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NONINVERTIBILITY OF INVARIANT
DIFFERENTIAL OPERATORS ON LIE GROUPS
OF POLYNOMIAL GROWTH

PETER OHRING

In recent years weighted L? spaces have been useful in proving
solvability results for invariant differential operators on Lie groups (e.g.,
[2, 3]). This is done by showing that the operators in question are
boundedly invertible on a suitable weighted L? space.

In this note we present a result which demonstrates some of the
limitations of this approach. We show that left invariant differential
operators on a connected Lie group, G, of polynomial growth, are
not boundedly invertible on L%(G,w(z) dz) where dz is the right Haar
measure and w(z) is a polynomial weight. This should be considered
in the context of Levy-Bruhl’s use of exponential weights [2].

For a measurable subset A of G, let |A| denote the measure of A.

Definition 1. A connected, locally compact group, G, has poly-
nomial growth if there is a polynomial p such that for each compact
neighborhood U of e, there is a constant C(U) so that [U™| < C(U)p(n)
m=1,2,...) (U ={ur-u2...-upju; €U, 1 <i<n}.) (J. Jenk-
ins has given a characterization of the locally compact groups with
polynomial growth in [1].)

Note that since G is connected, its growth will be determined by the
behavior of |[U™| for any one compact neighborhood U of e.

Definition 2. A nonnegative measurable function w on a connected
Lie group has polynomial growth if there is a polynomial g such that
for each compact neighborhood U of e there is a constant C(U) so that

/nw(w) do < C(U)q(n), n=1,23,....
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Theorem 3. Let G be a connected Lie group, w a function of
polynomial growth on G with w(z) > 0 a.e. dz and D a left invariant
differential operator on G with zero constant term. Then D does not
have a bounded inverse on L?(G,w(z)dz).

Proof of Theorem 3. Let U = U ! be a compact neighborhood of
e in G. To prove the theorem, it suffices to show that there exists a
sequence {f,,}°°, with L?(G,w(z)dz) norms uniformly bounded away
from 0 such that Df,, goes to 0 in L?(G,w(x)dzx) as n goes to infinity.

As D is the sum of monomials of the form X,,X,,_1...X;, where
the X;s are left invariant vector fields on G, it will suffice to show that
XmXm_1-.-X1fn goes to 0. Let ¢ > 0 be a C* function with support
in U such that [, ¢(x)dx # 0.

Define
r@ = ([ wwa) S vo

where Xyn is the characteristic function of U". A straightforward
calculation shows that

2

a2 > ‘/Uaﬁ(w)dw

where || - ||, denotes the norm in L?(G,w(z)dz).

From left invariance, it follows that

Xme,1 e men = Xm(XU" * mel e X2X1¢)
where X, 1---XoX1¢ is C*° with support in U. Let v =
Xm—1-- X2 X10.

For sufficiently small ¢, exptX,, € U. Thus, ify € U, z ¢ U"*?, then
z-exp X,,,-y~! ¢ U". From this, the right invariance of Haar measure,



NONINVERTIBILITY 291

and the fact that suppy C U, it follows that

2

1 Xm O * 9|12 = /G \%(xUn *9)(@ - exptXim)li=o| w(z)da
:/G }ii%%[/lj(xw(x-expt)fm-y1)¢(y)dy
—/UxUn(:v-yl)zb(y)dy] 2w(»’ﬂ) d

t—0 t

/[‘]n+2,Un—2

tim [ [ Xty oty - exp i) dy
U

2

—/UxUn(w-y‘l)ib(y)dy] w(z) dx

w(z) dx

/Un+2_Un—2

2
< K|U\2/ w(z) dx where K= </ | Xm ¥ (y)] dy>
Un+2,Un—2 U

depends only on U, X, and ¥. Thus,

skt ([ w@de) /([ o))
Let
) (] 04)

It suffices to show that there exists a subsequence of a,s converging to
0.

Suppose no such sequence exists. Then, given € > 0, there exists N
such that for n > N

/ w(z)de > s/ w(z) dz.
Un+27Un72 Unfl

If we set b,, = fU"—Z w(z) dz, then this can be rewritten as

/U Xon (2 y™") - Xonth(y) dy

bn+4 — bn > Ebn+1.
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Since b, is a nondecreasing sequence of positive numbers, we have
bpta > (e +1)b,
for all n > N. It follows that
bNtamn > (E+1)™"by > ™byn™.

For fixed m > deggq, q as in definition 2, and sufficiently large n, this
leads to a contradiction to our polynomial growth assumption. In this
context, this assumption implies that

bN+4mn S cndeg ?

where c is a positive constant independent of n. ]

Corollary 4. Let G be a Lie group of polynomial growth. Let w be
a measurable function with w(x) > 0 a.e. dz and satisfying

w(z) < r(n)

for all x € U™, U a compact neighborhood of e, r(n) a polynomial.
Then the left invariant differential operators on G with zero constant
term do not have bounded inverses on L*(G,w(x)dx).
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