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COMMON INVARIANT SUBSPACES
FOR FINITELY QUASINILPOTENT COLLECTIONS
OF POSITIVE OPERATORS ON A BANACH SPACE
WITH A SCHAUDER BASIS

MINGXUE LIU

ABSTRACT. We prove that if C # {0} is a collection
of continuous positive operators on a Banach space with a
Schauder basis that is finitely quasinilpotent at a nonzero
positive vector, then C and its positive commutant Cﬁr have a
common nontrivial invariant closed subspace.

In 1995, Y.A. Abramovich, C.D. Aliprantis and O. Burkinshaw [4]
showed that every continuous positive operator S on a Banach space
X with a Schauder basis which commutes with a nonzero continuous
positive operator T on X that is quasinilpotent at a nonzero positive
vector has a nontrivial invariant closed subspace. In this paper, using
the Abramovich-Aliprantis-Burkinshaw technique based on the idea
from [2, 4], we extend the result to a collection C of operators on
X and obtain the result that C and its positive commutant C’. have
a common nontrivial invariant closed subspace. In particular, all
continuous positive operators on a Banach space X with a Schauder
basis which commute with a nonzero continuous positive operator T on
X that is quasinilpotent at a nonzero positive vector have a common
nontrivial invariant closed subspace.

In order to do this, we first recall some of the basic terminologies and
facts from [4, 5] and others. For the notions and facts not stated in
the text we refer to [1-15] and so on.

In this note, the word operator will be synonymous with linear
transformation. Let X be a Banach space and B(X) the Banach
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algebra of all continuous operators on X. Let W and C be subsets
of X and B(X) respectively. Define

W =sup{||z|; x € W} and CW ={Tz; T€C, x € W}

If W is a singleton {z} , we shall write Cz instead of C{z}. If D is
another subset of B(X), we will write CD = {T'S; T € C, S € D}.
The powers C" are defined inductively by C' = C, C" = CC™! for all
n=2,3,....

A collection F of operators in B(X) is said to be quasinilpotent at a
vector 29 € X if lim,, o | F"xo'/™ = 0. A collection C of operators in
B(X) is said to be finitely quasinilpotent at a vector zg € X if every
finite subset F of C is quasinilpotent at a vector zq.

Let E be an ordered vector space. An operator T' on E is said to be
positive, in symbols T' > 0, if T2 > 0 holds for each x > 0.

From now on, we consider only a Banach space X with a Schauder
basis and fix a Schauder basis {e,} of X. It follows from [4] that X
can be regarded as an ordered vector space equipped with the positive
cone

Cz{szanen; an20foreachn:1,2,...},

n=1

that the functional {f,} defined by

fulz) =a, foreach z= Z e

n=1

is a continuous linear functional on X, and that f,, is also automatically
positive with respect to the positive cone C'. Moreover, the sequence
of the continuous linear functional {f,} satisfies f,,(€m) = Onm.

Let C be a collection of continuous positive operators on X. We
denote by C/ the set of all continuous positive operators S on X such
that T'S = ST for all T € C and say that C', is the positive commutant
of C.

Moreover, we say that the continuous positive operator 7" on X
has a nontrivial order hyperinvariant closed subspace if there exists
a nontrivial closed subspace M of X such that M is invariant under all
operators in the positive commutant of 7.
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Now we are in a position to give the main result.

Theorem 1. Let C # {0} be a collection of continuous positive
operators on a Banach space X with a Schauder basis {e,} that is
finitely quasinilpotent at a nonzero positive vector g € X. Then C and
its positive commutant C! have a common nontrivial invariant closed
subspace.

Proof. Since zg > 0, it is easy to see that there are an appropriate
scalar A > 0 and a positive integer ng such that Azg > e,, > 0.
It is clear that C is finitely quasinilpotent at Axg. Let G be the
multiplicative semigroup generated by C, and let A be the subalgebra
of B(X) generated by CC’.. Then G = U52 ,C", and A is the set of all
operators of the form E?Zl A;S;G; with S; € C', G; € G and scalars
Aj.

We consider two cases separately:

Case 1. If there is an operator Ay € A such that Age,, # 0, then
Ae,, = {Aen,; A € A} is a nonzero linear manifold in X.

First we prove that Ae,, is invariant under C and C’.. To this
end, take y € Aey,, T € C and S € C/.. Then there is an operator
A € A such that y = Ae,,. It follows from the definition of A that
there exist operators Si,Ss,...,5, € C, G1,G2,... ,Gy, € G and
scalars Ay, Ag,..., A, such that A = 22‘;1 A;S8;G;. Thus, we have
TA = 337, \jS;TG;. Since TG; € G, it follows that TA € A.
Consequently, Ty = TAe,, € Ae,,. On the other hand, we have
SA = Z?Zl AjSS;Gj. Observing SS; € C, we obtain SA € A.
Consequently Sy = SAe,, € Aey,.

We now show that .A?no # X. Let P denote the natural projection

from X onto the linear manifold generated by e,,. It is clear that
0 < Pz < z holds whenever 0 < z € X. We claim that

(1) PSGe,, =0

for all S € C,, G € G. To this end, we write PSGe,,, = aey, for some
a > 0. Since P is a positive operator and the composition of positive
operators is also a positive operator, it follows that the estimate

(2) 0 < d¥e,, = (PSG)e,, < (SG)*e,, < (SG)F(Axo)
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holds for any positive integer k. Since G € G, G is an operator of the
form T Ty - - - Tpy,, where T1,Ts,... ,T,, € C. It follows from (2) and
the definition of C’, that the estimate

(3)  0<dbe,, <(STATa---Tm)*(\xo) = SH(TV Ty - - - T)n) ¥ (o)

holds for any positive integer k. Since f,, is a positive func-
tional on X, it follows from (3) that 0 < af = f, (ae,,) <
f"o (Sk(TlTQ e Tm)k(ACCo)) Set F = {Tl, T27 [N ,Tm} NOtiCng that
C is finitely quasinilpotent at Azq, one can obtain lim,, o || F"(Azo)||*/™
= 0 so that

0 < a < || fuollMFISHTATy - - T ) ¥ (Ao | V/*
< Fao IFNSI T Ty - - T ) F (Ao [|*
< o I EIS I E™)* (Aao) [/
= || fao 1M IS (1FF™ (Aag) ||/ Fm))™ — 0

as k — oo, from which it follows that a = 0.

For every y € Aeyp,, the definition of Ae,, implies that there is
an operator A € A such that y = Ae,,. Thus, by the definition of
A there are operators S1,S5,...,5, € C',, G1,G2,... ,Gp € G and
scalars A1, Ag, ..., A, such that Ae,, = Z;LZI AjS;jGjen,. Thus by (1)
we obtain P(y) = P(Aep,) = 22‘;1 AjPS;Gjen, = 0. Hence it is easy
to see that fn,(y) = fn,(Py) = 0 for every y € Ae,,. Consequently

fno(y) = 0 for every y € Ae,,. Observing that f,,(en,) = 1, we obtain
Aey, # X.

From the above we conclude that Ae,, is a common nontrivial
invariant closed subspace for C and C/, .

Case 2. If Ae,, = 0 for all A € A, then Ker A = {z; Az =
0 for all A € A} is a nonzero closed subspace in X. It is easy to see
by the identity operator I € C/, that {0} # C C G C A, from which it
follows that Ker A # X.

It only remains to show that Ker A is invariant under C and C’,. To
this end, take z € Ker A, T € C and S € C.. For any A € A, it follows
from the definition of A that there are operators Si,Ss,...,S, €
C\, Gi,Ga,...,Gy € G and scalars Aj,A,..., A, such that A =
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> =1 AiS;Gy. Thus, we have AT = 377 | A;S;G,T. Since G;T € G,
it follows that AT € A and ATx = 0 for all A € A. Consequently,
Tz € KerA. On the other hand, we have AS = 77, \;S;G;S.
Since G; € G, G; is an operator of the form 7}, T}, -1}, , where

T;,7},,...,1}, €C. Thus, we have obtained

AS = Z)‘ijleTJé o ~ijS = ZAijSTj111j2 o 'ij
=1

Jj=1

= X;S;SG;.
j=1

Observing S;S € C/., we obtain that AS € A and ASz = 0 for all
A € A. Consequently, Sx € Ker A.

From the above we conclude that Ker A is a common nontrivial
invariant closed subspace for C and C/,, and this completes the proof of
Theorem 1. O

Theorem 2. Let C # {0} be a commutative collection of continuous
positive operators on a Banach space X with a Schauder basis {e,},
and let every operator in C be quasinilpotent at the monzero positive
vector kg € X. Then C and its positive commutant C!_ have a common
nontrivial invariant closed subspace.

Proof. The proof of the theorem is similar to that of Theorem 1 and
is therefore omitted. i

Corollary 1. FEvery nonzero continuous positive operators on a
Banach space with a Schauder basis which is quasinilpotent at a nonzero
positive vector has a nontrivial order hyperinvariant closed subspace.

Remark 1. Tt is worth mentioning that the positiveness hypothesis of
operators in Theorem 1, Theorem 2 and Corollary 1 cannot be omitted.
Indeed, Read [14] constructed a quasinilpotent continuous operator T
on [; without nontrivial invariant closed subspace.

Finally, we provide an example of a noncommutative finitely quasinil-
potent collection C of continuous positive operators for which the
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conditions of Theorem 1 are satisfied:

In [2], Abramovich, Aliprantis and Burkinshaw showed the operator
T : 1, — I, with matrix

1 0 0 0 0
1 0 0 0 0
0 1/2 0 0 0
0 0 1/3 0 0
0 0 0 1/4 0

is quasinilpotent at e; but fails to be quasinilpotent, where the symbol
e, denotes the vector whose nth component is one and every other zero.
Similarly, one can show that the operator S : [, — [, with matrix

0o 0 o0 0 O

1 0 0 0 0
01/2 0 0 0
0 0 1/3 0 0
0 0

0 0 1/4

is quasinilpotent at es.

Set C = {T,S}. Then the collection C of operators satisfies our
demands. Indeed, the equalities

1 1
TSe, = 3 es, STey =e, + 3 es,

and
1

n _ n _ _
T@Q—S 62_7(77,—5—1)! €n+2, n—1,2,...

are easily verified. Consequently, the equality

1

[Feall = ([ T"ez|| = CESY

holds for n = 1,2,... and every subset F of C, from which it follows
that
lim || Fe,|Y™ =0.
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