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CHARACTERIZATION OF MEASURES
ASSOCIATED WITH ORTHOGONAL
POLYNOMIALS ON THE UNIT CIRCLE

PAUL NEVAI

ABSTRACT. Measures with almost everywhere positive
absolutely continuous components are described in terms of
certain integrals involving the corresponding orthogonal poly-
nomials on the unit circle.

1. The results. Let du be a finite positive Borel measure on the in-
terval [0, 27) such that its support is an infinite set. Let {¢,(du)} (n €
N) be the unique system of orthonormal polynomials associated with
dp, that is, the polynomials ¢, (du, z) = kp2"® + -+ (kn = Kn(dp) > 0)
satisfy

27
(277)_1/ om(dp, €)@, (dp, €)du(8) = énn  (m € N,n € N).
0

In what follows ¢, (dp) denotes the monic orthogonal polynomial, that
is, dn(dp) = Kk pn(dp). The reverse polynomial IT* of a polynomial
I1 of degree n is given by IT*(z) = 2"II(271).

The recurrence formula

(L1) On(dp, z) = 2¢n-1(dp, 2) + én(dp, 0)5, 1 (dp, 2),

|on(du,0)] < 1, n = 1,2,..., (cf. [19, formula (11.4.7), p. 293])
plays an essential role in the theory of orthogonal polynomials and its
applications (cf. [13, 15]). This recurrence formula fully characterizes
the orthogonal polynomials and the associated measures which is the
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294 ORTHOGONAL POLYNOMIALS

content of the analogue of J. Favard’s theorem for the unit circle
according to which any system of polynomials {¢,} satisfying

bn(2) = 26n-1(2) + ¢ (0)¢7_1(2), |6 (0)] <1,

n = 1,2,..., is orthogonal with respect to a measure dy which is
uniquely determined up to a positive constant factor (cf. [2, Theorem
8.1, p. 156)).

It was shown in [9] that E.A. Rachmanov’s theorem
(1.2) ' >0a.e. in [0,27) = lim ¢,(du,0)=0

on the reflection coefficients ¢, (du,0) (cf. [17; 1°, p. 207] and [18,
Theorem, p. 106]) can be proved in two steps by first proving the
existence of an absolute constant K such that

27
(1.3)  |Pn+1(dp,0)| < K/O llon (du, €)1 |on+1(dp, )| 72 — 1|d6

holds for every measure d and n € N [9; Theorem 2, p. 64], and then
by establishing

u' >0 a.e. in [0,27)

2
= lim sup / [0 (dits €)Plpmra(dp, ) - 1/d8 = 0
n—»ooleN 0

(1.4)

[9; Theorem 3, p. 64]. This approach to Rachmanov’s theorem has
recently proved to be applicable to a variety of situations. For instance,
G. Lépez (5] used it to solve some problems raised by A.A. Goncar on
convergence of multipoint Padé approximations. Another application
of this method is given in [4] which was subsequently used in [6] to
solve Freud’s conjecture (cf. [15]). Rachmanov’s theorem (1.2) is the
corner stone in generalizing Szego’s theory of orthogonal polynomials
(cf. [ 8, 10-12], [13-16]). In addition, it is also of great significance
in applications of orthogonal polynomials and continued fractions (cf.

(7).

On the basis of (1.1) it is easy to show that

. _ . L
(1.5) Jim ¢n(du,0) =04 lIm zpn(dp, 2)pnir(dp,2)™" =1

uniformly for |z| > 1
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(cf. [3, p. 81]). Thus, by (1.3) and (1.5), we have

lim ¢, (du,0) =0
n—00
(16) 27 ) )
= Jim | llen(du, €)*|pn+1(du, )| 7* — 1|df = 0.

One of the main results of the present paper is the following theorem
which yields a description of measures analogous to (1.6).

THEOREM 1.1. For all measures du
' >0ae. in [0,27) <

27
lim sup / n (s &) P pmt(dp, €)% — 1]d6 = 0.
n—-»ooleN 0

(1.7)

In view of (1.4), the implication “ < ” needs to be proved only. This
is accomplished via Corollary 1.5 which follows from our second main
result given as

THEOREM 1.2. The inequality

2
/0 llon(dps, €9) 20 (6) — 1]d8
(1.8)

27
< sup / lon(dpt, € Plionsa(ds, )] 72 - 1]d8,
leN JoO

n € N, holds for every measure dyu.
As to the sharpness of (1.8), we can prove the following

THEOREM 1.3. Given dpu, the inequality

2T
sup / ln(dpt, &) Plonsa(dps, €)% — 1/d6
leNJO

(1.9) . 1/2
< {241r / llon(dp, ) Pu' (6) - lld0}
0
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holds for everyn € N.

One of the consequences of Theorems 1.2 and 1.3 is that they imply
the equivalence of Theorem 3 in [9, p. 64] and Corollary 2.2 (formula
(2.2)) in [10]. Another result which follows from inequality (1.3) and
Theorem 1.3 is

COROLLARY 1.4. There exists a constant K* such that, for every
measure du, the inequality

2m
(1.10) |mﬂmeSW/ on(dpss €)1 (8) — 1]d8,
0

n € N holds.

COROLLARY 1.5. For every measure du we have the inequality
meas{6 : 0 € (0,2x), u’'(9) = 0}

2r
smWJnmmwmwwwW+w
nenN 1eN Jo

(1.11)

where meas{ A} denotes the Lebesque measure of the set A.

We define the singular component dus of the measure du as the dif-
ference between the measure and its absolutely continuous component
(dps(0) = du(f) — 1/ (6)dh). 1t is well known that

' >0a.e. in [0,27) =
1.12 2m .
(12 lim |on (dpe, €)*dps(8) = 0

n—0oC

(cf. [10, Corollary 5.1]). Theorems 1.1 and 1.2 explain the reasons that
lie behind (1.12) via the following

COROLLARY 1.6. For every measure dp

2n
Awmem@
(1.13)

27
< SUP/ llon (dp, €| onti(du, e®)| 7% — 1|d8
leEN Jo
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holds forn € N.

It is not clear how the results of this paper can be carried over
to orthogonal polynomials on the real line. For instance, we do not
know whether inequality (1.3) has an appropriate analogue for the
recursion coefficients associated with real orthogonal polynomials. It is
probable that if such analogues exist then they will involve Turdn type
determinants (cf. [10], [15]).

2. The proofs.

PROOF OF THEOREM 1.2. Let m € N, and let H,, be a trigono-
metric polynomial of degree at most m. Since the first n moments of
|on(dp)|~2df equal those of du (cf. [1; Theorem 5.2.2, p. 198]), we
have

2n
/ (lon(dps, €21’ (6) — 1] H. (6)d6
0
2m
= _/ |99n(d/l'»eig)lem(a)dlls(a)
0

27 )
+/ (lon(dp, €)Plon+i(dp,e®)| 7> = 1]H,,(8)d0
0

for all [ > m. Therefore we obtain

| / " lo(da, )P (6) - 1]Hi (6)d8)
’ 27
< ‘ /0 I‘Pn(dﬂvei9)|2H,,,(0)dps(0)‘

2n
11l sup / lon(dits €2 lmsa(dss )| — 11d6,
€ 0

and since the set of all trigonometrical polynomials is dense in Cy,, we
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also have

\/02”““’"(‘1“’ )1 (8) — llf(0)d0|
2.1y < l /0 " lon (dps, ei")lzf(O)dus(o)\

27
+11fllsup / lon (dits )R lmra(dp, €)% — 1/dB
€ 0

for every f € Cy,. According to [9; Lemma 1, p. 65], given the
singular component du, of the measure du, there exists a sequence
of 2m-periodic continuous functions {hx} such that 0 < hg(f) < 1
(k € N, 6 € [0,27]),limhi(0) = 1(k — oo) almost everywhere in
[0,27), and

27
lim [ |pn(dp,e®)*hi(0)dps(6) = 0.

k—o0 0

Applying (2.1) with (fhi) instead of f, and letting k — oo, we obtain

27
[ [ tentai )P (0) - 1)1(6)d0
(2.2)

27
<11l sup /0 (0 (dpts ) 2lomt(dps, €)% = 1]d8,

initially for all 27-periodic continuous functions f, but then, by ap-
proximation arguments, (2.2) can be extended to every f € L>(0,2n]
as well. Theorem 1.2 clearly follows from inequality (2.2) applied with
the special choice of f = sign[|pn(du)|?s’ — 1. 0

PROOF OF THEOREM 1.3. Let I € N and n € N. Then

2r
/0 |on(dpt, )Pl on s (dis, ) 2d6 = 2
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(cf. [1; Theorem 5.2.2, p. 198]), and consequently, by Schwarz’s
inequality, we obtain

2r
/ lon (it )2l omsa(dpts®)| 2 - 1]d0
0

27 ) 4 /
< { [ ontdn e lonaatdn, e - 1700} "
(23) 0

2 0 0\ —1 2 1/2
< { [ lentdns e llpnsata ) + 11240
0

241/2

=2ofar? - | / 7 [on(diay )l nsu(dps, ) 1]}

The next step consists of estimating the expression in the brackets on
the right-hand side of (2.3) from below. We accomplish this by applying
Hoélder’s inequality as outlined in [9; Formula (11), p. 67]. We have

2n
/0 (l@n(dp, e®)?u' (8))*/2do

2n )
= [ lhontdin e llgnsatau, )12
0

X1 |@nsi(dp, )P (O)]/* X [lon(dp, )P4 (6)]/'2d0),

and thus Holder’s inequality w1th indices (1/2, 1/4, 1/4) yields
27
(lon(du, )24 (6))/°d8

27 ) ) 1/2
<{ /0 (it ) lpna(das, )|~ d}
2m . 1/4
<{ [ onndu,e ) (6)a8)
0

| [ ontan ey any

Since the polynomials are orthonormal, the second integral on the
righthand side of (2.4) is at most 2m. Therefore, assuming that '
does not vanish almost everywhere in [0,27), we obtain

(27r)_1 [/027r“‘pn(d“, ei9)|2ﬂl(e)]l/3d0]3

2n ) . 2
< [/0 I%(du,e"’)ll<pn+z(du,e"’)|“do] .

(2.4)

(2.5)
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If 4/ = 0 almost everywhere in [0,27), then (2.5) is obviously satisfied
as well. Applying inequality (2.5) to estimate the expression in the
brackets on the right-hand side of (2.3) we get

2m
/0 (it )P pnsa(dp, )| 2 — 1d0

(2.6) ox ' 312
<an{1-[@0)" [ (onldu,e®)u'(©)/a0] }
0

and factoring the expression 1 — [ - ]* in the braces on the right-hand
side of (2.6) yields

2w
/0 (it ) Plomsa(dpt, )2 — 1d8

< 4n{1-(2m)! 7 llgn(dn, e"’>|2u'(o)1‘/3do}”2
(2.7 0

27 A
X {1 + [(21:')—1 (lon(du, ezo)|2u'(0)]1/3d0]
0

+[en [ T lhontd e o 1008] Y

Since the ¢,(dy) are orthonormal, Holder’s inequality shows that the
expression in the last two brackets in the right-hand side of (2.7) is at
most 1. Thus

2w
/0 lon(di €) 2l pna(ds, €)% — 1)d0
2w A 1/2
<an3'2{1- @0 [ llonldu, )P 0)) /a8
1]
2r
= 4x3"/2{ (2m) ! /
0

2n ) 1/2
< 4x3/2{ (2m)"" / 11~ llga(du, ) Pu 0)] 10} .
0

(2.8) .
[1 — (lon(dp, e*) 20’ (0)]" 3] d0}

Finally, since |1~ (l¢n(du) /2413 < |1 = [l¢n(du)?w)), formula (1.9)
follows immediately from inequality (2.8). O
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PROOF OF COROLLARY 1.5. We have

meas {6 : 0 € [0,2r), ' (6) = 0} = / v [1=len(du, )2/ (6)]d8,
=06 €[0.2)

and therefore (1.11) follows from (1.8). 0

PROOF OF COROLLARY 1.6. In view of the identity

27 2n
| tontdin ) Paun(0) = [0 =l tas )P 011,
0
inequality (1.13) is an immediate consequence of (1.8).
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