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NONLINEAR BOUNDARY VALUE PROBLEMS 
FOR SECOND ORDER ELLIPTIC SYSTEMS 

FRANK SCHINDLER 

1. Introduction. In [3] P. Habets and K. Schmitt, [4] H. W. Knobloch 
and K. Schmitt presented a unifying theory for existence of solutions of 
boundary value problems for systems of ordinary differential equations 
of the form 

(1.1) x" = / ( * , * , * ' ) . 

In this article we shall show that by using the same arguments as in [3], 
[4] the major results proved there hold for boundary value problems for 
elliptic systems of second order : 

(1.2) <£ur = fr(x, u, du),r=\929...9N,xe Q, 

(1.3) Brur(x) = <f>r(x),xedQ, 

where 

fei dxßxj 

fl,7GC°-a(û), 0 < a < 1, 

Q is a bounded domain with C2>a boundary, 

(1.4) 0 < ^ l f l 2 ^ £ *iAx)C&£M\&* 

for all £ e Rm, £ ^ 0 and all xeQ, Bru = u or Bru = pru + qr du/dv, 
prqr e C°'a(3ö), pr > 0, qr > 0, (y is the unit outward normal). In order 
to generalize results in [3], [4] we need an apriori estimate, which will be 
proved in §2. In §3 we prove an existence result for systems of elliptic 
boundary value problems. 

2. An Apriori Estimate for Solutions Of Coupled Elliptic Systems. 

Assumptions. Let Q be a bounded domain in Rm with C2 boundary dû, 
define 
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(2.1) (M(X) = - £ ah -gfc- + g im£; + ^)« 
for all w e JT2'2(Ö), where ar

i§ e C(Ö), Z>$, cr e L°°(Q), 

(2.2) 0 ^ * 10* ^ £ <*/*)&& ^ ATiei2 

for all x e 5 , f = (&, . . . , $J e J?« r = 1, 2, . . . N. Let f:QxR»x 
RmN _> ^iv satisfy Carathéodory conditions (/(x, . . . ) is continuous for 
almost all xe Q, and / ( • , u, p) is measurable for all u e RN, p e RmN) 
and let the following Nagumo condition hold : 

For every Positive number U there exists a continuous, nondecreasing 
function cßu'. [0, oo) -* (0, oo) such that 

(2.3) lim -fi^ = oo, 
S-̂ oo (friß) 

(2.4) \f(x, u, p)\ ^ M\P\) f o r a11 xeQ9\u\<U,ue R™,p e R™". 

Let 2?rwr = ur or £rwr = pr(x)ur + qr(x)dur/dv, where /?r, #r e C ^ S Û ) , 
/?r(*) > 0> tfr(*) > 0, x e 3Û. 

LEMMA 2.1. Let &9f B, Q satisfy all assumptions above. Then the follow
ing holds. For every constant P > 0 there exists a constant Q such that: 
Ifue W2>P(Q), p ^ 3(m - 1), m ^ 2, is a solution of 

(2.5) (&u) (x) = / (* , u9 du) a.e. IH Û 

(2.6) Bu = 0,xe dQ, \u(x)\ ^ P, x e ß, 

then |3w(x)| ^ Ö/ÖA* a// x e ß, where 

(2.7) ß2 <g c ( ^ ( ô ) + 1}. 

77*e constant C depends on P, the bounding function cpp, the constant M 
from (1.2), the modulus of continuity of a^, the norms ||iJ||oo, lkr|U, the 
boundary 3Û, which is assumed to be of class C2 and meas O. 

PROOF. Let u e W2P{Q\ p ^ 3(m - 1) be a solution of (2.5) and (2.6), 
\u(x)\ ^ p for all xeQ. Then one can apply the inequality (11.8), page 
193, [5], or the continuity of the operator T: LP(Q) -> W2>P(Q) in the case 
Bru = pr(x)u + qr(x)du/dv (see [1]) in order to obtain 

(2 8) N k > = Cp(U(Xi W' m p 

+ P(meas 0)i'*), p ^ 3(m - l)(note w e C 1 ® ) , 

where C^ depends on M, the modulus of continuity of afy, the norms 
ll*Çlloo, Ikrlloo and the boundary dQ. Let su = ||3i/||oo, then 
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(2.9) IMk, ^ dp(</>p(su) + 1), dp = 2CP(P + l)(meas QY'P. 

Now we shall modify the proof from [9], where it was proved for ordinary 
differential equations. 

First we have to prove an interior estimate for any subregion Q' of Q 
such that dist (dû\ dû) = ô > 0. 

Let 

where 

*i/s(v) = {stw: w e SU*)> 0£s£l}> 

Si^y) = {w: w e * » , \w\ = f, w v ^ (l/2)/|v|}, 

v being a fixed nonzero vector in Rm. Note that measw_1 S£/3(v) does not 
depend on v, v ^ 0. 

Let s0 be chosen in such a way that 

^3(m-l) (^(%) + 0 

(assume (fipis)^^ -> oo, otherwise the assertion of the lemma is trivial). 
Pick a point x0 e ß ' with |Vwr(*o)l ^ 0, put vr = Vwr(*o)/|Vwr(*o)l> ^C5) = 
wr(x0 + stvr) and apply Taylor's Theorem in order to get 

Wr(*0 + tvr) = "r(*o) + tVur(x0)'Vr 

,2 ^ f1,, _ ^ _ 3 ^ 
+ ̂  

m f l 

,-, y=i J 0 
* ) • 

- (x0 + stvr)vrivrjds. 
dxßxj 

If one replaces tvr by an arbitrary wr e *S£/3(vr), one can obtain 
11 92t/r(*o + *swr) ds. 

Integrate over *S£/3(vr), then 

|Vwr(*o)l è^+7 
1 r\ w\ — t (meas, 

,-l^/3)1/30o )StJ 
d2Ur(x0+SWr)\ 

dXidXj 
ds 

\ l / 3 
d.rS) . 

Using the transformation of the coordinates : 

x0 + swr -* x0 + s û>r, wr = (t/ô)ù)r, dWr S = (t/d)"1'1 dœr F, 

measm_! S'/3(vr) = (t/ô)^1 m e a s ^ SJUOv) 

one gets 

(2.10) 
|V«r(*o)| = ^ 

+ (meas„ -iS'^^djoh 
d2ur(xo + so)r)\ 

7C/3 

3(w-l) 

dXidXj 
ds dœ, 

* > 
1/3 (m-1) 
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or 

4P 4/ 
(2.11) |Vt/r(*o)l ̂  *f + (meaSw_J,/3)1/3(.-i) ' r f 3 M ' # « ) + 1). 

Note that (2.10) holds for any ue C2(Q) and therefore also for any ue 
W2>P(Q),p ̂  3(m - 1). 
The right hand side in (2.11) takes on a local minimum for 

{2_ P K m e a s ^ S ^ F 3 ^ - 1 ^ 
^3(m-l) (</>p(Su) + 0 

Then either ,yM ^ % or f2 < d2, since ^ is nondecreasing and 

|VWr(*o)l2 S 6 4 P J 3 ( W _ 1 ) ( ^ J + l)-(measS^)-^3(i»-i), 

i.e., 

max |Vw(x0)l
2 

(2.12) *oe0' 
^ 2 A ^ 3 + 64Pd3(m_1)(c/,p(su) + l X m e a s ^ S ^ ) " 1 ' 3 ^ ) . 

Now we need an estimate near the boundary dQ. Let us take x0 e dû 
an arbitrary point and assume that x0 = (0,0, . . . 0), x0 e 0, (9 = {x e Rm: 
\xt'\ ^ 7*!, 0 ^ xm ^ 7-2, / = 1, 2, . . . n — 1}, 0 e Q. Otherwise we take 
a neighborhood U of x0 and a C2-function /?, x, = h(xl9 . . . , AT,_!, 

*,-+1, . . . xm) and we transform the entire region in such a way that in 
new coordinates yx, . . . ym, ym = 0 describes the boundary in small 
neighborhood (9 of x0 e 3Û. In the new coordinates j>i, . . . ym our equa
tions will have the same form and the same properties as the original 
system, provided the functions y{ = yt{x), i = 1, 2, . . . m have bounded 
first and second derivatives; but this is satisfied locally for each point 
XQ e dQ in our case (for details see [5]). 

Let 

(2.13) ^ = {xe R™: \Xi\ ^ n / 2 , 0 ^ xm <, r 2 /2 ,y=l ,2 , . . . w - 1 } , 

then Oi is a neighborhood of x0 relative to D. For any y e (9, with |Vwr0>)l 
# 0, either y - /vr or y + fvr does not intersect the hyperplane xm = 
(\ß)ym for all f > 0, where vr = Vur(y)l\Vur(y)\. 

Suppose the former and define : 

S+(y) ={zeRM,Zm^(l/2)ym}, 

Kidy, v) = {y + stw. w € sMy, v), o ^ s ^ 1}, 

+ ^ / 3 ( J , v) = KUy, v) n <?+(>>), 
+suy, v) = ^ / 3 ( j , v) n s+(y). 
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Then +£2/30% vr) c 0 for all / e (0, <?), y e ffl9 with \Vur(y)\ * 0, vr = 
VMrOO/IVWrOOl, and measm_! - ^ ( j , vr) ^ (1/2) meas S^v, ) , since the 
axis of symmetry of S£/3(y9 vr) is y + f vr G S+(.y) for all t > 0. Hence one 
may obtain similarly as for an interior estimate by using Taylor's Theorem 
o n + ^ / 3 ( j , vr)that: 

Wur(y)\2 

^ 2N*{4 + 64 Pd3(m_D - [c/>p(su) +1] - [meas^ +S*/3(>>, v,O0)]-i'3<«-i>} 

where vr(y) = ( 1 , 0 , . . . 0) for Vur(y) = 0 and vr(y) = Vwr(j)/|Vwr(j)| 
otherwise, and measm_! +S|/3(.y, vr(>>)) ^ (1/2) measw_! S*/3(vr(y)), where 
measw_x S^OvOO) is independent of vr(y). 

Now if we combine both kinds of estimates together with the com
pactness of fl, we may conclude 

(2.14) si S C((/,p(su) + 1), 

where C depends only on these quantities: M from (1.2), the modulus of 
continuity of the ar

ij9 HifH«,, H^J«,, meas ö, 30. Hence there exists a 
constant Q > 0 such that : ̂  ^ ß < oo for any solution u of 

(&u)(x) = f(x, u9 du), xeQ, 

(Bu)(x) = (ß(x), x e 9fl, 

Il "Il co ^ P, 

since Hindoos2l<fip(s) = oo. It is clear that Q can be chosen in such a way 
that (2.14) holds for Q instead of su. 

REMARK. The last lemma is in its various forms due to Bernstein [2], 
Nagumo [7, 9], Tomi [12], Schmitt and Thompson [9], Sindler [10], for a 
detailed discussion, see references [5, 6]. 

REMARK 2.2. ö-estimate (2.7) for partial differential systems is new (case 
of ordinary differential systems is in [9]) and will be needed in §3. 

REMARK 2.3. Let <j> e Cta(dQ), i = 1 or 2 depending on the form of B. 
Then one can assume Bu = tf>, x e 30 in (2.6) and Lemma 2.1 stays true. 

3. Nonlinear Boundary Value Problems for Systems of Second Order 
Elliptic Equations. 

ASSUMPTIONS. Let û b e a bounded domain in Rm with C 2 a boundary 
30, define 

for all u e C2(ß), where a{j e Cr(Q) and 
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for all x e Q, all £ G tfw. 
Let / : 0 x RN x RmN -> i?^ be locally ^-Holder continuous satisfying 
the Nagumo condition: For every bounded set U a RN there exists a 
nondecreasing, continuous function ^ such that 

lim . 
s->oo <pu\S) 

= oo, 

(3.3) |/(x, w, p)\ ^ (/>u(\p\l xeO,ueU,pe R»>». 

Let Bru = « or i?rw = /?r(*)w + qr{x)duldv for each r = 1, 2 , . . . N, where 
/V, ? r e C°.«(3Ô), />, > 0, ? r > 0. 

LEMMA 3.1. Let E be a real Banach space and let 0 be a bounded neigh
borhood of 0 G E. Let H: Ö x [0, 1] -> E be a completely continuous 
operator such that for all X G [0, 1] and w G 30, u ^ H(À, u). Then 
dLS(H(-, 0), 0, 0) = dLS(H(., 1), 0, 0). 

PROOF. See [11]. 

THEOREM 3.2. Let O be a bounded domain in Rm with C2>a boundary, j£P, 
f satisfy all assumptions from §3 <f>r G Cia{dQ) (i = 1 or 2 depending on 
the form of Br) r = 1, 2, . . . N, g: Q -> RN, g e C2>a(Q) and let 2 be a 
bounded, open subset of Q x RN such that 

(3.4) 

(3.5) 

Brgfix) = <j)r(x\ x G dQ, r = 1, 2, . . . N, 

g(x) G 2X = {w: (x, u) e2},xe Q. 

Furthermore assume that for every (xQ, w0) G 32 there exists a twice dif
fer entiable function r: U -> R, where U is some neighborhood of (x0, u0) 
in Rm+N

9 and constants yx > 0, 7*2 > 0 which are such that: 

(i) 

(ii) 

(iii) 

(iv) 

2r\U£ {(*, «): r(x, u) ^ 0}, r(*o. "o) = 0, 

dr 
-fa- (*o> "o) • ("o - £(*o)) ^ n > °> 

^ ( * 0 , «O) ? 

32r(x0, w0) 
3x3w ? 

92r(*o> «o) 
du2 5 (*0, M o ) - ^ ^ ) *r* 

m fì2r m N fi2r 

for ail y = (yh ... yN), y{ = (yn, yi2, ... yim), i = 1,2, ... N such that 
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^(Xo, u0) + £ W ^ y / J = 0, j= 1,2,... rn. 

Moreover in the case Bru = pr{x)u + qr{x)dujdv and xQ G dû suppose also 

( v ) dr(x0, u0) . £ 3 ^ / _ i } _ ^ \ < o. 

3x £=i dur \qr
 Yry qr(x0) V 

Then the boundary value problem 

(3.6) (&u)(x) = f(x, u, du), JCGÖ, 

(3.7) (Bu)(x) = <f>(x), x e 9Û, 

has a solution M e C2(fl) such that u(x) e l x , x e Ö. 
PROOF. For simplicity assume Brur = prur + gr 9wr/9v(the other case is 
even simpler). Consider the problem 

(3.8) (.S? ur){x)-Xfr{x, u, 3w) = (l -^)[(jSf g r)(x)-*(i i r-g r(x))] , x e f l , 

(3.9) (Brur)(x) = 0r(x), x e dû, r = 1, 2, . . . TV, 0 ^ A ̂  1, 

where k > 0 is to be chosen. If u is a solution of (3.8) and (3.9), u(x) G JF„ 
x e û , then 

\Xfr(x, U, du) + (1 - M ^ S r ) (*) - *("r » Sr(*)))l ^ S M I ^ I ) + T, 

where AT = max{|w|:ue 2X, xeÛ}, and 

r = max{|(j£?gr) (x) - fc(wr - gr(x))\: \u\ ^ K, x G Û, r = 1, 2, . . . tf}. 

Let 0^(^) = ^C 5 ) -I- T, then $# is also nondecreasing and continuous 
such that \ims^oo0K(s)/s2 = 0, hence, there exists a constant Nk such that 

(3.10) || fall „ ^ Nk 

for any solution w of (3.8) and (3.9) with u(x) e Tx, x G D. 
Let 

0 = {w e C\û): u(x) G 2X, \du(x)\ < Nk + 1, x G û}, 

the G is a bounded, open neighborhood of 0 e C\û) and (3.8) and (3.9) is 
equivalent to the operator equation 

u = i ^ W O , u, du) + Afct/ + (1 - A)[(^g)(.) + *#(•)]) 

where &k
u== ^u + &M subject to the boundary conditions (3.9). Since 

k > 0, j ^ 1 is a compact, linear operator on C\Q). If now there exists 
u e dO which is a solution of (3.8) and (3.9) for some A e [0, 1), then it 
must be the case that | du(x) | ^ Nk < Nk + 1, x G Û, U(X0) G dSH, x0 G Û. 
First assume x0 G dû, then there exists a twice differentiate function r 
on some neighborhood (JC0, U0) in Rm+N such that (i) - (v) hold. Therefore 
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dr(x0, w0)/3v ^ 0 since r(x, u(x)) ^ 0, \x — x0\ ^ e, x e Q, r(x0, w0) = 0. 
But 

and this is a contradiction. Thus x 0 e û and there exists a function r, 
r(x0, w0) = 0, r(x, u(x)) ^ 0 for |jc - x0\ ^ e for some 5 > 0. It follows 
that 

(3.11) g-(*o, no) + g - ^ ( ^ w o ) - ^ | ^ = 0 ,y= 1,2, . . . 7V,and 

XOix, u(x))\x=X0 = - t^aa(xQ)d^^^-

(3.12, -J^^Ä»^^) 

Tir 
+ - g ^ (*0> Wo) W/(*o> w0> W(X0)) 

+ (1 - X)[(XgKxo) - KuQ - g(xo)])-

on the other hand 

Tir 

-g^(*o> "o)(wo - S(*o)) ^ 7i > ° > a n d ^ 7 - 2 -

We therefore obtain that (3.12) is negative if we can show that 

kW^X°9 Uo) (U° ~ ***0^ ~ ~W^X°9 Uo) ^g^Xo) + ~ 9 ^ * 0 ' u<ùf(xo> w0' 9w(*o)) 

is positive, it shall be in the case if 

(3.13) k r i - T 2 - mo0k(\du(xo)\) > 0 

where mQ = sup \dr(x, u)/du\. It is enough to show 

(3.14) lim - ^ 4 ^ = 0, where sk = Nk, 
£—•00 K 

see (3.10). Assume for a while that (3.14) is satisfied, then from (iv) and 
(3.13) one can conclude that (3.12) is negative and this is a contradiction 
to r(x, u(x)) having a local maximum at x = x0 e Q, since &r(x, u(x))\x=XQ 
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< 0, and Se is a uniformly elliptic operator. We hence conclude that the 
Leray-Schauder degree 

dLs(id - ^ W ( - , -, •) - Ik • - ( 1 - X)J?g(-) + %(•)), 0,0) 

is independent of A [0, 1), i.e., it equals dLS(id -Sfj^gi-) + %(• ) ,$ , 
0), see lemma 3.1. If on the other hand u = J^TH^gO) + kg(-)\ then 
ifw + fcw = <gg + /eg, w(x) = g(x), thus w = g e 0. Therefore the above 
degree equals 1 and (3.8) and (3.9) has a solution ux e 0 for all A e [0, 1) 
and also for A = 1, i.e., (3.6) and (3.7) has a solution u e G completing the 
proof provided we show that (3.14) holds. From lemma 2.1 one can get 
si ^ C((f>(sk) + ak + b + 1), for all k = 1, 2, . . . . Then either sk £ D < 
oo, fc = 1, 2, . . . , or lim inf^oo fc/sf > 0, or lim sup s\\k < oo, and 

(3.15) 0 ^ lim 0Kjfk^ ^ lim s u p ^ . l i m - ^ ^ = 0, 

hence (3.14) holds. 

COROLLARY 3.3. Let Q be a bounded domain with C2aboundary, ££, f 
B, <f> satisfy all assumptions from Theorem 3.2. Moreover assume there exist 
twice differentiable functions a, ß: 0 -* RN such that 

(3.16) afa) < 0 < ßt{x)9 x 6 Q, i = 1, 2, . . . N, 

(Sfocdix) = ft{x9 ul9 ... wf-_i, a,-, w m , ...uN9pl9... 3a,, ... pN\ 

{£? ßt-)(x) è ft{x9 ul9 ... i/f._x, ft-, i/f-+i, ...uN9pl9 ... 3/3,-, ... pN) 

for all u = (w1? . . . uN) with CCJ(X) g ut- ^ ftCx), /?,- e Rm, 1 ^ i <L N. 

(3.17) £,a,(*) < 0 < £,/3f<x), x e 30, 1 ^ / ^ TV. 

Then there exists a solution u of 

(S£ u)(x) = f(x, w, du), x e 3ß), x e 3fl, 

J5W(JC) = 0, x e 30, 

MCA f/rar/ a,(x) ^ M,<JC) ^ j8f-(x), 1 g i ^ N,xeQ. 

PROOF. For 2 we take in Theorem 3.2 the following set: 

2 = {(JC, u): at{x) < u{ < /3,(x), xeQ,ì g / ^ N}. 

If w0 e 32^, x0 e Q, then there exists j such that either w0/ = aj(x0) or 
woy = /3/(*o)- Assume the former and put r(x, u) = uj - ßj(x), then r 
satisfies all assumptions in Theorem 3.2 and we can conclude the existence 
of a solution u e C2(Q) with u(x) e 2X, x e Q. 

REMARK 3.4. In Corollary 3.3 instead of (3.16) and (3.17) one might 
assume 
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(3.16') at{x) ^ 0 ^ ß<(x)9 xeû9i= l929 ... N9 

(3AT) ßflcfa) ^ 0 ^ ßißfc), x e dQ, i = 1, 2, . . . TV. 

To see that we take Uf = Ut- 4- e, L\ = Lt - e, 

ff(x, u,p) = { 

fi{x^U9p)^lJ^-^9 u{^ U< 

fi(x9 u, p)9 Li ^ ut ^ Ui 

Lt — u 

TTV2 fi(x9 L9 p) 4- / L J 9 Ui ̂  Li9 

apply Theorem 3.2 with U\ U9 f
£ and by a standard limiting argument 

one can conclude the assertion. 

EXAMPLE 3.5. Let û b e a bounded domain in Rm with boundary dû. 
Consider the following system: 

(3.18) Au = w3 4- vVw (0.25, 0.75) 

(3.19) Jv = v3 - (u2 + l)(v + 1) + wVv (0.75, 0.25) 

subject to the boundary conditions: 

(3.20) u + |*L = 0, v + | ^ = 0, x e dQ. 
3v 3v 

Let 2 = {(x9 u9\):xeQ9 (w, v) e R2
9 u

2 4- v2 < d2}. Assume that for some 
xeQ9 (w0, v0) e 32V Then u2

0 4- v2, = rf0
2- Put r(w, v) = (u2 4- v2 - rf2)/2, 

g(.x) = (0, 0), note that r(u0, v0) = 0, r{u9 v) ^ 0 for all (x9 u9 v) e 2, 

" "3w"^0' V°^° ~ 3v ^ ° ' v °^ v ° = ~wo - vo = -d2 <0. 

Let w0f + v037 = 0, then 

n Y n^Y f^Y ^Y\ 

diï2^ + 3\T2^ + W 3W ' ( / l ( W o ' V° ' f ' ^ ' / 2 ( w ° ' v ° ' f ' ^ 

= f2 4- 2?2 4- i4 4- w0Vo£ 4- v4 - v0(w§ 4- l)(v0 4- 1) 4- u0\oV 

^ y f 2 + y ^ 2 + y ( ^ ) 2 - y ^ ° ' P r o v i d e d r f ^ V54-^/70. 

Therefore all assumptions of Theorem 3.2 are satisfied and one may 
conclude the existence of a solution (w,~v): Q -> R2 of (3.18)-(3.20) such 
that u\x) 4- V2(JC) ^ 5 4- ^70, for all x e Û. 

REMARK 3.6. One can replace (3.20) by 

(3.21) w(x) = 0, v(x) = 0, x e dQ. 
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Then there exists a solution (w, v) of (3.18), (3.19) and (3.21) such that 

W2(JC) + v2(x) ^ 5 + V m xeQ. 

REMARK 3.7. Let 

(3.22) M£ = 0Mx)_ = 0 dQ 

Then there exists a solution (u, v) of (31.8), (3.19) and (3.22) such that 
u2(x) + v2(x) ^ 5 + V7Ö. To see that we consider, instead of (3.22), these 
boundary conditions : 

eu(x) + | ^ = 0 = ev(x) + | ^ , xedQ, e > 0, 

and apply a limiting argument. 
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