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A SIMPLE CHARACTERIZATION OF THE CONTACT
SYSTEM ON J*(E)*

R. B. GARDNER AND W. F. SHADWICK

ABSTRACT. In this note we give an invariant characterization of
the contact system of J*(E) where (E, =, M) is a fibred manifold.
This characterization generalizes one given in reference [1] for the
case where & = 1. It affords a simple coordinate free proof that a
section o of (J*(E), !, M)is the k-jet extension of a section of (E,
7, M) if o annihilates the contact system [2].

1. The First order Case.Let(E, =, M)denote a fibred manifold with total
space E, projection = and base space M. The k-jet bundle of local sections
of (E, m, M), denoted by J*(E), has a natural fibred manifold structure
over J/(E) for 7 < k and over E and M. The canonical projections z%:
JHE) —» J/(E), n%: JHE) — E and nj;: JHE) — M are given by

(a) akiJks > Jis
0]

(b) wh: jis — s(x)
and

© rnby=rmonkijits—>x
respectively.

We begin by defining the contact system Q! on JY(E) as the exterior
differential system given pointwise by

@ QY 4, = (@ — 7T E.
It is easy to verify, from (2), that a section ¢ of (J! (E), n};, M) defined

on U c M, satisfies g*Q! = 0 iff & = jls where s = ;o ¢. To see this,
suppose ¢ = jls. Then

o* R 4, = JIs*@E — s TIHE
X
= [(m} o j1s)* — (s o Why o JL)¥IT S E

= [s¥* — (s o idy)*|THE = O.
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Next suppose that ¢ satisfies ¢*Q! = 0 and define a section s of (E, =, M)
by s := n}; o 7. Now for each x there is a section s, defined on a neighbor-
hood of x such that ¢(x) = jls,. It follows that s (x) = (z}°0)(x) = s(x)
and, in order to show that ¢ = jls, we need only show that all the first
order partial derivatives of s, and s agree. But this is the same as showing
that, for each x, s, and s have the same Jacobian, i.e., that

(s* = sHTHHE = 0.
This is precisely the condition given by 6*@QY| 5, = 0, for
oy, = ok — AT E
=[(mgo0)* — (syo iy O)ITHHE
= [s* — s¥IT&HE

because s = 7400 and 7y o 0 = idy.

We note that the definition (2) leads immediately to the standard local
coordinate presentation of the contact system. If (x2, z4) are fibred
coordinates at s(x) € E and (x¢, z4, z2) are the induced coordinates at
jlse JYE) then T}, E has the coordinate basis (dx?|;,), dz4|s,, and
(ml¥ — wifs*)dxe|;,, = 0, while

(¥ — Ths*deA ) = (dzt — zhdxe)] ;.
X

2. The k-th order Case. The contact system on J*(E) for k > 1 may be
defined pointwise by

3) O 4, = (zh%y — Tt 1) T Hy JHY(E).
It is immediate from (3) that fork = 2,3,....,

4 TR < (QF,

for

TR oy, = mE(TAR — ) Ty HE)
x
= (% — mheF )T Ty JH¥E),
x
and
3 (T, J*XE)) < T, JFE).
iy °s iy s

We now show by induction that if ¢ is a section of (J#(E), n%;, M) which

annihilates Q* then ¢ = j*(z% o 0). The converse is left to the reader.
Assume for /=1, 2,...., k — |, that if ¢ is a section of (J/(E), r%,

M) which satisfies ¢*Q“ = 0 then ¢ = j/(z%°¢). Let o be a section of
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(J*, E, %, M) defined on U = M and let s be the section of E defined by
s = mhoo. As above, we have ¢(x) = j¥s,. We wish to show that s and
s, agree to k-th order on U, i.e., that jks, = jks.

Now if *Q*% = 0, (4) shows that 0 = g*zf* Q¥ 1 = (z}_, o 0)*Q* 1 and
thus, by the induction hypothesis,

mhyo0 = N mk o nhy o 0).

Butztlonf 00 =7nkoo =ssonf 00 = j*1s.

Thus j#1s, = jk1ls, so s, and s agree to (k — 1)st order. Now 7f_; o 0
= j#~1g and the fact that ¢*Q* = 0 shows that 7f_; - ¢ and j*~1s, have
the same Jacobian at x. Thus all of the first derivatives of j¢~ls and j*1s,
agree for all x in U and hence j*s, = js, i.e., ¢ = js.
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