢). We assume that {x;} is a complete orthonormal set of
eigenvectors of B, in X, (and therefore of Bg). M is invertible, and we
may define p; = p,(e) = M“lxj, j=1,2,...,and the associated forms ¥,
following Aronszajn’s method. Then V' = span {p,> will be a core of
M, and conditions (Al’) and (B’) will hold. The associated Weinstein-
Aronszajn determinant for the nth approximation is

W@ = det{ 2 0P ) + ¢ ol pi 1)

— A[6i; + W (pir B)) + eAo(Prn pj)]}, =1, ..n

which, although more complicated than (6.2), is easier to handle than
(6.1). Moreover it yields approximate eigenvalues (not the same as those
obtained from (6.2) of course) which are sure to converge to those of B
relative A as n — co.

7. Special cases and variations. In this section we consider the special
case that A(u v) = (A4u, v)y, where A is a (positive) self-adjoint operator
in a Hilbert space £ with domain V = 2(4) = #,. Similarly, Ao(u, v) =
(Aou, v)o, where A is a self-adjoint operator with bounded inverse in #,
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and so chosen that V < 2(4,) and 0 < Ap(u) < A(w) for all u e V.
Then ¥ is quasi-bounded with respect to A, with L = A;'A4.

For this situation we will consider two methods—Aronszajn’s method
and the Bazley-Fox variation of Aronszajn’s method. In each case we
shall show how the intermediate forms U, may be so chosen that (Al’)
and (B’) are satisfied. Thus, if ¥ satisfies (A3), and if the forms 3B, are
chosen to satisfy (A4), then Theorem 2.1 will apply.

For Aronszajn’s method we make use of the results of section 5. Speci-
fically, we define intermediate forms 9, using Aronszajn’s method and a
sequence { p;} in V, linearly independent modulo the null space N of o,
such that V' = N + span { p,> is dense in V' with respect to the norm
A1/2 and such that A(V’)is dense in . Clearly, (Al’) is satisfied. More-
over, given any xq € Xy, vy = Agxg € #,, and there is a sequence {v,} in
V'’ such that Av, — 4, y,. But then Lv, = Ag? Av, — 4 xo. Thus L(V") is
dense in X;, and condition (B’) is satisfied.

As an example, consider the case that A4 is an elliptic linear differential
operator of order 2m on V = P2»(Q) (| Py(Q), where Q is a bounded
domain in R¥ with smooth boundary (see [1] [2] [3] for properties of spaces
P« of Bessel Potentials and for specific conditions on Q and A). We assume
in addition that 2(u, v) = (Au, v),, defines A as a positive definite quad-
ratic form equivalent to the P norm on V and such that 471: L,(Q) - V
viewed as a mapping of Ly(2) into P%m((), is bounded.

Let 4, be an elliptic differential operator of order 2my < 2m on Vy =
P2m(Q) () Pyo(Q), such that Ao(u, v) = (Agu, v),, defines a positive definite
quadratic form equivalent to the P” norm on ¥V, and such that Ag':
Lo() — Vy = P2my(Q). Also assume that U is quasi-bounded with respect
toUpand A = UA,.

Choose a sequence { p;} in ¥ as in section 5 such that ¥’ = N + span
{p;»is dense in V with respect to the P%» norm. Then V' is dense in ¥ with
respect to the P norm and therefore with respect to the norm A1/2,
Moreover, if x € Ly(Q2), then there is a sequence {v,} in ¥’ such that

v, paw A7lx e V.

Then Av, — x, so A(V’) is dense in Ly(Q). It follows that the forms 9,
defined using { p;}, are such that (A1’) and (B’) hold.

Finally, we consider the Bazley-Fox variation of Aronszajn’s method,
applied to the situation described in the first paragraph of this section [8]
[23] [24]. This method requires that the form A’ = A — A, be expres-
sible as

A'(u, v) = (Cu, Cv)j,u,ve 'V,

where C is a linear transformation from J# into a second Hilbert space
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1. It is further assumed that V' = 2(C), and that C has an adjoint C*:
H#1 — Hy defined by

(Cx, ¥)1 = (x, C*y), for all x e 2(C), y e 2(C*).

Choose a sequence {p;} in ¥, linearly independent modulo the null
space N of C, and let Q, be the orthogonal projection of 2#, onto[Cp,, ...,
Cp,]. Define

W) = Ao(w) + 10,Cull%, forallue V.

Then 0 < Ap(w) = AUy(w) = ... = Aw).

Suppose we can choose { p;} so that V' = N + span{ p;> is dense in
V, that A(V')is dense in X, that C(V") = 2(C*), and that C(V”’)is dense in
1. (This is always possible if C(V) is a subspace of 2(C*) dense in 5#;.)
Then

W, (u, v) = (4o + C*Q,C)u, v)y forallu, ve V,

where 4, = Ay + C*Q,C is a finite dimensional perturbation of A4 (see
[6D.

The choice of ¥’ insures that(A1’) holds and that Lemma 5.1 still applies.
Suppose {v,} is a sequence in ¥’ such that v, —, x, v, —, Xo. Then for
all y e 7,

(vm y)O = QI()(vm )’0) - QIO(XO, y()) = (XO’ y)O,
where yy = Agly € 2(Ay); i.e., v, — 4, Xo. But then forall ve V',
0

(x, Av)y = U(x, v) = lim A(v,, v) = lim (v,,, Av)g = (xq, AV)p,

so x = x,. Therefore (B") and (B) hold for this approximation scheme.

It is hoped that the examples of this section and of section 4, 5, and 6
illustrate how the conditions of section 3 can be used to choose approxi-
mating problems so that the desired convergence of the approximating
eigenvalues is achieved.

BIBLIOGRAPHY

1. R. Adams, N. Aronszajn, M. Hanna, Theory of Bessel Potentials, Part III, Ann.
Inst. Fourier Grenoble 19 (1969), 281-338.

2. R. Adams, N. Aronszajn, and K. T. Smith, Theory of Bessel Potentials, Part
11, Ann. Inst. Fourier Grenoble 17 (1967), 1-135.

3. S. Agmon, Lectures on Elliptic Boundary Value Problems, D. Van Nostrand,
New Jersey, 1965.

4. P. M. Anselove and T. W. Palmer, Spectral analysis of collectively compact,
strongly convergent operator sequences, Pac. J. Math. 25 (1968), 423-431.

5. N. Aronszajn, Approximation methods for eigenvalues of completely continuous
symmetric operators, Proc. of Symposium on Spectral Theory and Differential Equa-
tions, Stillwater, Oklahoma, 1951, 179-202.



CONVERGENCE OF APPROXIMATION METHODS 215

6. N. Aronszajn and R. D. Brown, Finite dimensional perturbations of spectral prob-
lems and variational approximation methods for eigenvalue problems, Part 1, Studia Math.
36 (1970), 1-74.

7. N. W. Bazley, Lower bounds for eigenvalues with application to the helium atom,
Proc. Nat. Acad. Sci. U.S.A., 45 (1959), 850-853.

8. N. W. Bazley and D. W. Fox, Lower bounds to eigenvalues using operator decom-
positions of the form B*B, Arch. Rat. Mech. Anal. 10 (1962), 352-360.

9. R. D. Brown, Finite dimensional perturbations of bounded self-adjoint operators,
J. Math. Anal. and Applic. 62 (1978), 337-344.

10. R. D. Brown, Perturbation matrices for finitely perturbed Banach systems, Univ.
of Kansas Tech. Report 27 (new series), 27 pages.

11. G. Fix, Orders of convergence of the Rayleigh-Ritz and Weinstein-Bazley methods,
Proc. Nat. Acad. Sci. U.S.A. 61 (1968), 1219-1223.

12. S. H. Gould, Variational Methods for Eigenvalue Problems: An Introduction to
the Weinstein Method of Intermediate Problems, 2nd. ed., University of Toronto Press,
1966.

13. J. S. Howland, On the Weinstein-Aronszajn formula, Arch. Rat. Mech. Anal.
39 (1970), 323-339.

14. T. Kato, Perturbation Theory for Linear Operators, Springer, New York, 1966.

15. S. T. Kuroda, On a generalization of the Weinstein-Aronszajn formula and the
infinite determinant, Sci. Papers College Gen. Ed. Univ. Tokyo II, 1961, 1-12.

16. Hj. Linden, Uber stabile Eigenwerte und die Konvergenz des Weinstein-Aronszajn-
Bazley-Fox-Verfahrens bei nicht notwendig rein diskretem Spectrum, Computing (Arch.
Electron. Rechnen) 9 (1972), 233-244.

17. J. E. Osborn, Spectral Approximation for compact operators, Math. of Computa-
tion 29, No. 131 (1975), 712-725.

18. L. T. Poznyak, The convergence of the Bazley-Fox process and the evaluation of
this convergence, Z. Vycislit. Math. Fiz. 9 (1969), 860-872 (Russian).

19. L. T. Poznyak, The rate of convergence of the Bazley-Fox method of intermediate
problems in the generalized eigenvalue problem of the form Au = ACu, Z. Vycislit. Math.
mat. Fiz. 10 (1970), 326-339 (Russian).

20. F. Stummel, Diskrete Konvergenz lineares Operatoren 1, Math. Ann. 140 (1970),
45-92,

21. F. Stummel, Diskrete Konvergenz lineares Operatoren II. Math. Z. 120 (1971),
231-264.

22. F. Stummel, Singular perturbations of elliptic sesquilinear forms, Lecture Notes in
Math. 280, Springer-Verlag, Conference on the theory of ordinary and partial differential
equations, (1972), 155-180.

23. H. F. Weinberger, Variational Methods for Eigenvalue Approximation, Confer-
ence Board of the Mathematical Sciences, Regional Conference Series in Applied Mathe-
matics, No. 15, SIAM, Philadelphia, Pa., 1974.

24. A. Weinstein and W. Stenger, Methods of Intermediate Problems for Eigenvalues;
Theory and Ramifications, Academic Press, New York, 1972.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KANSAS, LAWRENCE, K ANSAS.






