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A REMARK ON UNIFORM CLASSIFICATION OF BOUNDEDLY 
COMPACT LINEAR TOPOLOGICAL SPACES 

P. M A N K I E W I C Z AND J. VlLIMOVSKY 

ABSTRACT. Only linear spaces over reals are considered. It is 
proved that (i) if a locally convex space is uniformly homeomorphic 
to a Mon tel-Fréchet space then it is isomorphic to it and (ii) if 
two separable conjugate real Banach spaces are uniformly homeom
orphic with respect to their w*-topologies then they are isomorphic. 

Introduction. It seems that we are quite far from understanding under 
what circumstances the existence of a uniform homeomorphism between 
linear topological spaces over the reals implies that the spaces are isomor
phic. Very recently, Aharoni and Lindenstraus [1] have shown that in 
general this is not the case, they Namely, exhibited an example of two 
nonisomorphic but Lipschitz homeomorphic nonseparable, nonreflexive 
Banach spaces. On the other hand, it was known, for example, that if one 
of the spaces involved is either a Hilbert space [7] or the Fréchet space of 
all real valued sequences [8] then the existence of a uniform homeomor
phism implies that the spaces are isomorphic. Also, recently Ribe [10] 
has proved that if two Banach spaces are uniformly homeomorphic then 
they have the same local structure. 

The aim of our note is to prove that (i) if a locally convex linear topolo
gical space is uniformly homeomorphic to a Montel-Fréchet space then 
it is isomorphic to it, and (ii) if two separable conjugate Banach spaces 
are uniformly homeomorphic with respect to their w*-topologies then 
they are isomorphic. 

We shall consider vector spaces over the field of reals only. In what 
follows E, F will stand for locally convex topological vector spaces with 
& and i? the corresponding systems of all continuous pseudonorms. 
Spaces E, F are supposed to be uniform spaces with their natural transla
tion-invariant uniformity. We shall call the mapping T: E -> F Lipschitz 
if for each q e & there is p e & such that q(Tx - Ty) ^ p(x - y) for all 
x, y in E. 

We shall often use the following lemma, stating that a uniformly con
tinuous map between localy convex spaces has the Lipschitz property for 
large distances. It is a simple special case of a result of Corson and Klee 
[5]. 

*The paper was prepared in part when the first named author was on leave of absence 
at the University of Connecticut, Storrs, Connecticut. 
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LEMMA 1. Let T: E -> F be a mapping q e g, p e &, e > 0, n e N. As
sume that for all x9y e E we have 

q(Tx - Ty) < -*-, if p{x - y) < 1 . 

Then for all v, w G E such that p(v — w) ^ l/n, 

q(Tv — Tw) ^ nepiy — w). 

Recall that a space E is called boundedly compact [6] if every bounded 
subset of E is relatively compact. 

We begin the description of one method to obtain in some cases a Lip-
schitz mapping from a uniformly continuous one. 

LEMMA 2. Let f: E -> F be uniformly continuous. The system ÏF = 
{fr: r ^ 1}, where fr(x) = (l/r)f(rx), is uniformly equicontinuous and maps 
each point in E onto a bounded subset ofF. 

PROOF. Take e > 0, q e â. In view of the uniform continuity of/we can 
find ft e N, p e0> such that q(fx - fy) < eß if p(x - y) < l/n. Taking 
r ^ 1, we obtain: 

(a) if p(rx — ry) < l/n, then 

1 s 

q(fr* - fry) = y q{f(rx) - f(ry)) <~2r < e. 

(b) if p(rx — ry) ^ l/n, Lemma 1 gives 

tifa - fry) ^ —enrp(x - y), 

the latter being less than e for p(x — y) < \/n. 
(a) and (b) together give the uniform equicontinuity of <F. To prove the 
second assertion we may and shall assume that f(0) = 0. Taking q e J2, 
there isp e0>, n G N such that q(fx) < 1/2 if p(x) < l/n. If p(rx) < l/n, 
we have q(frx) < \ßr < 1 for r ^ 1; if p(rx) ^ l/n, we have q(frx) ^ 
np(x), using Lemma 1. This proves that the set ?F(x) is bounded in F. 

Let us recall now some basic facts about convergence along a filter. 
Having a set / , a family % of subsets of J is called an ultrafilter, if (i) 0 <£ 
°U, (ii) °U is closed under finite intersections, (iii) if A G ̂ , A a B, then 
B G %, (iv) if A $ % then J\A e %. If P is a topological space and {xa: 
a G / } is a family of points in P, we shall say that {xa} converges to a point 
x along ^r if for any neighborhood U of x, there is a set A e °U such that 
xa G t/for A G ^ . Finally recall that if P is compact, then each family has a 
limit along each ultrafilter. (For details and proofs see for instance [3].) 

PROPOSITION 1. Let f: E -> F be uniformly continuous, F a boundedly 
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compact space. Choose any ultrafilter <% in the set [1, oo] containing all 
residual intervals [a, oo] for a ^ 1. Then the mapping h: E -* F assigning to 
each point x the limit of {frx: r ^ 1} along °U is Lipschitz. 

PROOF. First we observe that Lemma 2 gives the boundedness of each 
£F(x) in F, hence their closures are compact in F and the mapping h is 
well defined. (The limit along °U exists.) Take q eg; we can find / ? e ^ , 
n e N such that q(fx — fy) < 1/2 whenever p(x — y) < \\n. Take arbi
trary x, y G E, 7] < 0. 

(a) If p(x — y) = 0, take /^ ^ 1 such that 

q(hx - frvx) < V> 

q(hy - frJ) < y, 

Then q(hx - hy) S q(hx - frx) + (llrv)q(f(rvx) - f(rvy)) + 
q(frj]y - hy) < 3ç, hence q(hx - hy) = 0. 

(b) If p(x - y) > 0, take rv ^ 1 such that 

p(rvx - rvy) ^ —, 

q(hx - frx) < y], 

q(hy - fry) < y-

Using Lemma 1 we obtain that q(hx — hy) < 2rj -f np(x — y), hence 
q(hx — hy) g np(x — y). 
(a) and (b) prove the Lipschitz condition for h. 

THEOREM 1. Let E, F be uniformly homeomorphic and let one of them be 
boundedly compact. Then E, F are Lipschitz isomorphic. 

PROOF. First observe that if one of the spaces is boundedly compact, 
then the second one is boundedly compact as well, because both bounded
ness and compactness are preserved under uniformly continuous map
pings. Suppose/: E -» Fis a uniform homeomorphism. We define h:E -> F 
and h'.F-^E the respective mappings from Proposition 1 for / a n d / " 1 , 
respectively. Both h, h! are Lipschitz and we shall prove that h' is the 
inverse of h. A simple computation gives for each r ^ 1 : 

i n = (frY1-
Take any x G E, p G ^ , r] > 0. Using Lemma 2 we can find q G J2, e > 0 
such that for q(v — w) < s the inequality p{f~x v — / 7 1 w) < 7] holds 
for all r ^ 1. Now because hx, h'(hx) are limits along the same ultrafilter, 
we can find r0 g: 1 such that 
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q(hx - frox) < e, 

pQi'hx - f'^hx) < 7]. 

Then pQi'hx — x) < 2rj, hence h'hx = x. In a similar way we can prove 
that hh'y = y for all y e F, hence h is a Lipschitz isomorphism. 

Let / be a mapping from F into F. We say that / is differentiate at a 
point x e E iff for every y G E the limit 

lim f(x + Xy) - f(x) =f,.x) 

exists (in the topology of F) and the mapping (Df)x:E -> F defined by 
mf)x(y) = f'y(x) i s ünear. 

LEMMA 3. Letf: E -> F be a Lipschitz homeomorphism between boundedly 
compact spaces E and F and let f be differentiable at a point x0 e E. Then 
(Df)XQ: E -> F is an isomorphism between E and F. 

PROOF. Without any loss of generality we may assume that /(0) = 0 
and XQ = 0. It can easily be seen (see, e.g., [9]) that (Df)0 is an isomorphic 
embedding of F into F It remains to prove that (Df)0 is surjective. Assume 
the contrary. Then there is yQ e F\FQ, where F0 = (Df)Q(E) is a closed 
subspace of F Let ^ be a continuous linear functional on F with cf){y) = 0 
for ye FQ and 0(jo) = 1- Define q{y) = | (f>(y) | for y e G. Since fis a Lip
schitz mapping, there is p e 0> such that 

q(f(x) - f(zj) ^ p(x - z) for x9 z e F. 

Set xw = nf{n~ly^) for « G N. Note that the sequence (xn) is bounded and, 
therefore, admits an accumulation point, say z. We have 

lim#, 
A-0 \ 

(JL*?)_ o. 

Thus there is 5 > 0 such that 

/i 
< -2- for | A | < o. 

On the other hand, there is n e N such that /?(z — x„) < 1/2 and n_1 < 5. 
Hence we have 

2 ~ + ^ o ) = T ; 
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a contradiction, which completes the proof. 

THEOREM 2. Let a Montel-Fréchet space X be uniformly homeomorphic 
with a locally convex vector space Y. Then X is isomorphic to Y. 

PROOF. It is easy to see that F is a Montel-Fréchet space as well. By 
Theorem 1, there is a Lipschitz homeomorphism / from X onto Y. By 
Theorem 4.5 in [9], / is differentiate at some point and finally, by the 
previous lemma, every such differential is an isomorphism between X and 
Y. 

THEOREM 3. Let X and Y be separable conjugate Banach spaces endowed 
with their weak* topology and let X be uniformly homeomorphic with Y. 
Then X and Y are isomorphic with respect to their norm topologies. 

PROOF. Let Y be the conjugate space to a Banach space Z (i.e., Y = Z*). 
Obviously Z is separable. Let (<f>n) be a sequence of points in Z dense in its 
unit sphere. In the sequel, we shall consider the <j)n as functions on Y. Let 
s be the space of all real-valued sequences with its standard product 
topology. By Theorem 1, there is a Lipschitz homeomorphism / from X 
onto Y. Set/W = <f>nofforneN and consider the mapping h: X -> s given 
by the formula 

Kx) = (fi(x)9Mx)9Mx), ...) f o r x G l . 

It is easy to check that h is a Lipschitz mapping from X with weak* topo
logy into s, but this implies that h is a Lipschitz mapping from X with 
norm topology into s. Thus by Theorem 4.5 of [9] (see also [2], [4]). there 
is a point XQ e X at which h is differentiate. Hence we deduce that /„ is 
differentiate at x0 for each n eN. This implies that, for each x e X, 

f AXQ + te) - fa) | 

is a weak* Cauchy system when X tends to 0. Thus for each x e X, the limit 

/Ì-0 A 

exists. We shall show that the mapping (Df)XQ defined by the formula 
(Df)XQ(x) = f'x(

xo) fo r x e Xis additive. Indeed, assume the contrary and 
let a, b e A^be such that (Df)XQ(a) + (Df)XQ(b) * (Df)xo(a + b). This im
plies that there is n e N such that 

UWUa)) + UWUb)) ¥> UWUa + b)). 

On the other hand, it can easily be seen that 

$„((Df)X0(x)) = (Df„)xo(x) for every xeX. 
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Since (Dfn)xo(x) is linear in x we infer that 

MDf)Ja)) + MiDfUV) = UWU" + b)), 
a contradiction. Thus (Df)XQ is additive. Also, one can easily verify ([9]) 
that (Df)xo is continuous. Thus it is linear. By Theorem 2, the mapping 
(Df)XQ is an isomorphism between X and Y with respect to their weak* 
topologies. Hence it is also an isomorphism with respect to the norm 
topologies of X and Y. 

COROLLARY. Separable reflexive Banach spaces are weakly uniformly 
homeomorphic if and only if they are isomorphic. 

REMARK. Note that in Theorem 3 the assumption that F is a separable 
conjugate Banach space can be omitted. 

REMARK. By a small modification of the proof of the previous theorem 
one can obtain that if two conjugate Banach spaces are weak* uniformly 
homeomorphic then they have the same separable linear dimension; i.e., 
each separable linear subspace of one of them is isomorphically embed-
dable in the second and vice versa. 
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