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A CLOSED GRAPH THEOREM FOR BANACH BUNDLES

C.W. BAKER

ABSTRACT. Let (E, p, X) and (F, g, Y) be Banach bundles. A
bundle transformation from (E, p, X) into (F, g, Y) is a function
F : E — F for which there isa base map f, : X —» Y withfyop =
g ° f and for which f, = f| ;-1 is a linear transformation from
P! (x) into g~ (fy(x)) for each x in X. It is proved thatif f: E > F
is a bundle transformation which preserves relatively compact sets
and X is locally compact, then f is continuous if and only if the
graph of fis closed. An example is presented in order to show that
there is no general open mapping theorem for Banach bundles.

Introduction. Basic theorems such as the closed graph theorem and the
open mapping theorem are extremely useful in the study of Banach spaces.
The purpose of this note is to investigate the existence of these theorems
for Banach bundles. Specifically a closed graph theorem for Banach bund-
les is proved and an example is presented in order to show that there is no
general open mapping theorem for Banach bundles.

This paper formed part of the author’s dissertation at the University of
Kentucky. I would like to take this opportunity to express my very deep
appreciation to Professor John E. Mack for many helpful suggestions and
encouragement concerning this work. I also gratefully acknowledge the
referee who provided Example D.

DEFINITION 1. A Banach bundle is a triple (E, p, X) where £ and X are
topological spaces; p: E — X is an open surjective map such that each
stalk p~1(x) is the under-lying set for a Banach space and

(a) addition is continuous as a map from E v E into E where E Vv E
= {(€, D) e E x E: p({y) = p({z)} has the subspace topology inherited
from E x E;

(b) scalar multiplication is continuous as a mapping: C x E — E;

(c) the map: E — R defined by the norm on each stalk is upper semi-
continuous;

(d) if x € X, O(x) is the zero of the Banach space p~!(x), and G is open in
E, 0(x) € G, then there is a positive number ¢ and an open set ¥ contained
in X such that xe Vand p~Y(V) N {€ E: |{| < 0} = G.
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The space X is called the base space. We will assume that all base spaces
are completely regular Hausdorff.

In the case that each stalk is also a Hilbert space, (E, p, X) is said tobe a
Hilbert bundle.

In [4] the map: E — R given by the norm on each stalk is assumed to be
continuous. There is no advantage topologically in assuming that the norm
is continuous. The assumption also limits the choice of norms for the bun-
dle. Condition (d) is a very strong topological requirement and this is pri-
marily the reason that in condition (c) the upper semi-continuous require-
ment suffices.

DEFINITION 2. Let (E, p, X) be a Banach bundle. A selection is a func-
tion ¢: X — E such that p o ¢ is the identity mapping on X. A continuous
selection is called a section (or global section). The set of all sections will
be denoted by J(E). A bundle (E, p, X) is said to be full provided for each
{ € Ethere s a section ¢ such that g(p(()) = ¢.

In this note all bundles will be assumed to be full. It has been shown by
Douady and Dal Soglio-Herault [5] that if the base space is locally par-
acompact, then the bundle is full.

DEerINITION 3. Let (E, p, X) and (F, ¢, Y) be Banach bundles. A bundle
transformation from (E, p, X) into (F, ¢, Y) is a function f: E — F for which
there exists a base map f: X — Y making the diagram

E_L F
4 q
X—F—Y

commutative and for which f, = f|,-1 is a linear transformation from
p~1(x) into g~1(fy(x)) for each x in X. If fis continuous, f is said to be a
bundle map.

A bundle transformation (map) from (E, p, X) into (F, g, Y) can also be
defined as a (continuous) function f: E — F such that for x in X the map
[, is a linear transformation from p~1(x) into g~1(y) for some y in Y. Note
that the map f; is given by fy(x) = ¢ o f o 0x(x) for x € X, where O de-
notes the zero section. Since the zero section is continuous, f; is continuous
whenever f'is continuous.

Also observe that X is homeomorphic to 05(X) and that O o p is a re-
traction of E onto 0gz(X).

If fis a bundle transformation from (E, p, X) into (F, g, Y), the symbol

I/l will signify the sup{|l f(D)l: € E, [Tl < 1} where || f(Q)I| is the norm
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of () as an element of the Banach space g-1(q(f(0))). If || f|| is finite, then
fis said to be bounded. Observe that for each x in X, f, is a linear trans-
formation of p~1(x) into g—1(fy(x)) and thus has the usual norm of a linear
transformation, ||f.|l. From the definition of | f|| it follows easily that

sup{[l fill: x e X} = | f].

DEFINITION 4. Let (E, p, X) and (F, ¢, Y) be Banach bundles. A bundle
transformation f: E — F is said to be locally bounded if for each x in X
there is a neighborhood N of x such that the set {|| f}|: t € N} is bounded.
The following results (Theorems 5-10) will be used to prove a closed graph
theorem for Banach bundles (Theorem 11).

THEOREM 5. Let (E, p, X) and (F, q, Y) be Banach bundles with X locally
compact and f E — F a bundle transformation which preserves relatively
compact sets. Then f is locally bounded.

PRrROOF. Let x; € X. There is a compact neighborhood S of x, contained
in X. Suppose {|| f;|: x € S} is not bounded. Then there is a sequence
{C,} contained in p~1(S) such that ||,]| = 1 and || f({,)|l = n? for each
positive integer n.

CraM. The set G = 0z(S) U {(1/n){,:n = 1,2, ...} is a compact sub-
set of E.

Let 11 be an open cover of G. Then for each x in S there is an element U,
in 11 such that Og(x) € U,. By (d) of Definition 1, for each x in S, there is a
positive number §, and an open set V, contained in X such that x € ¥, and

VI N{CeE: Ll <o} = U.

Since S is compact there is a finite set {x;: 1 < j < N} such that S <
U{Vei=12 ..., N}. Let=min{3,:j=1,2, ..., N}. Then 0(S)
c{lep(S): Tl <o} e U{p (V) N{LeE: Tl <d}:i=12
.o Ny e U{U,;: i= 1,2, ..., N}. Next, since [[(1/n)C,[ = (1/n) Sl
< 1/n for each positive integer n, all but a finite number of the elements of
the sequence {(1/n){,} are contained in U{U,:j = 1,2, ..., N}. Thus G
is compact.

Now by assumption f(G) is relatively compact and hence bounded. But
for each positive integer n, || f(1/mC)Il = (A/mI fCHI = (1/n) n? = n.
This is obviously a contradiction. Thus the set {|| f,[|: x € S} is bounded
and the transformation f'is locally bounded.

LEMMA 6. Let (E, p, X) be a Banach bundle and o € 2(E). Then the map
T,: E » Edefinedby T () = { + a(p(Q)) is a homeomorphism of E onto E.

PROOF. Let g € 2(E). Denote the selection which maps an x in X to the
element —g(x) in p~1(x) by —g. By (b) of Definition 1, the selection —¢
is continuous and hence is a section. It is easily seen that 7, o T_, =
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T_,° T, = idg, where id; denotes the identity mapping on E. Thus 7,
is a bijective map. It follows from (a) of Definition 1 that T, and T_, are
continuous.

THEOREM 7. Let (E, p, X) and (F, q, Y) be Banach bundles and f: E — F
a locally bounded bundle transformation. Then f is continuous if and only if
the restriction f |, x, is continuous for each section g in 2(E).

Proor. If fis continuous, then it is clear that f|,, is continuous for
each ¢ in J(E).

Suppose f,x, is continuous for each ¢ in J(E). Let {y € E, xo = p({o)
and H be an open subset of F containing f({;). Since all bundles are
assumed to be full, there is an element 7 in J(F) such that 7 o g(f({y)) =
f(Zy)- Then by Lemma 6 and (d) of Definition 1 there is a positive number
¢ and an open set W contained in Y such that ¢(f({y)) € W and ¢~ 1(W) N
{peF: |y — zoq(p| < 8} = H. There is a section ¢ in J(E) such
that o(xg) = §o. Then (foo — 7o fo)(xp) = foa(xp) — 7 o folxo) = f(Co)
— 70 q(f(Cy) = f(Z) — f(Cy) = 0. By (c) of Definition 1 the map given
by the norm on each stalk of F is upper semi-continuous and hence the
set {pe F: |y < 8/2} is open in F. Observe that f = gofo0g and
thus f; is continuous. Then

Vi=(foo —zof) i ({neF:lyl < d/2})
= {xeX: | foa(x) — 7o fo(x)| < d/2}
is a neighborhood of x,,.
Since f'is locally bounded, there is a neighborhood ¥, of x; and a posi-

tive constant M such that || f,| < M forall xin V,. Let V=V, (] V5 )
Sfo¥(W). Observe that x;is in V.

Coam. f(p M (V) N{LeE: I~ 0 °p@l < d2M}) = g7 { (W) N {ne
F: |p — v oq(p)ll < 6} which is contained in H.
To see this let { €p (V) such that || — oo p(Q)| < §/2M. Note

q(f1Q) = fo(p(Q) e fo(V) = W and thus f(C) € g~Y(W). Now
1/Q) = 7z q(S O

= [fQQ) = foa(p©) + foa(pQ) — 7 q(SD)

S Q) = foa(pPON + 1foa(p(D) — 7 fo( PO

< M| —a(p@)I + 0/2 < 3/2 + 0/2 = 0.
Thus f'is continuous.

It is well known that a linear transformation from one Banach space

into another is continuous if and only if it is bounded. This is not true for

bundle transformations (see Examples B and C). However the following
statement is true for bundle transformations.
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THEOREM 8. Let (E, p, X) and (F, q, Y) be Banach bundles with X compact
and f: E — F a bundle transformation. Then f is continuous if and only if
fis bounded and f |, x, is continuous for each ¢ in 2(E).

PRrOOF. Assume fis continuous. Then it is obvious that f|, x, is continu-
ous for each ¢ in Y(E). Also since f is continuous, f preserves relatively
compact sets. Then we observe that Theorem 5 is true with ‘“compact™
in place of ““locally compact’ and ““bounded” in place of *“‘locally bound-
ed”.

The converse follows from Theorem 7.

The next theorem is found in [9].

THEOREM 9. Let X be a topological space, Y a Hausdorff space, and
f: X = Y a continuous function. Then the graph of f is closed.

In [1], Theorem 2.7, the following topological version of a closed graph
theorem is found.

THEOREM 10. Let X be a Hausdorff space and Y a compact Hausdorff
space. Then a function f: X — Y is continuous if and only if the graph of f
is closed.

Finally we are able to prove a closed graph theorem for Banach bundles.
We will use G(f) to signify the graph of a function f.

THEOREM 11. Let (E, p, X) and (F, q, Y) be Banach bundles with X locally
compact, E and F Hausdorff, and f- E — F a bundle transformation which
preserves relatively compact sets. Then f is continuous if and only if the
graph of fis closed.

PRrOOF. Suppose that f'is continuous. Since F is Hausdorff, Theorem 9
implies that the graph of fis closed.

Assume G(f) is closed. By Theorem 5, the bundle transformation f is
locally bounded. Thus by Theorem 7, it is sufficient to prove that f|, x, is
continuous for each ¢ € J(E).

Let ¢ € J(E) and x, € X. Then there is a compact neighborhood S of x,
contained in X. The set ¢(S) is a continuous image of S and hence is
compact. Thus f[, (s : 0(S) — cl(f(6(S))) is a map from a Hausdorff
space into a compact, Hausdorff space. Observe that G(f|,)) = G(f) N
(0(S) x F)which is closed in E x F. Thus by Theorem 10, f|, ) : 0(S) —
cl(f(e(S))) is continuous and hence fis continuous.

This note is concluded with several examples.

ExaMPLE A. Let X = [—1, 1], E=[(X — {0}) x C] U {(0, 0)} and let
the map p: E — X be given by p(x, a) = x for (x, a) € E. Give X x C the
product topology and let E have the relative topology as a subset of
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X x C. For (x, a) € E define the norm of (x, a) by ||(x, @)| = |al, where
|| is the absolute value of the complex number . Then (E, p, X) is a
Hilbert bundle (also a C*-bundle). Define the function f: E — E by

(x, z/x) if (x, z) # (0, 0)

©, 0) if (x, z) = (0, 0)

where (x, z) € E. The function fis a bundle transformation that is locally
bounded at each point of X except the origin. Observe that the set {(x, x) €

E: x € X} is compact, but that the image of this set under f(namely {(x, 1) €
E: x # 0} U {(0, 0)} is not relatively compact.

fx, 2) = {

ExAMPLE B. Let X be the space of real numbers and give E = X x C
the product topology. Let p be the projection of E onto X. Then (E, p, X)
is a Hilbert bundle. (The construction of the bundle is similar to that of
Example 4.) Define f: E — Eby f(x, z) = (x, xz) for (x, z) € E. The bundle
transformation f is continuous but is not bounded.

ExaMpPLE C. Let E = X x C where X is the closed interval [—1, 1]
with its usual topology. Give X x C the product topology and let p be
the projection of E onto X. Then (E, p, X) is a Hilbert bundle. (The
construction of this bundle is also similar to that of Example 4.) Define
fiE—- Eby

(x, xz) ifx # 0

o 2) = {(o, 2) ifx=0

where (x, z) € E. This bundle transformation is bounded but not continu-
ous.

EXAMPLE D. Let X =[—1, 1], E= X x C, and let p: E — X be the
projection. Next let R be the equivalence relation on E whose cosets are
the fibers E, = {x} x C for x # 0 and are singleton otherwise. Now set
F = E/R and let q: F — X be the induced map given by g(R(x, z)) = x.
Then (F, ¢, X) is a Banach bundle for which the base space X is compact
Hausdorff and the bundle space F is not Hausdorff. Indeed F has only
one non-zero fiber, namely, the one above 0 and no pair of points on this
fiber can be separated by disjoint neighborhoods. This bundle has an
upper semicontinuous norm which is not continuous. The function f: E —
F given by f(x, z) = R(x, z) is an open bundle map. However G(f) contains
the sequence ((1/n, 0), R(1/n, 0)) but does not contain the point ((0, 0),
R(0, 1)) which is a cluster point of the sequence. Thus the graph of f is
not closed.

It was hoped that a general open mapping theorem could be proved for
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Banach bundles. However the following example shows that such a
theorem is not possible without severe restrictions on the bundle map.

ExampLE E. Let (E, p, X) be the Hilbert bundle given in Example 4.
Let the map f: £ — E be given by f(x, z) = (x, xz) for (x, z) € E. Then f'is
a continuous, bijective bundle transformation over a compact base space.
However

fA-1L1] x {zeC: |zl < 1} N E)
= {(z, we E: |w| < |x], x # 0} U {(0, 0)}

which does not contain a neighborhood of the origin. Thus the map f is
not open.
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