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A ^/-EXTENSION OF BAILEY'S BILINEAR 
GENERATING FUNCTION FOR THE JACOBI POLYNOMIALS 

H.M. SRIVASTAVA 

ABSTRACT. This note presents a rather simple proof of an interest
ing ^/-extension of Bailey's bilinear generating function for the 
classical Jacobi polynomials. The proof given here uses only such 
elementary results as the ^-analogues of Euler's transformation, 
Vandermonde's summation theorem, and binomial expansion. 

1. Introduction. Several interesting proofs are given in the literature 
for Bailey's bilinear generating function for the classical Jacobi poly
nomials [1, p. 9, Eq. (2.1)]. One of the recent proofs is given by 
Stanton [3]; it uses the orthogonality property of Jacobi polynomials and 
a known quadratic transformation for a well-poised hypergeometric 
3F2 series. Indeed, as remarked by Stanton [3, p. 399], this technique 
applies mutatis mutandis to yield a ^-extension of Bailey's result. The ob
ject of the present note is to give a rather simple proof of the ^-extension, 
using only such elementary results as the ^-analogues of Euler's trans
formation, Vandermonde's summation theorem, and binomial expansion. 

(2.1) (X\q)n 

2. Definitions and preliminaries. Put 

I , if AÎ = 0, 

(1 - X){\ - Àq)...(\ - Xqnl\ V / i e { l , 2 , 3 , . . . ] , 

and let p+i@p denote the standard ^-hypergeometric series with p + 1 
numerator and p denominator parameters. Then, in terms of the little 
^-Jacobi polynomials defined by 

aßqn[l' 

(2.2) p£>V(x;q)= (<fq} q } H ^ 
(</; q)n 

q, qx 

ccq; 
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a ^-extension of Bailey's result has the form (cf. [3, p. 400, Eq. (5)]) 

Wccßq, - Vaßq, q Väß, -qVccß' 

fir, q)n(ocßq-, q)n ( 1 ] ì Ä ( H ) / 2 n M l 

_ (-aßqt,q)^ ^4:0;2 

(2.3) 

(-aßqt; q)0 E 

-aßqt, —q/t: 

—; /3<7* , ] 3 ^ ; 

0Î /3tf2*J>, q 

aq\ ßq; 

(ocßq; q)zr+2s (ßq*; q)s (ßqyi q)s 

(- t', q)oo r,s=o (- aßqt; q)r±s(- qfr\ q)r+s(aq; q)r(ßq\q)5 

(ßq2xyY q' 

(q\q)r (qVqV 

where, for convenience, 

(2.4) U; q)x = TT (1 - Mj\ 

In our proof of the ^-extension (2.3), detailed in the next section, we 
shall require the following elementary results in the theory of ^-hyper-
geometric functions. 

I. A q-analogue of Eule r's transformation [2, p. 97, Eq. (3.3.2.3)] 

(2.5) 20! 
"fl, * ; 

q, z 

c\ 
(*; q)oo 

cja, c/b; 

q, abzjc 

II. A q-analogue of Vandermonde's theorem [2, p. 97, Eq. (3.3.2.7)] 

[q~n, b\ 

q,q\ = b» ^lb;'^n , n = 0, 1, 2, . . (2.6) 20! 
c\ 

= én (CJP} Vin 
(Ç\ q)n 

III. The q-binomial expansion (or Heine's theorem) [2, p. 92, Eq. 
(3.2.2.11)] 

a\ 
(2.7) 100 

(az\q)0 

3. Proof of the q-extension (2.3). In view of (2.5), the definition (2.2) 
readily yields 
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p<?>V(x;q) 

(3.1) = (ßq; q)n (ßqx^q)oo y /(/-2«+i)/2 (W±9)n±s ( -*¥_ , 
(q;q)n(qx; q)^ Us (aq; q)/(ßq; q)n-, to; q)/ ' 

and, using (2.1) in (2.2), we also have 

(3D » M r v f l i = {aq;q)n Y *mlm-2*1)/2(aßK tinniry)m 

K } Pn Ky'q) {*ßq;q)nek " " ( ^ ï ^ ¥ ; 9 ) ^ X c w T ) ; — " 
Denoting, for convenience, the first member of (2.3) by Ö, and sub

stituting from (3.1) and (3.2), we find that 

n _ (ßq*'-* q)co y i „ ( 1 / 2 ) W ( M + 1 ) + ( 1 / 2 ) / ( / - 2 « + 1 ) (ût\n ( ~~ X> 
U""(qx;q)00 nW {ß0 ir, q), 

(aq;q)n+/ A qm<m-2n+iU2(aßq; q)m+n(-y)m 

(aq; q)/ (ßq; q)H-, i^o to; ? j w (q; q)n-m \aq\ q)m 

_ \ßqx\ q)oo_ y q{\/2)/(/-\-\)+m+{V2)n{n-Vl)-n/-/m 

(qx; q)œ ,,£i=o 
(aq; q),+m+n_(aßq; q)2m+n ( - * ) ' (-Jyt)m (ßt)n_ 

' (aq;q)/(aq;q)m(ßq; q)m+„-/(q ; ~qh (Y; ~q)m~~Ql <l)n 

(3.3) 

From the {/-summation theorem (2.6) it is easily verified that 

(3.4) 

(ocq;q)/+m 

to; q)/(q;q)m(ocq; q)/(aq; q) 
min(/,w) nr{r—/—m) 

and 

q/m y 

H (q; q)r to; qh-r to; q)m-r (w; q)r 

(OCq; q)/\m\n / rj\-n n(-l/2)n(n+l)~nm+n/ 

(3.5) 
to; ?)„ ( w ; ? ) / + w (ßq; q)m+n-s ~ ^ * ^ 

» ( _ l ) s ^(1/2)5(5-2»+l) ( a ^ 2 m + » + l ; ^ 

s=o to; 7̂)5 to; #)«-5 (ßq; q)s +m—/ 

which, together, yield 

(aq; q)/+m+n(aßq; qhm+n 

(3 6) ^ ' q}' ^ ' ^ )m ̂ ' q^n (aq; q)/ ^ ' ^ m ^ q ; ~q}>»+»-' 
min(/,m) « „Kr—/—w)+(l/2)s(s—2w+l) 

"^ ^ * à èil u" to;^to;W 
fa/fy; g)s+2m+n 

to; ^)/-r to; q)m-r to; ?)«-* (<*<?; <7)r (ßq; q)^-, ' 
Substituting from (3.6) into (3.3), we obtain 
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Q = {$qX> q)»° V 
to*; q), 

7( l /2) /( / -f l )-m(»-l) 
co / j w, « = 0 

(-xY(-ßyt)"(-t)« 

_•»!•&»> Ä, J _ 1)5 gr(r-/-w,)+(l/2)S(S-2„+l) ( a / 3 ( ? ; g ) s + 2 m + n 

r ^ s=o (<7; ̂ )r (?; 9)5 te; ? ) /~ r (</; <ùm-r (q\ <7)»-s («? ; <7)r (ß<?; ^)s+„_ /" 
(3.7) 

U7*> <7/oc r,5,/,w,M=0 

( l /2)( /+r)( /+r+l)-(w+r)(«+s-l)-r(H-/+w)-( l /2)s(s+2«-l) = (ßq^ql> 
to*; q)x 

(aßqiqhr+^^n (ßxytY P (-x)' (-ßyt)» (-Q* 
(a?; ?)r (/3^; ^),_w_ / to; <?)r to; ?)* to; ?)• to; <?)m to; ?)« ' 

Now replace the summation index s in (3.7) by s — m and apply the 
definition (2.1). Each of the resulting /-, m- and «-series can thus be sep
arated, and from (3.7) we have 

00 a (-1/2) (r+s) (r+s+1) 

to*; (7)00 rfko (aq\q)r(ß<]'i q) 
(Ocßq; q)2r+2s 

(3.8) (ßq2xytY to/)5 

to;^)r " toTV),lVo 

• 100 <7, /3<7 s + 1 .y 

W/3; 
<7, ßqs+1x 

aßq2r+2s+l-

1#0 <7, -q-r~n 

Applying Heine's theorem (2.7) to each of the X0QS occurring in (3.8) 
and noticing, in particular, that 

(3.9) 
(-q-r-st'^q)» 

(-aßqf, q\ s g(1/2) (r+s) lr+s+1) 

{-t\q)~ (-aßqt; q)r+s(-q/t;q)r+s 

the last member of the ^-extension (2.3) follows at once from (3.8); here we 
assume that the various parameters involved are so constrained that 
Equation (3.9) holds true. 

This evidently completes our proof of the ^-extension (2.3) in which the 
second member is obtained upon merely interpreting the double series 
as a <7-hypergeometric function of two variables. 
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