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A REFLEXIVE SPACE WITH NORMAL STRUCTURE
THAT ADMITS NO UCED NORM

DENKA KUTZAROVA AND THOMAS LANDES

1. Introduction. A Banach space X is said to have normal
structure if every bounded convex subset C of X with positive diameter
d = sup{||z — y|| : z,y € C} is contained in some ball with center in
C and radius strictly smaller than d. This property was introduced by
Brodskii and Milman [2] and happened to be important in the fixed
point theory for nonexpansive mappings.

It was proved in [6] and [3] that uniform convexity in every direc-
tion implies normal structure. An example was constructed in [4] of a
reflexive space Y without equivalent norm, uniformly convex in every
direction, which answered a question in [3]. It is not difficult to see that
the original norm of Y does not have normal structure. However, we
shall prove here that Y admits an equivalent norm with normal struc-
ture. Since Y gives the only known pattern for constructing reflexive
spaces without equivalent UCED norms, the problem if every reflexive
space admits an equivalent norm with normal structure remains open
(see [1]). In fact, the main result of the present paper was stated in
[5], but the proof was not correct because of a misunderstanding of the
construction in [4]. Since this article is to be considered as a correction
to [5], we shall use almost the same notation.

2. Notation and results. A Banach space (Y, ]| - ||) is said to be
uniformly convex in every direction if the conditions z,,y,, z € Y,
[lznll = 1, llynll = 1, |[(@n +yn)/2|| = 1 and @, — y, = Anz, A, reals,
imply that ||z, — yn|| — 0.

Following [5], for Z = (R™,|-|) with symmetric norm |- | the Z-direct
sum of the normed spaces X7i,..., X, is its product space with norm
[(z1,---szn)|| = [(l|z1]]s- - - 5 ||zn]])|- A normed space X is said to have
the sum-property if each Z-direct sum of finitely many copies of X has
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normal structure. The class of spaces having the sum-property is the
largest subclass of spaces having normal structure which is closed under
each finite Z-direct sum operation. We shall also need the following
definition from [5]. Given a bounded sequence {z,,} C X, we consider
the limit-functional

A@) = lm ||z, — 2]

being defined for all z € X for which the limit exists.

We present now the construction from [4]. Let I' = [];2,{1,2,... ,i}.
That is, I' is the family of all sequences v = {7"}2, of positive integers
such that 1 < 4* < i+ 1. Denote by ® the family of all finite subsets
of I' which have the property that, if ¢ € ®, then there is a positive
integer m such that, if v, = {7;}:2; and v; = {7}}2, are different
members of ¢, then v;* # 77 and 7}, = 74 for 1 <@ < m —1. Let F be
the set of all collections F' of finitely many mutually disjoint elements
of ®. Define

X={z:T = R: sup ||z|]|r < 0};
FeF

where

241/2
lelle = | X (S etl) |+ Fer
pEF “vEp
and let
|z|[12 = sup [|z]|F, =€ X.
FeF

It is proved in [4] that X is reflexive and the dual space Y = X* does
not admit an equivalent UCED norm. Denote by {e,},cr the natural
unconditional basis of X. Since ||e; + es||12 = 2 for all 7,6 € T, it is
easy to prove the following.

Proposition. The space Y = X*, equipped with the dual original
norm || - |12, lacks normal structure.

However, define for z € X, ||z|[2 = (32, e l2(7)]?)Y? < ||z||12, and
let
]l = (|13 + 2] [F2) 2.
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Obviously, || - || is an equivalent norm on X.

Theorem. The space (X*,|| -||) has the sum-property and conse-
quently it has normal structure.

Proof. Assume that (X*,||-]|) does not have the sum-property. Then,
by [5], there is a sequence {z}} in X* such that z¥ is weakly null,
[lzE|| = 1, A(zf) = ap, — 1, where A(z}) = lim;, o ||z2 — 2}

Take support functionals x, € X such that ||z,|| = ||z%|/~,
zk(xz,) = 1. Clearly, ||zn|| — 1. It is easy to see that z, tends
weakly to zero. Indeed, assume the contrary. Since the basis {e,} is
shrinking, then for some v € T, e*(z,,) > b > 0 for infinitely many m.
As ||z + y||? > ||z||? + ||y||*> whenever x,y € X have disjoint supports,
then for the elements z,, = @\ {4} We have ||z,|| < 1 — 7 for some
1 > 0 and infinitely many m. On the other hand, since z}, is weakly
null, we get z*(2,) — 1, which is a contradiction.

For each i, (zf —x%)(x; — zp) = 2 — 2} (z,) — 25 (2;) — 2 as n — 0.
Hence, for each ¢,

limninf||xi — x| > Qai_l.

Since || - || is a lattice norm and z,, is weakly null, we obtain
(%) liminf ||z; + x,|| > 2a;!, for every i.
n
It is not hard to check that (x), the uniform convexity of I and =, — 0
weakly, imply ||z,|]2 — 0.

Fix 0 < € < 1/7. Choose 0 < ¢ < ¢ such that whenever u,v € lo,
[lull2, [[v]l2 < 1+6, |lu+ vz > 2(1 = 6), we get |ju—ovll; <e.

Fix i such that ||z,|| < 1+, [|z.|[2 < §/4 and a,, < (1 —6/4)7! for
all n > 4. Since {e,} is a basis, there exists a finite subset A C I, such
that ||xi|r‘\A|| < e.

It follows from the definition of ® that, for every choice of v1,v2 € T,
with 1 # 72,

k(y1,72) = max{|¢| : ¢ € ®,{y1,72} C ¢} < o0,

where |¢| denotes the number of elements of ¢. Let

k = |Almax{k(v1,72) : 71,72 € 4,11 # Y2}
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Clearly, k < co. Since ||z,||2 — 0, there exists j > i such that, for
n2j,
max [¢} ()| < &/k.

By (%) and a; < (1 — 6/4)~, choose n > j so that ||z; + z,|| > 2 — 6.
Thus, it follows from ||z; + z,||2 < §/2 that ||z; + z,|]12 > 2 — 35/2.
Therefore, there exists an F = {¢;} € F such that ||z; + z,|/r >
2(1 — 8). We have ||z; + znllr < lzallr + lealle < 1+ 6+ [Joallr,
whence

llzn|lF > 1 — 30.

Let Fo ={p; € F: |p; NA| > 2} and F; = F\F,. Consider

o0

= (i)

TEP; i=1
oo
o= (X I ten)
YEP; J=1

like elements of ls. By |lu+ v||2 > ||z; + x,||F and the choice of §,
we obtain |[u —v|[2 < e. Since |[z;[|]> < 6/4 and |[|z;. || < &, then
[|zi||/, < 2e. Hence, ||z,||F, < 3e. Moreover, ||z,||r, < k(g/k) = ¢.
Thus,

lznllr < 4e,

which is in contradiction with ||z,||F > 1 — 3e.

Therefore, (X*, || - ||) has the sum-property. o
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