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ON GENERALIZED MID-POINT CONVEXITY 

EITAN LAPIDOT 

ABSTRACT. A function / is said to be convex with respect to a 
r-system (w0, uu ..., w„-i} on the interval {a, b) if 

Vu09 ul9 . . . , « /„- i , /~ 

L*0> ^l> • • • > * » - l > *n _ 

for all a < t0 < tx < • • • < f„ < b. It is shown that if/is bounded 

(/ ^0 

and if the above inequality is satisfied for equally spaced points, 
then/is convex. 

Introduction and background. A function/is said to be mid-point convex 
if the inequality 

f((Xl + x2)/2) £ (\l2)(f(Xl) +/(x2)) 

holds for every pair of real points xj and x2 belonging to the interval of 
definition of the function / . In [1] Blumberg shows that every bounded 
mid-point convex function is continuous. Later, Popoviciu [4] noticed that 
every generalized mid-point convex function with respect to 1, x, x2, ..., 
JCW_1 (see equivalent definition 2), is convex with respect to these functions, 
if / and its n-th divided differences are bounded. We generalize these 
results, showing that every bounded, generalized mid-point convex func
tion with respect to a continuous TchebychefT-system (T-system) is convex 
with respect to this T-system. 

2. Generalized mid-point convexity. Let w0, w1? . . . , un_x be n continuous 
functions on the closed interval [a, b]. We say that they form a (continuous) 
T-system on [a, b] if for every choice of n points : a ^ t0 < ^ < • • • < 
tn-\ è b, the determinant 

u "w0, ul9 . 

is positive. 

. . , un_{ 
= 

wo('o) wo('i) • • 

"i('o) M i ( ' i ) • • 

Wn-l('o) Wn-lOl) • • 

• wo('n-i) 

• Wl (tn-l) 

• M„-I ( ' „ -
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DEFINITION Lp]. A function / , defined on the interval /, is said to be 
convex (with respect to the T-system {uJjp}) if tne determinants 

0) U 
UQ, wi, . . . , un_i, f 

UQ, t\, . . ., /„_i , tn] 

are non-negative whenever t0 < t\ < 
terval /. 

wo('o) uo(h) ••• uo(tn) 

ui(t0) ^i(h) • • • u±(tn) 

Un-l(h) *V-l(*l) • • • ^n-l(Q\ 

Ah) f(h) ... f(tn) 
< tn are n + 1 points in the in-

The set of all convex functions is called the convexity cone and is denoted 
by Cj(u0, i/j, . . . , ww_i) (or C(u0, wb . . . , ww_i) if no ambiguity arises). 

DEFINITION 2. A function / , defined on an interval / is said to be general
ized mid-point convex (GMPC) (with respect to the T-system {w0, wi, . . . , 
un-i}) if t n e determinants (1) are non-negative whenever tj = t0 + y'A 
7 = 1, 2, . . . , « — 1, n and h > 0, and both /0 and /0 + «A are in /. In this 
case we denote the determinants (1) by U(t0, tn;f). 

LEMMA 1. Let {wjg} be continuous functions on [a, b], forming a T-system 
on it, and let f be defined on {a, b). If 

(2) 

and 

(3) 

with a < t0 < ti < 

(4) 

U 
UQ, U\, . . ., Un_i, f 

t0, ti, . . ., / „_ ! , tn_\ 
>0 

u >0 

(5) 

UQ, UI, . . . , Un_i, f 

ti, t2, . . -, tn, tn+1 

- < tn < tn+i < b, then for every 1 S i Û n, 

UQ, . . . . . . , W„_i, / " 

t0, . . ., /,-_!, ti+1, . . ., tn+i 

PROOF. Assume that (4) does not hold for some /, i.e. 

UQ, . . . . . ., W„_i,/"j 

U 

u 

>0. 

<0 

Let u be the element of span{w0, wb . . . , */„_!} that interpolates/at tj for 
y = 0, 1, . . . , / - 1, / + 1, . . . , n. The last row in the determinant 

(5') U 
«o> •• • • • -, un_x,f - u 

t0, .. . , tj-l, ti+l, . . . , tn+l 
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is (0,0, . . . , 0, ( / - u)(tn+1)), and since the determinant is negative, ( / - u) 
(tn+1) < 0. But ( / - u)(tt) s* 0 since otherwise the determinant (3) would 
be negative. Consider now the determinant 

(2') U 
w0, ul9 . . . , wM_1? f-tï 

ÎQ, ti, . . . , / „_ ! , /„ 
>0. 

The only non-zero term in the last row of (2') is ( / - u)(tt) and since (2') is 
non-negative, {-\)n+i{f - u)(tt) > 0. 

Finally, 

(30 U 
U0)Uh . . . , ! / „ _ ! , / - U 

[_ti, t2, • . ., tn, tn+i 
= ( _ l ) ^ - l ( / _ w ) ( ? . ) t / . 

+ ( / - u)(tn+1)Un+1. 

Since both Ut and Un+X are positive, (3') would be negative and thus (3) 
would be contradicted. Hence (4) holds for every /. 

DEFINITION 3. For a < ß, two points in the interval (a, b), R(a, ß) 
denotes the set {x; a < x < b and (x — a)/(ß — a) is a rational number}. 

COROLLARY 1. Let f be a GMPC with respect to the T-system {w,}?=o-
Then 

U 
W0, Mi, . . ., W„_i, fl 

tQ, ti, . . ., fw_i, tn] 

< tn are elements of R(a, ß), for is non-negative whenever t0 < tx < 
some a, ß. 

LEMMA 2. Let {wf-}?=o °e as in Lemma 1. Iff is a bounded GMPC function 
with respect to this T-system, then fis continuous in (a, b). 

PROOF. Let M be a common bound for |w0|, |wil, . . . , |w„_il and \f\ 
(in (a, b)). Assume tha t /has a discontinuity at some point x, a < x < b. 
There exists a sequence {tk}, converging to x and such that lim^^ f(tk) 
exists and is not equal to f(x). We discuss the case tk -> x from the left and 
f(tk) >f(x), i.e., f(tk) =f(x) + hk, hk>0 and l im^A* = h > 0. For 
other cases, the proof follows a similar line. 

Let a < xQ < Xi < • • • < xn_2 < x < b. We may assume that xn_2 < 
h < h < ' ' ' < x- Given e > 0 there exists d > 0 such that 

(i) Xi < xi+i - ô, i = 0, 1, . . . , n - 3, 
(ii) xw_2 < x — ö, and 

(iii) for every choice of n points y{ e (X{ — ö, xt) for i = 0, 1, . . . , « — 2 
and yn_i e (x — ö, x), the difference 
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U 
~W0, « ! , . . . , WM_i 

_yo, y\, •••> J V - J -u 
W0, Wi, . • . , Ww_2> W„_l 

XQ, X J , . . . , Xw_2, X 

is less than e. Now, for every k, let x§ < xf < • • • < x£_2 < *J-i = h < 
xk

n = x, with *{ G (Xi - ô, xt) for / = 0, 1, . . . , « - 2. By Corollary 1, 

"i/o, «i , . . . , ww_i, / 
(6) tf 

Let 

£,e 

M)=U 

U 
I v^ v^ v^ \"K I 

> 0. 

w0 , 

.-X-0> 
yk yR 

• • •, W„_! 

• 9 -A-n -

Clearly M)^n\ Mn~l e for y = 0, 1 , . . . , « - 2 and for large &, such that 
k<**) - "A*) l< efor i = 0, 1, . . . , /i - 1. Expanding (6) along the 
last row we have 

Uk>€ g (* - \)n\M»e - AhWU + f(x)Mk
n 

^ As - (f(tk) - f(x))U 
'I/O, Wi, 

|_X0, x l > 

, W„_2, W„_! 

• ? xn—2> x 

+ AT. 

Since/(^) > /(x) + A/2, £/Ä>ecan be made negative for some small £ > 0 
and large k in contradiction to (6). 

Combining Corollary 1 and Lemma 2 we have the following theorem. 

THEOREM 1. Every bounded GMPC function with respect to a continuous 
T-system {w,-}?̂ o belongs to C(w0, Wi, • • •, ww_i). 

COROLLARY 2. 7/"a// /Ae determinants (1) w//A equally spaced points vanish, 
then fis a polynomial in the u{s, i .e.,/ = 2J?=O

 fl*wi-

In the following section we give an application of the generalized mid
point convexity property. 

3. Union of T-systems. The determinant (1) is a function defined on the 
simplex S = {(tQ, tl9 . . . , tn); a < t0 < tx < • • • < tn < b] (or a ^ t0, 
tn = b i f / is defined on the closed interval [a, b]). This set is not closed in 
Rw+1 and hence a sequence of points in S need not converge to a point in 
5 even if it does converge in Rw+1. In view of Theorem 1, we consider the 
points t = (fo, t0 4- A, . . . , t0 + nh) with A > 0. A converging sequence 
{tk} of such point will converge in S if f * — f g ^ e for some e > 0 and all 
[/& t%] are contained in a closed subinterval of (a, b). Let {w0, «i, • • -, w ^ } 
be a continuous T-system on the interval [a, b] and le t /and g be two con
tinuous functions such that 

(i) {w0, ul9 . . . , w„_!,/} is a T-system on [a, d], 
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(ii) {t/0, ul9 . . . , ww_b g} is a r-system on [c, b]9 and 
(iii) a < c < d < b and/|[c, d] = g|[c, </]. 

Define wM by ww = / o n [a9 d] and ww = g on [c, 6]. We show the following 
theorem. 

THEOREM 2. Let w0, wl5 . . . , ww_b un9fandg be defined as above, satisfying 
(i)-(iii). The functions w0, Wi, . . . , unform a T-system on [a, b\. 

We first prove the following lemma. 

LEMMA 3. [3]. Let f be a continuous function on [a9 b] which belongs to 
C(i/0, Mi, ••-, w„-i). If 

p/0, «i, • . ., W„_!, / I _ 0 

[_/0, /i, . . -, /M_i, 7MJ 

/ör ^owe a ^ t0 < ti < • • • < tn ^ b, then f\[t0, tn] = w|[f0, y w/zere 
u e Spando, ul9 . . . , w„_i}. 

PROOF. We may assume that/(/,-) = 0,y = 0, 1, . . . , n. Let tj < t < /y+1 

for s o m e / 0 5^y ^ « — 1, since the two determinants (1) based or the 
points (70, . . . , tj-i, t, tJ+h . . . , tn) ((/, tl9 . . . , y if j = 0) and 
(/0, • - -, tj, t9 tj+2, . . . , / „ ) ((*<>> • • •> ̂ - b 0 iO' = n - 0 a r e non-negative, 
/(f) must be zero, i.e.,/|[f0, y = 0. 

PROOF OF THEOREM 2. Since w„ is not a polynomial in u0, ul9 . . . , w„_! 
in any subinterval of [a, b]9 it will be sufficient to prove that un e CLAfB] 

(w0, ui, . . . , un_i) for all intervals [c, d] c [A, B] a [a, b]. If un <£ 
CLAjBi (UQ, UÌ9 . . . , ww_i), then there exist maximal intervals [A, y] and [x, B] 
such that un e CLA>yì (w0, w1? . . . , t/w_0 and ww e CLXfB2 (u0, ul9 . . . , ww_i). 
Given D9 y < D < B9 since ww <£ C [AD] (w0, Wi, . . . , un_x)9 there exists an 
interval [a, /3] with A ^ a < x and y < ß ^ D such that £/(<x, ß; un) < 0. 
Since this is true for all D > y9 there exists a sequence of closed in
tervals [ak9 ßk] c: [,4, ,5], with ßk l y and l i m ^ o ^ = a0 < x such that 
£/(a*, ßk\ un) < 0. By a continuity argument £/(a0, y '<,un) = 0, which is in 
contradiction to the maximality of [A9 y]. So {w0, ul9 . . . , w„} is a T-
system on (a9 b) and by the continuity of un on [a9 b]9 using Lemma 3, it is 
a T-system on [a9 b], 
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