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ON GENERALIZED MID-POINT CONVEXITY

EITAN LAPIDOT

ABSTRACT. A function f is said to be convex with respect to a

T-system {u,, u,, ..., u,,} on the interval (a, b) if
Ul:“oa ”11 RS ] "n—bf:l ;0
toa tu MRS tn-ly tn
foralla < t,<t, < --- < t, < b.Itisshown that if fis bounded

and if the above inequality is satisfied for equally spaced points,
then f'is convex.

Introduction and background. A function f'is said to be mid-point convex
if the inequality

S+ x2)(2) = (12)(f(x1) + f(x2)

holds for every pair of real points x; and x, belonging to the interval of
definition of the function f. In [1] Blumberg shows that every bounded
mid-point convex function is continuous. Later, Popoviciu [4] noticed that
every generalized mid-point convex function with respect to 1, x, x2, ...,
x"~1 (see equivalent definition 2), is convex with respect to these functions,
if f and its n-th divided differences are bounded. We generalize these
results, showing that every bounded, generalized mid-point convex func-
tion with respect to a continuous Tchebycheff-system (7-system) is convex
with respect to this 7-system.

2. Generalized mid-point convexity. Let u, vy, ..., u,_, be n continuous
functions on the closed interval [a, b]. We say that they form a (continuous)
T-system on [a, b] if for every choice of n points: a S 1y < t; < --- <
t,_1 < b, the determinant

lug(to)  uo(ty) ... uo(t,-1)
U[uo, U, oy un—l:‘ _ u(te)  w(t) ... w(t,)
to, 11, -5ty : : :
Uy 1(t0) Un1(t1) - .- Up1(t,1)

is positive.
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DEerINITION 1.[2]. A function f, defined on the interval 7, is said to be
convex (with respect to the 7-system {u,}7=}) if the determinants

ug(to) uo(ty) ... uo(t,)
u(to) wi(t) ... wi(t,)
Uy, Uy, -« -y un—laf . . .
Q)] U . P : :
0 £1s -+ o> —1s
” " Uy_1(t0) Up1(t1) ... u,1(t,)
fo)  f(t) ... S
are non-negative whenever t, < t; < --- <t, are n + 1 points in the in-
terval .

The set of all convex functions is called the convexity cone and is denoted
by Ci(ug, uq, - .., u,—1) (or C(ugy, uy, ..., u,_1) if no ambiguity arises).

DEFINITION 2. A function f, defined on an interval 7 is said to be general-
ized mid-point convex (GMPC) (with respect to the T-system {ug, uy, .. .,
u,1}) if the determinants (1) are non-negative whenever ¢; = ty + jh
j=12,...,n— l,nand h > 0, and both ¢y and ¢, + nh are in I. In this
case we denote the determinants (1) by U(t,, t,; f).

LemMMA 1. Let {u;}=¢ be continuous functions on [a, b, forming a T-system
on it, and let f be defined on (a, b). If

Ugy, Uy -« -y Uy 1,
@ U[ 0 U1 -1 f:l >0
sty «oslpn1, 1,
and
Uy, Uy o ooy Uy,
3) U[ " fJ;o
ty tay ooyt b
witha < tg <t) < -+ <t,<t,yq <b,thenforeveryl <i < n,
Ug, ... vy Uy 1,y
@ U[o anlf}—z_o'
fo, ey tt'—-l’ t:‘+1""’tn+1
ProOF. Assume that (4) does not hold for some i, i.e.,
Ugy . ey Uy
(5) U[ ” 1’q <0
to, -y L1 tivas ---’tn-i-l

Let u be the element of span{ug, uj, ..., u,;} that interpolates f at ¢; for
J=0,1,...,i—1,i + 1, ..., n Thelast row in the determinant

) U[uo, e Uy, f— uJ

Loy + o5 gy tias SR S
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is (0,0, ...,0,(f — u)t,+1)), and since the determinant is negative, (f — u)
(t,+1) < 0. But (f — u)(t;) # O since otherwise the determinant (3) would
be negative. Consider now the determinant

(zr) Ul:u07 Uyy oo o5 Uy g, f—' u:l >0
NS T =

The only non-zero term in the last row of (2') is (f — u)(¢;) and since (2) is
non-negative, (— 1)**(f — u)(z;) > 0.

Finally,
Uy, Uy « vy Uy, [ —
Ul 0, U1 v f

t, o, ooy B tai

@) “} = (= )" — W)U,

+ (f - u)(tn+l)Un+1'

Since both U; and U,,,; are positive, (3") would be negative and thus (3)
would be contradicted. Hence (4) holds for every i.

DEerINITION 3. For a < 3, two points in the intérval (a, b), R(a, P)
denotes the set {x; @ < x < band (x — a)/(8 — a) is a rational number}.

COROLLARY 1. Let f be a GMPC with respect to the T-system {u;}7=}.

Then
Ul:llo, Ups - -y u,,_l,f]
tO’ tla ) tn—l’ tn
is non-negative whenever ty < t; < --- < t, are elements of R(a, (3), for
some a, (.

LeMMA 2. Let {u;}7=} be as in Lemma 1. If f is a bounded GMPC function
with respect to this T-system, then f is continuous in (a, b).

Proor. Let M be a common bound for |ug|, |wl, ..., |u,—1| and |f]
(in (a, b)). Assume that f has a discontinuity at some point x, a < x < b.
There exists a sequence {¢,}, converging to x and such that lim,_., f(2,)
exists and is not equal to f(x). We discuss the case ¢, — x from the left and
() > f(x), ie., f(t,) = f(x) + h,, h, >0 and lim,..A, = h > 0. For
other cases, the proof follows a similar line.

Leta < xp < %1 < +++ < X, < X < b. We may assume that x, 5, <
L <ty < --- <x Given ¢ > 0 there exists § > 0 such that

) x; <x;q4—0,i=0,1,...,n-3,
(ii) x,_, < x — 0, and
(iii) for every choice of n points y;e(x; — 9, x;)fori =0,1, ...,n — 2
and y,_; € (x — 4, x), the difference
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'U[uo, Uy -« s un_ljl —U[uo, Uy « - o5 Uy 2 u,,_l}
Yoo V1> -+ -5 Vu1 X0s X15 -+ o5 Xp—2y X

is less than ¢. Now, forevery k,let xf < xf < - <xt , <xt_; =1 <
xt = x, with xte (x; — 8, x) fori =0, 1, ..., n — 2. By Corollary 1,
Uy, Uys - - - u_l,f
© I R Y
xk, xk, ..., xk_, xk
Let
Upy - - - ce Uy
M = U[ k, k k , nk }
XO, e e ey xj_l, Xj+1, RIS .xn

Clearly M% < n! M»1eforj=0,1,...,n — 2 and for large , such that
lufty) — ux)|< efor i =0, 1, ..., n — 1. Expanding (6) along the
last row we have

Upe = (n — Dn!Mre — (1M} + f(X)M;

Ugy Uyy -« s Uy 2, Uy ]

< Ae — (ft)) — f(X))U[ } + Be.

X0s X15 + » o5 Xp—2, X
Since f(t,) > f(x) + h/2, U, . can be made negative for some small ¢ > 0
and large k in contradiction to (6).

Combining Corollary 1 and Lemma 2 we have the following theorem.

THEOREM 1. Every bounded GMPC function with respect to a continuous
T-system {u;}1=} belongs to Cluy, uy, . . ., U, ).

COROLLARY 2. If all the determinants (1) with equally spaced points vanish,
then f is a polynomial in the u}s, i.e., f = 2,73 au;.

In the following section we give an application of the generalized mid-
point convexity property.

3. Union of T-systems. The determinant (1) is a function defined on the
simplex S = {(tp, t1, ..., t,); a<ty<t; < --- <t,<b} (or a < t,
t, < bif fis defined on the closed interval [a, b]). This set is not closed in
R7*+1 and hence a sequence of points in .S need not converge to a point in
S even if it does converge in R**1. In view of Theorem 1, we consider the
points ¢t = (ty, ty + h, ..., ty + nh) with & > 0. A converging sequence
{t#} of such point will converge in Sif 1% — t§ = & for some ¢ > 0 and all
(26, ¢£] are contained in a closed subinterval of (a, b). Let {ug, uy, . . ., u, 1}
be a continuous 7-system on the interval [a, 5] and let fand g be two con-
tinuous functions such that

@) {ug, us, ..., u,—3,f} is a T-system on [a, d],
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(i) {ug, uy, - .., u,_y, g} is a T-system on [c, b}, and
(lila<c<d<b andfl[c, d] = g][c, d].

Define u,, by u,, = fon [a, d] and u,, = g on [c, b]. We show the following
theorem.

THEOREM 2. Let uy, uy, . . ., U, 1, U,, f and g be defined as above, satisfying
(1)-(iii). The functions ugy, uy, . .., u, form a T-system on [a, b].

We first prove the following lemma.

LeMMA 3. [3]. Let f be a continuous function on [a, b] which belongs to

C(uo, Uy, <y un-—l)' ].f
U[uo, Uy -« -y 1:‘,;—1,{] -0

fo, Iy -y L1y 1,

for some a S <t < - --- <1,
u € Spanf{ug, uy, ..., U, 1}

IIA

b, then f|lt, 1,] = ullfy, 1,] where

PrROOF. We may assume thatf(7,) =0, = 0,1, ...,n. Let#; < t < ;1
for some j, 0 < j < n — 1, since the two determinants (1) based or the
points (fp, ..., L;—1, 8, fip1, .. L) (4 &, ..., %) if j=0) and
(T -5yt bigg, . 1) ((f, - - ., T,9, t) if j = n — 1) are non-negative,
f(r) must be zero, i.e., f|[Z, 7,] = 0.

PROOF OF THEOREM 2. Since u,, is not a polynomial in ug, uy, ..., t,
in any subinterval of [a, b], it will be sufficient to prove that u,€ C, p,
(ug, 4y, ..., u,_y) for all intervals [c, d] = [4, Bl = [a, b]. If u,¢
Cra,p (ug, U1, - . ., u,_1), then there exist maximal intervals [4, y] and [x, B]
such that u, € Cry 1 (g, 3, ..., u,—1) and u, € Cp, gy (ug, uy, ..., U, ).
Given D, y < D < B, since u,, ¢ Cr4 p; (U, Uy, - . ., U,_), there exists an
interval [a, ] with 4 < @ <xand y < 8 = D such that U(a, 8; u,) < 0.
Since this is true for all D > yp, there exists a sequence of closed in-
tervals [a, 8 <[4, B], with 8,1 » and lim,..q; = ap < x such that
U(ay, Bi; #,) < 0. By a continuity argument U(ay, y ; u,) < 0, which is in
contradiction to the maximality of [4, y]. So {ug, uy, ..., u,} is a T-
system on (a, b) and by the continuity of u, on [a, ], using Lemma 3, it is
a T-system on [a, b].
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