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SUFFICIENT CONDITIONS FOR
FACTORABLE MATRICES TO BE
BOUNDED OPERATORS ON A,

E. SAVAS, H. SEVLI AND B.E. RHOADES

ABSTRACT. A factorable matrix A is a lower triangular
matrix with entries a,r = anby. The sequence space Ay is
defined in (2). In this paper we determine sufficient condi-
tions for a nonnegative factorable matrix A to be a bounded
operator on Ay, i.e., A € B(Ag). As corollaries we obtain
sufficient conditions for the discrete Cesaro, terraced, and p-
Ceséro matrices defined by Rhaly, to be in B(Ay).

1. Introduction. Let T be an infinite matrix, {s,} a sequence.
Then the nth term, ¢,, of the T transform of {s,} is given by

o0
tn = tnoSe.
v=0

A series Y w,, with partial sums s,, is said to be k-absolutely
summable by T for k > 1, written Y x,, is |T, if

(oo}

(1) > o nF AL, " < oo,

n=1

where A is the forward difference operator defined by At, 1 =t, 1 —
tn.

Let (C,a) denote the Cesdro matrix of order o > —1, o2 its nth
transform of a sequence {s,}. Using (1) with t,, = o2, Flett [3] proved
that, if a series Y x,, is summable |C, a|; then it is summable |C, S|,
fora>-1,r>k>108>a+1/k—1/r. Setting r = k gives an
inclusion type theorem for Cesaro matrices.
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Let > x, be a given infinite series with partial sums s,. Then, for
k>1,

(2) Ay = {{sn} : an_l |2, |F < 00, T = 5, — sn_l}.

n=1

A matrix T is said to be a bounded linear operator on A, written
T e B(Ak), if T: Ak — Ak-

In 1970, Das [2], using definitions (1) and (2), proved that every
conservative Hausdorff matrix maps Ay to Ay, i.e., H € B(Ag).

In [9], it is shown that (C, o) € B(Ay) for each a@ > —1, demonstrat-
ing that being a conservative matrix is not a necessary condition for a
matrix to belong to B(Ay).

A factorable matrix A is a lower triangular matrix with entries
Gnk = Gnpbk, 0 < k < n. In this paper we determine sufficient conditions
for a nonnegative factorable matrix A € B(Ag). As corollaries we
obtain sufficient conditions for the three classes of Rhaly matrices to
be in B(A).

We may associate with A two matrices A and A defined by
n
Apy = Zani and dnv = Qny — C_Ifnfl,v:

1=

respectively.

Let > x, be a given infinite series with partial sums {s,}. We shall
denote the nth term of the A-transform of {s,} by t,. Then

n n i
t, = E AniSi = E (42773 E Ty
=0 1=0 v=0
n n n
= § Ty E Api = E AnyTy,
v=0 1= v=0

and
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n—1 n
Yn ' = Atnfl = E C_Lnfl,vxv - E Ay Ty
v=0 v=0

n
= - E ApyTy,
v=0

since @n_1,, = 0.

Thus, A € B(Ay) means that

oo o0
(3) an_l |2, | < 00 = an_l lyn|* < oo.
n=1

n=1

1/k

*

Define sequences {z:} and {y’} by z* = n'/* z,, y* = n'/*y,,
n > 0, and z§ = o, Y5 = Yo, where k* denotes the conjugate index of
k. Then (3) is equivalent to

o0 o0
Y laplf < oo = > lyilf < oo
n=1 n=1

Note that

*

n
1/k* [ ~ § :A
Yp = —N / (anoﬂﬁo + anvxv)
v=1
n n 1/k*
1/k* A * ~ *
= —n'* a0k — E <Z> Gy,
v=1
n
*
§ bnvl‘m
v=0

where the matrix B = (b,,) has entries

—nl/k*dng v =0,
(4) bn, = f(n/v)l/k*&nu 1<v<n,
0 v > n.

Consequently, the statement A : A; — Ay is equivalent to B :
Ik — 1k
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Lemma 1. If A = (any) is a factorable matriz, then the associated
matrices A = (Gny) and A = (Gpny) can be written as a sum of two
factorable matrices.

Proof. Let A be a factorable matrix.
n n n
Ony = Zanr = Zanbr = Qn Zbr
r=v r=v r=v

If we write
b = by + by + -+ + by,

then

n

Zbr = b'SLI) o bgljla

r=v

and we have that

_ {an (bE}) — bl(Jl_)1> 0<v<n,

Apy =
0 v > n.
Thus, we can write A = B + C, where
b aan) 0<v<n,
0 v >n,

{ faan()ljl 1<v<n,
Cny =

0 v >mn,orv=0_0.

Now, since

Gpo = Qo — an—l,v
=ap (bg) - b1(;1—)1) —an-1 (bS—)1 - bgl—)1>
= (anbs,bl) — anf]_bil_)l) + (an71 - an) bl()l_)l

=-A (anflbgzlzl) + A (an-1) b1()17)1’
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then
a — { -A (anflell) + A (anfl)bgl_)l 0 S v S n,
0 v > n.

Hence, A=D+ E, where

. -A (an,l)bfllzl 0<wv<n,
i 0 v > n,

and

. _{A(anl)bgl)l 1<v<mn,

0 v>norv=0. O

Theorem 2. Let A be a factorable matriz, and let k > 1.
Ac B(Ak,) if

and

(iii)

are satisfied.

637

Then

Proof. From (4) we may write B = D + E, where D = (d,,) is the

matrix whose first column entries are defined by

1/k* )
dpo = —n* a0, (doo = —a00 = —aoo),
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all other entries are zero, and FE is the matrix whose entries are defined
by
1/k* 4
em:{(n/v) / Gny 1<wv<m,
0 v>mnorov=0.

From Lemma 1 the matrix E may be written as the sum of matrices
F = (fny) and G = (gny), where

oo = {nl/k*A (an_lbglzl) l/vl/k* 1<v<n,

" 0 v>mnorv=0,
_ { —nF A (an_y) (b, 0VFT) 1< <,

o = 0 v>norv=0_0,

so we may write B = D+ F+(G. Omitting the first row and first column
of F and G, which contains all zeros, what remains are factorable
matrices.

For any {s,} € [¥, let u, denote the nth term of the D = (d,,)
matrix transformation of {s,}. Then

oo
§ : 1/k* ~

Hn = dn'usv =—-Nn / an0S0,
v=0

and, using (i) we have

n=1

0o 1/k

~0) (Lt Janal" )
n=1
oo n—1 k\ 1/k

= O (1) <Z nkil Ann + Z (anv - an—l,v) >
n=1 v=0
S 1 k\ 1/k

— 1 k—1

o) <Zn nlogn >
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Hence D : I¥ — [F.

Since F is a factorable matrix, from Corollary 1 of [1], F : I¥ — [
k>1 ifforn=1,2,...,

n
Tn Yy < Kyl/ kD),
v=1
ie.,

n k* 1/(k—1)
(5) Y% ‘A(a bV )‘Z L R
n=1Pn-1 v1/k* = nl/k*

is satisfied. Since

A (anb{1s) = o 1Bl — bl

n—1 n—1
= an—1 § bv — an § bv - anbn
v=0 v=0

S
|
—

= (an—l v anu) — OGnn,
)

<
Il
o

and

S| =

1 1
=14+=+4+.---+==logn+c+ an,
2 n

v=1
then (5) is equivalent to
n—1
(6) Z(an,lyv —ny) — apn|n(logn+c+a,) < K,
v=0

where ¢ is the Euler constant and «, is a null sequence. Inequality (6)
is satisfied if condition (i) is satisfied. So F : I¥ — I* if condition (i) is
satisfied.
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Recall that G is a factorable matrix. From [1, Corollary 1] G : I¥ —
%, k>1,if forn=1,2,...,

o Y uk < Kyt

v=1

or

e n e\ b\ /-1
7 [ 1|Z< ) = w2

=1
is satisfied. From (ii) and (iii),

—1/(k—1) ™ ( )>k*
(A/R)+(1/K") bV
: i) s O
n—1
o)n|an —an— 1\Zb =0(1 nz (@n-1,0 — anw) = O(1).
v=0

So inequality (7) is satisfied if conditions (ii) and (iii) are satisfied.
Combining these facts, B : I¥ — I¥, ie., A: Ay — Ap. o

A discrete generalized Cesdro matrix, see [4], is a factorable matrix A
with nonzero entries a,r = \"~%/(n + 1), where A € [0,1]. The choice
A =1, of course, gives the Cesaro matrix of order one.

Corollary 3. C), the Rhaly discrete Cesdro matriz, is a mapping
from Ay to A for0 <A <1, k> 1.

Proof. C) is a factorable matrix. In Theorem 2 we take A = C.
Since

|
—

n

n—1 n
(an—l,v - anv) — Apn = E Ap—1,v — E Ay
v=0 v=0

v=0
"il An—1-v i An—v
v=0 n v=0 n+tl

_1(1—,\">_ 1 (1-antt)

1-X) n+l (1-X) "
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we have
n—1
TLlOg?’L Z (a’nfl,v - an'u) — Qnn
v=0
) 1/1-\" 1 (11—t
=nlogn|— —
M\ TN ) T nrt a0
_ logn n nt1
_0(1)(17A)|A A
=0(1)\"logn
=0(1).

Therefore, condition (i) of Theorem 2 is satisfied. Since

ATV AT 1

am_(n+1) n4+1xv’

if we take b, = 1/A", then condition (ii) of Theorem 2 is automatically
satisfied.

n—1 n—1 )\n—v—l A\
(n+1) Z(anl,v_anv)] :(n+1)z< n _TL+1>
v—=0 v=0
_(+1) ni:l)\"—v—l — Ti ATV
n v=0 v=0

—0(1-A")=0(1),

and condition (iii) of Theorem 2 is satisfied. O

A terraced matrix R,, see [6], is a factorable matrix A with nonzero
entries anx = a,, where {a,} is a sequence of real (or complex)
numbers. The case a, = 1/(n + 1) yields the Cesdro matrix of order
one, and more generally, if we take a, = (n + 1)7P for some p > 1, we
get the p-Ceséro matrix defined in [5].

Corollary 4. A Rhaly matriz R, maps Ay into Ag, k > 1, if
(i) nap—1 — (n+ a, = O(1/(nlogn)),
and
(ii) ap—1 — an, = O(1)/n(n +1).
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Proof. In Theorem 2 set A = R,. Since

n—1
[Z (an—l,v - anv) - ann] =nNap—-1 — (n + l) Ap,

v=0
condition (i) of Theorem 2 reduces to condition (i) of Corollary 4.

Condition (ii) of Theorem 2 is automatically satisfied. Since
n—1

Z (an—Lv - anv)] =n (an—l - an) )

v=0
condition (iii) of Theorem 2 reduces to condition (ii) of Corollary 4. o

Lemma 5 [7]. Forp > 1,
1 1 1 1
p=1( - _ _ - | < - _ .
B (np (n+1)”>—p(n n+1>

Corollary 6. Cp, the Rhaly p-Cesdro matriz, maps Ay into Ay for

p>1,k>1.

Proof. In Corollary 4 we take a, = (n 4+ 1)7P. Using Lemma 5, we

get

1
nlogn[nan—1 — (n+1)as] = nlogn [TZJ B (:j—_l)p]

Sn(n—l—l)logn(%—ﬁ)

1)/1 1
SPn(?"mL (1 log n
np—1 n n+1

lo
< o8
<

—0(1)

n(n+1)(an_1—an)—n(n+1)[np CE
Sn(n+1)p<1 1>

np—1

=0 (1/nP")=0(1).
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Hence, conditions (i) and (ii) of Corollary 4 are satisfied. o

Using a different technique, Corollaries 3 and 6 of this paper appear
as Corollaries 16 and 17 in [7].

_Corollary 7. Let (pn) be a positive sequence, and let k > 1. Then
(N,pn) € B(Ax) if

(8) npn =< (Pn).

Proof. In Theorem 2, set A = (N,p,,). Since (N,p,,) is a factorable
matrix,

n—1 n—1
> (@10 = @n0) =~ ann = 3 (Piv_l - %1) - %

v=0 v=0
—1
(L LV, P
Pn—l Pn ! Pn
v=0
_ _Pn Pn
PnPn—l ot Pn
_Pu_Pn_y
P, P,

and condition (i) of Theorem 2 is automatically satisfied. Condition
(ii) of Theorem 2 reduces to P, = O(vp,). Since

n-l n—1
Z (@n=1,p — ny) = Z (Piv . %)

v=0 v=0
(1 1\&E
B Pnfl Pn vzopv_Pn’
condition (iii) of Theorem 2 reduces to np,, = O(P,). O

We know that (C,1) € B(Ag) for k& > 1. From [8, Theorem 5.1],
in order for |C,1|; to be equivalent to |N,py,|x, it is necessary and
sufficient that (8) be satisfied, so condition (8) is also necessary.
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