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1. Introduction. Consider the operator equation 

(LI) u = F a n), 

where F: A x E -* E is a completely continuous map, A, E are real 
Banach spaces, and A is viewed as a space of parameters. Assuming 
F(X, 0) = 0 for all XeA, several interesting questions arise. Among 
these are for what values of X, if any, are there solutions (A*, w*) of (1.1), 
with || (A*, u*) — (A, 0)11^5 arbitrarily small, and given that such para
metric values exist, are there connected branches of solutions emanating 
from (A, 0) and existing globally. Points such as (A, 0) are known as 
bifurcation points, and the questions above are included in the branch 
of mathematics known as bifurcation theory. 

One class of problems for which (1.1) is an appropriate setting in 
which to study branching behavior is the class of nonlinear Sturm-
Liouville boundary value problems in ordinary differential equations. 
Investigations into this set of problems using the topological degree of 
Leray and Schauder have been made by Crandall and Rabinowitz [5], 
Rabinowitz [10], Turner [12], and others. 

The purpose of this paper is to examine via the topological degree of 
Leray and Schauder the bifurcation phenomena associated with a multi
parameter generalization of Sturm-Liouville type problems which has 
been investigated by Browne and Sleeman ([1], [2]). We give a precise 
statement of the problem in §2. In §3, a number of theorems necessary 
to the analysis of the problem are stated. These theorems for the most 
part are established by means of the Leray-Schauder degree. Finally, in 
§4, the analysis of the problem is presented. 

2. Statement of the problem. We let [di9 bt] be a closed bounded interval 
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on the real line R and let yt- be a function defined on [di9 bt] for i = 1, 
2, . . ., k. We consider the following system of equations: 

(2.1) Hu) {PiiuWÒ)' + qtfdyM +1 

+ r£ti9 X9 yt{tt)9 y'i(tt)) = 0, 

i = 1,2, . . . , k, subject to the boundary conditions 

(2.2-i) cecidi) + a'M) = 0, 

(2.2-ii) ft^) + foWd = 0, 

i = 1, 2, . . . , k. The following conditions are assumed to hold: 

(2.3-i) (M + laJIKIft-l + |#|) > 0 for i = 1, 2, . . . , k. 

p{: [di9 bt] -• R is positive and continuously 
(2.3-ii) 

differentiable for / = 1, 2, . . . , k. 

(2.3-iii) q{: \di9 bt] -> R is continuous for i = 1, 2, . . . , k. 

üif. [di9 bt] -> R is positive and continuous for 

Uj = 1, 2, . . . , £ . 
(2.3-iv) 

„ ^ x
 Ä : ft [di9 b;] -> R is positive, where if (fl9 . . . , fÄ) e fi \di9 bt], 

(2.3-v) i=i i=i 

h(tl9 ...9tk) = det[fl,y(/,)]^ /=1. 

(2.3-vi) X = (XÌ9 ...9Xk)eRK 

>V(f, A, w, v) = o(|w| + |v|) uniformly for t e \dh bt] 

and /I contained in compact subsets of R*. 
(2.3-vii) 

The problem is to examine the structure of the solution set to (2.1)-
(2.3). There are two tasks involved in such an examination. The first of 
these is to determine which points X in Rk are bifurcation points for 
(2.1)—(2.3) and to give a geometric description of this set. The second 
task is to determine the existence of global branches of solutions to (2.1)-
(2.3), relating, if possible, the structure of a point on a solution branch 
to the structure of an eigenfunction of an associated linear problem. 

3. Preliminary results. Let E{ be a real Banach space, for i = 1,2, . . . , 
k. Then consider the equation 

(3.1) u = F(X9u)9 

where u = (ul9 . . . , uk) e Ex x • • • x Ek and X = (XÌ9 . . . , Xk) e Rk. F: 
Rk x Ei x . . . x Ek -> Ex x . . . x Ek has the following form: 
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(3.2) F(l u) = ( F x a Wl), . . . , FkQ9 uk)\ 

where Ft:: R* x Is, -* £ , is given by 

(3.3) F , a ii,.) = f ^v4/yw, + rt(X9 w,). 

^ 7 : E{ -> £,- is a compact linear operator and r,-: Rk x £, -> £, is com
pletely continuous and satisfies lim„tt.„._0r,(/l, w,-)/l|w*ll* = 0 uniformly for 
X contained in compact subsets of Rk, || ||, the norm in Et. 

Note that F(X, u) can now be expressed in the form 

(3.4) F(X, u) = (̂A)w + r(X, i/), 

with 

(3.5) A(X)(uh ...,uk) = Y] X,{A\jUi> •> *̂7W*> •> ^*/M*) 

and 

(3.6) r(A, w) = (^(A, wx), . . . , rt{X, «,), . . . , r*(yl, uk)). 

Since (A, 0) solves (3.1) for any AeR*, a bifurcation analysis of (3.1) 
is quite natural. Thus we let B denote the set {X e Rk: (X, 0) is a bifurcation 
point for (3.1)}. The following results then obtain and are established by 
means of the Leray-Schauder topological degree in [3] and [4] (for defini
tion and properties, see [8] and [9]). 

DEFINITION 3.1. X = (Xi, . . . , Xk) is called a generalized characteristic 
value of A(X) (3.5) provided the null space N(I — A(X)) of the linear 
operator / — A(X) is nontrivial. For such a X, the algebraic multiplicity 
of X, denoted mult X, is the dimension of the subspace \Jf=iN{I — A(X))'} 
of E = E1 x . . . x Ek. 

PROPOSITION 3.2. B is closed in Rk. 

PROPOSITION 3.3. 2A is closed in Rk. 

THEOREM 3.4. B g 2A. 

THEOREM 3.5. Let XQ e Rk have odd algebraic multiplicity and suppose 
that there exist X\ and X2, elements ofRk\2A with the following properties : 
(i) 0, ^0, Xi, X2 are collinear. 
(ii) There is a t e (0, 1) such that X0 = tXx + (1 - t)X2. 

(iii) Ifh(t) = ax + (1 - t)X2, t e [0, 1], then h([0, 1]) (]2A = {*>}• 
Then (Xo, 0) is a bifurcation point for (3.1)—(3.3). 

COROLLARY 3.6. IfXo, Xi, and X2 are as in the statement of Theorem 3.5, 
then Rk\2A Is not connected. 
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DEFINITION 3.7. Let A e R* be a generalized characteristic value of 
A(X), where A(X) is as in (3.5). Let h: R -> R* be a line such that h(0) = A 
and uA is a unit vector in the direction of h. We say that uh is a direction 
of changing degree at A if the following condition holds: there is a number 
eh > 0 such that 
(i) degLS(7 - A(h{t)\ B(0, 1), 0) is defined, for all t such that \t\ < eh 

and f T* 0; 
(ii) degL S(/- ,4(%)), £(0, 1), 0) = sgnte/3) • degLS(/-.4(/*(/3)), B(0, 1), 0) 

for all T, ßz(-eh eh\ z # 0, ß # 0. 

NOTATION 3.8. Let y denote the closure in R* x Ex x • • • x Ek of 
the set {(A, w) e Rk x J^ x • • • x Ek\ (A, u) solves (3.1)-(3.6) and u ^ 0}. 

THEOREM 3.9. Consider (3.1)—(3.6). Let A e 2 A- Suppose that uk is a direc
tion of changing degree at A. Then there exists a subcontinuum <g of y 
meeting (A, 0) such that either 
(i) <$ is unbounded, or 

(ii) «- n ([5 x {0}]\{U, 0)}) * 0 . 

COROLLARY 3.10. Let <g denote the maximal continuum of y meeting 
(A, 0), where A is as in Theorem 3.9. Then for each direction uh of degree 
change at A, there is a subcontinuum <é?h of <£ satisfying the following 
conditions : 
(i) <$h satisfies the alternatives of Theorem 3.9, 

(ii) the projection of <$h into parameter space is contained in the line h. 

In addition to the above bifurcation results, a result from several 
variable perturbation theory is needed for the analysis in §4. 

THEOREM 3. 11. Suppose that A{ei, . . . , ek) is a bounded linear operator 
defined on a Hilbert space ffl which is a power series in (e\, . . . , ek), 

(3.7) A(el9 • • • , ek) = A0 + M i l + e2A12 + • • • + ekAlk + ---

convergent in a neighborhood of(0, . . . , 0). Suppose that for tei, . . . , ek) 
G R*, A(si, . . . , ek) is self-adjoint. Suppose furthermore that A is a simple 
eigenvalue of the operator A(0, . . . , 0) = AQ = A and that there are 
positive numbers d^ and d2 such that the spectrum of A in the interval 
(A — di, A + d2) consists of exactly the point A. Then there is an ordinary 
power series Atei, . . . , sk) and a power series <f>($i, . . . , ek) in 34? conver
gent in a neghborhood 0/(0, . . . , 0) such that 

(i) <f>(ei9 . . . , ek) is an eigenfunction of ^tei, . . . , ek) belonging to 
Atei, • > £*)> ie-> ^tei> • • • > £*)#tei, • • • , eù = Afci, • • • > £*) 
0tel9 - . . , ek), and 

(ii) for each pair of positive numbers d[, d2, d[ < dl9 d2 < d2, there is 



MULTIPARAMETER BIFURCATION PROBLEMS 799 

a positive number p such that the spectrum of Afa, . . . , ek) in 
(A - d[9 A + d£) consists of Afa, . . . , ek) if fa,... , ek) e R* and 
\fa, . . . , e*)l < p. 

4. Main results. For i = 1, 2, . . . , k, define 

(4.1) LiX = {Pix')' + ?,*, 

where the independent variable f,- has been suppressed, and consider the 
problem 

(4.2) —L{x = yx 

subject to boundary conditions (2.2), where // e C. Recall that a real 
(complex) number // for which (4.2)-(2.2) has a nontrivial solution x on 
[di9 bj] is called an eigenvalue of the problem. Furthermore, such a non-
trivial solution x is called an eigenfunction or eigensolution. Using (4.1), 
(2.1) may be written as 

(4.3) -Liyi = 
k 

§Mv yi + n(tt-, A, yi9 j>î), 

i = 1, 2, . . . , k. If we assume that 0 is not an eigenvalue of (4.2)-(2.2) 
and let — Gv(-, ')'[dt-9 b{] x [rff-, 6f-] -> R denote the Green's function 
associated with (4.2)-(2.2) for i = 1, 2, . . . , k9 then (4.3)-(2.2) is equiv
alent to the integral equations problem 

(4.4) 
y &tò B S M Gj(ti9 s^aijis^y^s^dsi 

j—l J di 

+ 1 G{(ti9 st)rtfa9 h yfa), y'&st))dsi9 
J di 

i = 1, 2, . . . , k. 
We now make some observations concerning the righthand side of (4.4). 

Let E{ denote the real Banach space of continuously differentiable func
tions on [di9 bt] satisfying boundary conditions (2.2) on [di9 bt] with 

(4.5) ||nil, = max \u(t)\ + max \u'(t)\ 
ttEldibil t^Ldibii 

as norm on E{. 

LEMMA 4.1. If for u e E{ we define A{ju by 

(4.6) A{ju(t) = f ' G{(t9 s)aa(s)u(s)ds9 
J di 

then Ajj maps E{ into E{ and is a compact linear operator. 
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Let Ll, [di9 bt] denote the set of all measurable functions / on (dt-, bt) 
such that 

[bt\f(t)\2aij(t)dt<K. 
J di 

It is well-known that Ll.[dt-, è j is a Hilbert space with inner product 

(fg) = {bi aijiOMgiOdt, 
J di 

LEMMA 4.2. If A{j is defined on L2
aij [dt, bt] by (4.6), then Ai,-: L2

aij [dt, i#-] 
-* L2

a.. [dh bt] is a compact self-adjoint linear operator. 

LEMMA 4.3. IfueEt we define Ri(X, u) by 

Ri(X, u)(t) = p Gi(t, s)rt{s, A, u(s)9 u'(s))ds. 
J di 

Then Ri : R* x E{ -> 2s, /s completely continuous and satisfies 

lim RM, u)/\\u\\i = 0 
ll«ll,->0 

uniformly for X contained in compact subsets tf/R*. 

Observe that (4.4) may be written as y{ = 2J= 1 XjA^yi + jRf(̂ > yò-
Then Lemma 4.1 and Lemma 4.3 imply the following result. 

THEOREM 4.4. For X e R* andy{ e Et, define F,(A, >v) éy 

(4.7) 

Then setting 

(4.8) * U >0 = (F.d yi), ... , Fk(X, yk)) 

for y = (yl9 . . . , yk) e Ex x • • • x £Ä a/zrf A e R* satisfies conditions 
(3.1)—(3.3). Thus Theorem 3.5 is applicable to the situation. 

In light of Theorem 3.4, we next determine 2A. Observe that 

(4.9) A(X)\ 

y\ 
• 

• 

_J*_ 

~fr 
~AU 0 • 

0 A2J • 

• 

0 • • 

•• 0 

•• 0 

• 

. . A kj. 

y\ 

y*. 

where the operators in the i-th column map E( into E{. Denote by Äj the 
operator on E = Ex x • • • x Ek given by 
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(4.10) Aj = 

'A,, 0 

**/ 

0 

0 

' « -
Then 

- { ^eR*:jV |jV/]#{0}}. 
It is easy to see that this set is the same as the set of X e R* for which at 
least one equation in the system of equations 

(4.11) 

i = 1,2, . . . , k, has a nontrivial solution satisfying (2.2). 
We now give a geometric description of 2A and determine which 

points of 2A are bifurcation points. We proceed as follows. 
First fix an i e {1, 2, . . . , k). Consider (4.11)-(2.2) for this particular 

i, and write (4.11)-(2.2) as 

(4.12) (p<uy + («V + S ^Av)*/ + W < * = 0. 

u{ subject to (2.2). Now fix Xj = /ij,j < k. By condition (2.3-iv), aik > 0. 
Then by classical Sturm-Liouville theory for boundary value problems, 
there is a countable increasing sequence of real numbers {Aj}^ con
verging to 4-00 such that (4.12)-(2.2) has a nontrivial soultion. Then if 
Xn e R* is given by Xnj — y.j, j ^ k, Xnk = X% Xn is a generalized charac
teristic value for the operator Ej^iXjÂ'j associated with (4.12)-(2.2), where 
Ä) is given by 

0 . . . 0" 

(4.13) A3 

0 0 

It follows from classical Sturm-Liouville theory that mult Xn = 1. Thus 
Corollary 3.6 implies there is a separation of R* through Xn consisting 
of generalized characteristic values of 2}=iA/Jj. Furthermore, the non-
trivial solutions to (4.12)-(2.2) at Xn have n — 1 simple zeros in (d„ bt). 
We have thus established the following result. 

THEOREM 4.5. The elements of 2A which are also generalized characteristic 
values of J^j=iXjÂj all lie on separations ofRk consisting of generalized char
acteristic values of E$-iÄjÄ*j. 
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We now examine these sets more closely. Let L,-(Ai, . . . , A*_i) denote 
the operator given by 

(4.14) L,Wi, . . . , V i ) " = (Pi*)' + (qi + | ^ ; ) " ' 

The formal expression £,Ui> • • • > h-i) *s analytic in Ai, . . . , A*_i. Then 
by uniqueness of initial value problems, solutions to initial value problems 
for the equation Lf<Ai, . . . , AÂ_i)w = yu depend analytically on Ai, . . . , 
Xk-i. Let (A?, . . . , A2-1, A£) be a generalized characteristic value for 
L ? = i ^ j and assume for the moment that A° # 0 and that 0 is not an 
eigenvalue for L{{X\, . . . , A2-i). Then by the construction of the Green's 
function, 0 is not an eigenvalue of L,-(Ai, . . . , Xk-i) and G^t, s, Ai, . . . , 
A*_i) depends analytically on Ai . . . , Xk-i in a neighborhood of (A?, . . . , 
Ag_x) e C*-1. Thus the map 

u -> I G{(t, s, Ai, . . . , A*_iK* (^) */($) *fc 

is a compact (Lemma 4.2) linear map on Llik[di9 bt] which is analytic in 
Ai, . . . , A*_i in a neighborhood of (AÎ, . . . , A^-i) and self-adjoint for 
(Ai, . . . , A*_i) e R H . Since 1/A? is a simple isolated eigenvalue of the 
operator for (A?, . . . , A°-i), Theorem 3.11 is applicable. 

REMARK 4.6. The assumption that 0 is not an eigenvalue of ^(A?, . . . , 
A2-i) can be removed by considering instead /̂ -(A?, . . . , A°-i) = A(AÎ, 
. . . , A2-i) + 7)1 for 7] > 0 and sufficiently small. Since (0, . . . , 0) is not a 
generalized characteristic value of SJ=iAy^j, the assumption that X°k ^ 0 
is also not an intrinsic problem. 

Now apply Theorem 3.11 at (A?, . . . , A2_i, AJJ). Let N denote the neigh
borhood guaranteed by Theorem 3.11, and let (Aï, ...,A?_i) be any 
sequence in N f] Rk~l converging to (A?, . . . , A?_i). Then A? -• X°k and if 
{<j>n}^=\, <f>° denote the corresponding eigenfunctions, a simple argument 
shows that <f>n -• <j>° in Cl[dt-, bt]. Thus the eigenfunctions associated with 
(Ai, ...,AÄ) in a neighborhood of (A?, ...,A2) have the same nodal 
structure as the eigenfunctions for (A?, ...,A£). Hence the following 
theorem is established. 

THEOREM 4.7. Let i e {1,2, ...9k}. Let rt = {A 6 ^4 : A b a generalized 
characteristic value for Z*=i^/^j}- ^ ^ w A — U?=i^> w^ere 7^ w cAar-
acterized as follows: 

(i) T7^ = {A e T7,- : 1/ <f> is an eigenfunction associated with A, then <f> has 
/— 1 simple zeros in (dt-, bt)}. 

(ii) T'i is a k — 1 analytic manifold which separates Rk for / = 1, 2, 3, 

(m)/Y n/r = 0 *//#/'. 
(iv) /Y w unbounded for / = 1, 2, 3, 
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(v) {r<}%i may be ordered in the following sense: Let (//l5 . . . , //*_i) e 
R*_1. Then there is a unique A*(/) such that 2/ e Tj, where 

v = ÌMJ if J < k 

' U>(/) ifj = k. 

Furthermore, AÄ(1) < \k(2) < • • • < Xk{/) < • • • - • +00. 

REMARK 4.8. Theorem 4.7 states that Tt is the union of a collection 
of "hypersurfaces" which are "essentially parallel." In case the coefficient 
functions a{j are constant, r< is a genuine hypersurface which is parallel 
to r<\ / * /'. 

k 

COROLLARY 4.9. 2A = (J TV 

We now consider how the components of Z7,- meet those of Tj and 
determine the set B of bifurcation points for the problem. For this purpose, 
the following classical result is needed. 

THEOREM 4.10 (KLEIN'S OSCILLATION THEOREM). Consider the set of 

equations (4.11)-(2.2)/ör i = 1, 2, . . .,k, and assume that (2.3-i)-(2.3-v) 
hold. Then the set of k-tuples (Ai, . . . , Xk) for which (4.11)—(2.2) has a 
nontrivial solution for all i = 1, 2, ..., k is a countably infinite set in R* 
accumulating only at 00. Furthermore, given a k-tuple of nonnegative 
integers (pl9 . . . , pk), there is a unique generalized characteristic value 
(Ai, . . . , A*) for which the corresponding k-tuple (yl9 ..., yk) of nontrivial 
solutions to (4.11)—(2.2), (yl9 ..., yk) e Ek x • • • x Ek, has the property 
that y{ has p{ simple zeros in (d{, b^). 

PROOF. See [6] or [7]. 

REMARK 4.11. If (Ai9 A2, . . . , lk)
 e 2A *s t n e P°in t associated by Klein's 

Oscillation Theorem with the k-tuple of nonnegative integers (px, p2, . . . , 
Pu\ then 

{(Ai, A2, ..., A,)} = r\^ n z 7 ^ 1 n • • • n n * 1 . 
LEMMA 4.12. Let g denote the radial ray in R* emanating from the origin 

which passes through (Ai, . . . , A*), where A? + • • • 4- Af = 1. Then g Ç] 2A 

is an at most countable set. Furthermore, if g is a compact subset of g, 
then g fi 2 A is finite. 

PROOF. This result is an immediate consequence of the Riesz theory 
of compact operators [11]. 

Let us now consider the implications of Theorem 4.10 to the structure 
of 2A. By Theorem 4.7, 2A consists of Accountably infinite collections 
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of "essentially parallel" "hypersurfaces." Theorem 4.10 adds that gen-
erically the intersection of two such "hypersurfaces" from different 
collections is a k — 2 dimensional object, the intersection of three is a 
k — 3 dimemsional object, and so on. Points in 2A lying in only one "hyper-
surface" have algebraic multiplicity 1 with respect to A(X). Thus they 
are bifurcation points by virtue of Lemma 4.12 and Theorem 3.5. Then 
in the generic situation one can see that all of 2A is contained in the 
set of bifurcation points B. This last statement holds since by Proposition 
3.2, B is closed in Rk. If the description of 2A above is not valid globally, 
we can still establish the equality of B and 2A by viewing A e 2A as a 
generalized characteristic value for 2 5 = i ^ 4 j f° r some ie {1, 2, . . . , / : } 
and noting that its multiplicity for this reduced problem is 1. This proves 
the following result. 

THEOREM 4.13. B = 2A. 

We now describe the nontrivial solutions which emanate from 2A x {0} 
in Rk x Ei x • • • x Ek. We begin with some notation. 

NOTATION 4.14. Suppose (Ai, . . . , Xk) e 2A is one of the points in R* 
whose existence is guaranteed by Klein's Oscillation Theorem. Call 
(Ai, . . . , AÄ) a Klein point and use 2A to denote the set of all Klein 
points. 

THEOREM 4.15. Suppose A0 e 2A\2A. Suppose {(Aw, y\, . . . , yï)}%=i is a 
sequence of nontrivial solutions to (2.1)-(2.2) converging to (A0, 0, . . . , 0) 
in Rk x Ei x • . • x Ek. Then there is at least one ie {1, 2, . . . , k} 
such that for all large n, yn

{ = 0. 

PROOF. Suppose the result is false. Then for all i e {1, 2, . . . , k}, there 
is a subsequence of {jf}, which we relabel if necessary, such that y*} ^ 0. 
Then yj = L M H / J ' ? + R&», yf). Then y* * 0 implies 

y?i\\y?h = ZUX}My?i\\y7h) + ( w , ybiwytwd-
(Ri(Àn, yf)l\\y?\\t) -+ 0 as n -+ oo by Lemma 4.3. That A{j is compact 
for j = 1, 2, . . . , k guarantees the existence of another subsequence of 
{y?} (which we again relabel if necessary) such that A^yf/W j>?||,-) -> y{j e 
Et, Hence M fib -> v„ where ||v,||, = 1 and v, = 2 M W Now 
ynilII7?lit -» vi a n d the continuity of A{j together imply y{j = A^v^ Thus 
v,- = L M K v ^ o r OwO' + ^.v, + L M X / V ; = 0 with v,-e£,-, v, ^ 
0. Thus A0 e 2^, a contradiction. 

THEOREM 4.16. Suppose A0 e 2^ and {(Aw, }>ï, . . . , ^?)}^i is a sequence 
of nontrivial solutions to (2.1)-(2.2) converging to (A0, 0, . . . , 0) in R* x 
Ei x . • • x Ek. Then for all i e {1, 2, . . . , A:}, fAe sequence {(Aw, 0, . . . , 
0, yni, 0, . . ., 0 ) } ^ converges to (A0, 0, . . . , 0) in R* x Ex x . . . x Ek. 
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Furthermore, there is at least one ie {1, 2, . . . , k) such that {{Xn, 0, . . . , 
0, y?, 0, . . . , 0)}^! has a subsequence, relabelled if need be, such that 
yn ^ Ofor all n. 

In light of Theorem 4.16, our next step is to consider bifurcation in 
R* x {0} x • . . x E{ x • . . x {0} for X e r{, where T7,- is as in Theorem 
4.7. We have the following result. 

THEOREM 4.17. Let 2P e Th say X0 e T7?. Then there is an unbounded "k-
dimensionaV continuum <gXo of nontrivial solutions to (2.1)-(2.2) in R* x 
{0} x • • • x E{ x . •. x {0} emanating from (^0, 0, . . . , 0). All solutions 
in ^XQ nave n — \ simple zeros in (dt-, bt). 

PROOF. This result is an immediate consequence of Corollary 3.10 and 
nodal properties. 

Using Theorem 4.17, a complete description of the nontrivial solutions 
emerging from R* x {0} x • • • x {0} is possible. Let II denote the 
projection operator from R* x Et x • • • x Ek into R*, that is, if 
(I h . - J * ) 6 R * x £ 1 x . . . x Ek, n(k,yi, . . . , yk) = I 

THEOREM 4.18. Let /l0 e 2A. Let a0 be a subset of {I, 2, . . .,k}. Let 
Ao e n»G*</V Let <$\ be the continuum of nontrivial solutions emerging 
from X0 x {0} in R* x {0} x . . - x E( x . . . x {0}. Let W = 
C\i^ao n&io)- Then nontrivial solutions emerge from (̂ 0, 0, . . . , 0) in R* x 
Ki x • • • x Kk, where K{ = E{ if i e <70 cmd Kt = {0} if i $ a0 precisely 
for the parameter values in W. 

Thus generically one gets "m-dimensional" bifurcation in R* x Kx x 
• • • x Kk, where m = k + 1 — |öol and \a0\ denotes the number of 
elements in the set G0. 

REMARK 4.19. Using Lyapunov-Schmidt techniques and a generaliza
tion of the method of [12], Browne and Sleeman ([1], [2]) have shown the 
existence of one-dimensional global branches emanating from 2'A in 
R* x Ei x • • • x Ek. However, they make no mention of the remainder 
of the bifurcation structure for this problem. 
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