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EXACT LOCATION OF o-BLOCH SPACES
IN L? AND H? OF A
COMPLEX UNIT BALL

WEISHENG YANG AND CAIHENG OUYANG

ABSTRACT. In this paper we prove that, on the unit
ball of C", (i) for f € HgB) and 0 < a < oo, f €
B* & sup,cp |Rf(2)[(1 — |2]°)* < oo; as a corollary, B* =
AB)NLip(1 —a) for 0 < a < 1. (i) BH<HA/P) ¢
L? ¢ it ((ntD)/p) (<) ¢ gr c B1+("/P) for n > 1 and
0 < p < oo, where LE, HP denote the Bergman spaces and
Hardy spaces, respectively. And B! C No<p<ooLh C BA(>1)]
Ba(<D) € Nocpeoo HP € B¥>D) . Further, it is proved with
constructive methods that all of the above containments are
strict and best possible.

1. Introduction. Let H(B) denote the class of all holomorphic
functions in the unit ball B of C". We say that f € B*, a-Bloch, if

| fllBe(m) = sgg|Vf(z)|(1 — \z|2)a <00, 0<a<oo.
z

It is clear that B® is a normed linear space, modulo constant functions,
and B* C B*2 for oy < aa. When n = 1, replace them by H(D) and
B*(D), where D denotes the unit disk of complex plane.

Hardy and Littlewood proved that [3], [2]: B*(D) = Lip (1 —«a). We
know that Lip 8 can be used to describe the dual space of Hardy space
HP(D) for 0 < p <1 [2]. So B* are important in the theory of Hardy
spaces. In [15] we gave some invariant gradient characterizations and
Bergman-Carleson measure characterization of 5% on the unit ball.

For B! = Bloch (B), Timoney showed that H, ¢ Bloch (B) for any
p € (0,00), but he did not know whether there were Bloch functions
which were not in H? or not, see Example 3.7(3) of [12]. Later on,
in [10], Ryll and Wojtaszczyk pointed out that Bloch (B) ¢ HP;
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therefore, there is no containment between HP and Bloch. Naturally
we want to know the relationships between a-Bloch and some classes
of holomorphic functions, such as the exact location of a-Bloch spaces
in L? and HP.

In this paper we will prove that (i) f € BY < sup,cp |Rf(2)|(1 —
|22)® < 00. B* = A(B)NLip (1 —a) for 0 < a < 1. (ii) B*(<1+1/P)
Lp c pit(nt+)/p) g(<l) ¢ gr ¢ BH®/P) for n > 1 and 0 < p < oco.
Further, B! C Mocpeool? C BV B € Ny oo HP C B,
All of the above containments are strict and best possible. For the
inclusion chain B(<1+(/P) ¢ 1p ¢ BI+((»+1)/P) the strictness at the
left side and the possibility at the right side show that, for each p, at
least one f(z) exists, f € LE, whose growth rate of gradient, or radial
derivative, will be larger than, or equal to, (1 — |z|?)~(+(1/P) "and go
so far as to (1 —|z[?)~(H+((n+1/P) There is a similar conclusion for H?
in the other inclusion chain. Especially in the proof of the strictness
and best possibility in (ii), we will use constructive methods.

2. Radial growth of a-Bloch functions. For y € S, the

unit sphere in C®, (z,y) = 0, let T,f(2) = Z;;l y;(0f0z;)(2)
denote the complex tangential derivative of f in z and Rf(z) =
Z;L=1 2j(0f/0z;)(2) the radial derivative of f.

Lemma 1. Suppose that f € H(B), z€ B,y € S, (z,y) =0, v > 0.
(a) If [f(2)] < (1= |2*)77, then

T, f(2)] < C(L = o)~/
(b) If [T, f(2)] < (1 = [2[*)77, then

Rf(2)| < C1— o)~/
() If [f(2)] < (1= |2[*)77, then

[Rf(2)] < C—[)77N

Proof. (a) and (b) are Lemma 1 and Lemma 2 of [17], respectively.

In fact, the method to prove (a) is similar to 6.4.6 of [9] and the idea
to prove (b) is due to Lemma 4.8 of [12].
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Combining (a) with (b), we can get (c).

Lemma 2. Suppose that f € H(B), y € S, (z,y) =0,y >0. If f
satisfies

(1) (TyR)f(2)] < (1 —|2*) 77~ W/2
when 1/2 < |z| < 1, then

T, f(2)|(1 = [21*) < C,

where C is a positive constant depending only on f.

Proof. When £,y € S and (£,y) = 0 by Lemma 6.4.5 of [9], we have
r(D1)0e) = [ (DR
0

T, f(rf) —’I"ZDf (ré)y
j=1
- [ o a
0 i3

- /0 (TR (60) di

Let z = r&, then by (1), when 1/2 < |z| < 1, we have

Tl (2) |/| ) (1) |
- %|</o<t<1/2+/1/z<t<z|>’(Tny)< |z |)‘dt

|2l
§2/ (VRf)< >‘dt+2/ (1 -t~ /2) gt
0<t<1/2 | |

1/2

2]

<O+ 2/ (1—12)"7=W2 gy,
1/2
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since R f is holomorphic in B. Thus,

2|
(L= [T, £(2)] < 2/1/2(1—|Z|2)”(1—1ﬁ2)”1/2 dt + C1(1-|z*)

2] 3\ 7
§2/ (1—t)_1/2dt+C1<—>
1/2 4

SQ\/§+01:O,

noticing that v > 0 implies that (3/4)7 < 1.

In the following, C' denotes a positive constant which is not necessarily
the same on each appearance.

Proposition 1. For f € H(B) and 0 < a < 00,

f € B* < sup |Rf(2)|(1—|2]*)* < .
z€B

Proof. Because |Rf(z)| < |Vf(2)], it is easy to see

[ € B = sup |Rf(2)|(1 - |2]*)* < .
zEB

On the other hand, suppose sup,cp |Rf(2)[(1 — |2[*)* < co. When
|z| <1/2, because f is holomorphic in B, it is clear that

(2) sup |V f(2)|(1 = |2[*)* < oo.
|2<1/2

Now, let 1/2 < |z| < 1. For each fixed z, from the vector space
{y € C™: (z,y) = 0}, we can find unit vectors ys, ... ,y, so that z/|z|,
Y2,y ... ,Yn form a base of vector space C™. Of course, z/|z|, 73, .. ,Un
form another base of C™. Therefore,

VFEP = [(VF) P + (LT + -+ (V=) 7
B) = e RIOEH T+ + T, f()

|22
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By the hypothesis sup,cp [Rf(2)[(1 — |2|*)® < o0 and 1/2 < 2| < 1,
obviously

(4) #\Rf(zw <C(1 - |22,

By the hypothesis sup, .5 |Rf(2)|(1 — |2|*)* < oo and Lemma 1(a) for
2<j<n,
T, R(2)] < O(1 = [2*)~ /2,

By Lemma 2,
(5) Ty, f(2)|(1 = [2*)* < C.
Therefore, by (3), (4) and (5),

(6) sup (1= [2[*)**|VF(2)* < C < o0.
1/2<|z|<1

By (2) and (6), we know
sup(1 - [2))|V f(2)] < C < 0.

zEB

Corollary 1. B* = A(B)NLip (1 — «), for 0 < a < 1, where A(B)
is the ball algebra, see [9].

Proof. If f € B*, by Proposition 1,
R < CA— |2 =C(1 - [z
By Theorem 6.4.10 of [9] and 0 < 1 — v < 1,

feAB)NLip(l —a).

If f € A(B)NLip (1 — «), then by Theorem 6.4.9 and the Remark of
6.4.9 of [9], we can get

Rf(2)] < CA—|zHE9 =0 — =)~
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By Proposition 1, f € B*.
For £ € S, A€ D, let fe(\) = f(&X) denote the slice function of f.

Corollary 2. f € B* < supgcg || fell B (p) < 0.

Proof. If f € B, then |Rf(2)|(1—|2|*)® < C by Proposition 1. Thus,
for each € € S, [RF(AE)[(1—|A[*)* < C and so | fE(N)[(1—[N*)* < C.
Taking sup,cp and supgg in order, we get supgcg || f¢|lse(p) < 0.

The converse is a similar process.

3. Power series with Hadamard gaps and a-Bloch, L?.
Propositions 2 and 3 will be used in the proof of the Theorem and
Corollary 3, and are of independent interest.

It is proved in [14] that, if f(z) = Y ,o,axz™ € H(D) with
ngt1/nk > q, k> 1, ¢ > 1, then for a > 0,

(7) f € B*(D) <= limsup |ax|n; “ < oo,

k—o0
From [18], we know that, if 0 < p < 0o, {nk} is an increasing sequence

of positive integers satisfying ng11/ng > ¢ > 1 for all k, then there is
a constant A depending only on p and ¢ such that

0o 1/2 1 2 | 00 ‘
(o) = (e
k=1 0 Tp=1

oo 1/2
SA<Z|ak|2> ,

k=1

P 1/p
d¢9>

for any number ax, k=1,2,....

In [4], it is proved that if &« >0, p>0,n>0,a, >0, [, = {k:2" <
k<2t ke N}, t, =Y ar and f(z) = Y77 a,a™. Then there
is a constant K depending only on p and « such that

1 - —nayp ! a—1 P G —nayp
(9) EZQ P < i (1—x)*  f(z)Pde < Ky 27",

n=0 n=0
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A holomorphic function f(z) = Y 72, Pn,(2) on B, P,, is a homoge-
neous polynomial of degree ny € N, the set of natural numbers is said
to have Hadamard gaps if ng1/nx > ¢>1forall k=1,2,....

Based on (7) and Corollary 2, we can give a sufficient condition for
a power series in B with Hadamard gaps, to belong to a-Bloch spaces

B(B).

Proposition 2. Let f(z) = >y Pn.(2) be a power series on B
with Hadamard gaps. Suppose that

[ Pry lloo = sup{[Pn, (§) : £ € S} < n?_l

forall k> 1. Then f € B*(B), 0 < a < co.

Proof.  Considering limy .o sup Ay = infy sup,>, A; for sequence
{Ar}72,, the condition of (7) can be written as

inf sup |aj|n;_a < o0
k i>k

for all £ > 1. For each &£ € S, observe that the slice function

oo

fe) =D P (©A™, A€ D.

k=1
If | Py lloo < n{™! for all k > 1, then

i P l—a & nf P a1,
1% jgg‘ n; (6)‘"] - H/% ?;EH nJ”OOnJ =

depending only on ¢ and «, not on f. Taking sup,cg, we see
supees || fellgo(p) < o0, and so f € BY(B) by Corollary 2.

Therefore, by (7), [|fellsopy < C; here C is a positive constant

Remark 1. This result generalizes Proposition 4.16 of [12].

Next we give a necessary and sufficient condition for a function on
B, with Hadamard gaps, to belong to Bergman spaces L2(B).
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Proposition 3. Let f(z) = > po, Pa,(2) be a power series on B
with Hadamard gaps. Then the following are equivalent:

(i) fe Lk, 0 <p < oo;
(ii) Zz’;o 27k anelk ||PnjH£ < 00,
where Iy = {n; : 2" <ny; <281 n; e N}, [Py, |5 = [ [P, (€)[P do(€).

J

Proof. By integration in polar coordinates and 1.4.7 Proposition (1)
of [9],

1
£y =2n [ vt [ Ife ot

“on [t [Lante) [ iseenor st

1 2w | o0
:2n/ do({)/ rzn*ldr/ ZPnk(ﬁ)r”kemke
S 0 o I3

Applying (8) to the end of the above, we get

P q0
o’

(10) Sl <nav [S do (&) / 1(g|Pnk<e>|2<r2>"k)p/2dr2.

On the other hand, applying (8) once more and integrating by parts
twice, we have

gy znae [Larte) [0 (e o) @
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2 fLano| (Eimors ),
[ Gruior)']
(11) :A*p/s /(ZPM O "k>p/2d:c.

Combining (10) and (11), we get

11t = [ aot©) [ (S ) an

k=1

Using (9), we have

Il = [ (22—%/2) do ()
k=1

ty = Z |Pn](§)2

n; €l

where

Since nj41 > gqnj > q2k, SO qN2’C <njin < 2k+1  Thus the number N
of P,; when n; € Ij is at most [log, 2]+1 for k = 0,1,2,... . Therefore,
by (9) for p < 2 and (10) for p > 2 of [5],

191 = [ (Z? (X imuer) /2) 4o ()

nj €l
o0
~ —k P
~3 2k ST P
k=0 n; €Iy,
This proves Proposition 3. O

Remark 2. In [6], we proved Proposition 3 for p = 2 by a slightly
different method.
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4. Strict and best possible inclusions for a-Bloch and L, HP.

Theorem. When 0 < p < oo and n > 1, we have

(a)

B(<1HA/p) e (/).

BH<Y) — fgp - gi+(n/p)
(b) For L2, H? and B*, all of the inclusion relationships in (a) are
strict and best possible, where “best possible” means that, for each p,

the indices o of B at the left sides cannot be larger and those at the
right sides cannot be smaller.

Proof. Since
f(z) = f(0) = /01 Vf(tz)zdt,
thus
fE)IP < C{f(O)I” + (/01 |Vf(tz)|z|dt>p}.

If fe Bi’<a<1+(1/p), then

[ierae <cirore [ ([ 1|Vf<tz>|z|dt)pdv<z>
<clrorve [ (| 1(1—t2|z|2>a|z|dt)pdv<z>

< CIF(O)P + Cla—1)"" / (1= |21 du(z)
B
< CIFO0)P + 2nC(a— 1)

1
. / 7"2”_1(1 — r)p(l_o‘) dr < oo.
0

Thus, f € LE. This means B

l<a<it+(1/p)y C L&- By the monotonicity
of a-Bloch, we get

B(?<o¢<1+(1/p) C Lg? 0<p<oo.
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Let a = 1; then B* = B!, the usual Bloch space. By this conclusion
we see B! C LP, for 0 < p < co. This is a well-known result.

By Corollary 1, we can easily see that

Bycac1 CHP, 0<p<oo.

Lemma 2 of [11] states that, let f € H(B) and 0 < p < o0, s > 0,
n+ s+ 1> p. Then, for z € B,

— |w 2\s
Vi) < K/B |f(w)|? B _(<1Z7w|>71+)s+p+1 do(w).

Using this lemma we have

(1= [z H+DPT £ (2))

Kl/p</ )P 1—|z\ 3:;;;&3;&?'2)5 dv(w)>1/p
< (2p+"+1+5K)1/p(/Bf(w)|pdv(w)>1/p,

If f € L2, then (2PT" LTS K) 1/p f | f(w)|P dv(w))/? < M < oo, thus
SupzeB(l — |z | )1+((n+1)/p)|vf( <M< oo, fe Bl+((n+1)/p)

Suppose f € HP, by Theorem 7.2.5(a) of [9],

[F(2)] < 2P| fllp(1 = 2~/
By Lemma 1(c),
[Rf()| < 2PC| fllp(1 = |o*) /P
By Proposition 1,
fe Bt/
Therefore, when 0 < p < co and n > 1, H? ¢ B+(/p),

The proof of Theorem (a) is completed.

Next we construct some functions to show that the conclusion (b) is
true. Let

fi(z)=(1—-2)"" t>0.
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(i)
g—i =0 forj=2,...,m
ofe _ —t-1
621 = t(l 21) .
Then,
(1= =)V ()] = t(L = [2)* |1 = =77
Noting

L—a" 7 <O -|a) <o),
thus, when a >t + 1,
(1= 2V fe(x) < O = |27 < C < o0,
Therefore,
(12) freB* fora>t+1.
When a < t+ 1, put 2 = (y,0,...,0), where 0 < y < 1,
(1= =PIV fe(2) = t(1 +y)* (1 —y)* 7L

Let y — 1. Then
(1= [2[)* |V fe(2)| — oc;

therefore,
(13) fr ¢ B fora<it+1.
w do(§)
A R

:/ do(§)
s |1 = (reg, )|’
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where e; = (1,0,...,0) € C™. By Proposition 1.4.10 of [9],

/L@) C < 0, Whenﬁ<ﬁ7
s 1— p

(rey, ) —

d 1
/ a(€) ~ log — 00, whent= E, r— 1.
s 11— (re1, §)[* 1—r? p

Thus, for 0 < p < o0,

(14) fe € H? whent <

(15) fe ¢ H? whent =

SIS IS

(iii) Let P be the orthogonal projection of C" onto C! : & =
(617523 v agn) - €1~

_L|ft(z)|pdy(z)_2n/()1r2"ldr/s%.

Using 1.4.4(1) of [9], we get

n—1/| — [w*)" 2 dvy (w)

1— ’I“ ,w ‘2+(n 2)+(tp—n) *

By Lemma 4.2.2 of [16], when tp —n < 0, the integral at the end of
the above equation is finite, and so J < C' < oo; when tp — n =0,

(1 wf2)r—? |
/D T (w2 ~los 705

J=2 2"1d/
n/ |1—7°P
§C/ r2"~1log
0 1—

< C/ (1 —e )" e T dr.
0

Thus

dr
2
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The integral at the end of the above expression is a finite linear
combination of gamma functions without poles; therefore, we also have
J < C < oo. When tp—n >0,

/ | — |w| n dvl( ) ~ (1 _ r2)n7tp.

1_ 'f‘ w |2+(n 2)+(tp—n)

Thus when tp —n > 0 and n —tp > —1,
1
J < C/ 7“2”_1(1 — rz)"_tp dr < C < oo
0
when n —tp = —1,

1
J %/ e O e
0

Therefore
1
(16) fee Lt whent<n+ ;
p
1
(17) fid P whent= """,

(iv) For arbitrary € > 0, let t = (n/p) — (1/2)e. Then ¢t < n/p and
1+ (n/p) —e <t+1by (14) and (13), we get

fi € HP but f, ¢ BH0/P)-

That means the inclusion H? ¢ B'+("/P) is best possible. At the same
time, it also shows that the inclusion B*(<Y) ¢ H? is strict because

3

Ba(<1) c BlJr(n/p)fs for e < —

i

leads to f; ¢ B*(<1),

For another arbitrary ¢ > 0, let t = ((n + 1)/p) — (1/2)e, then
t<(n+1)/pand 14+ ((n+1)/p) —e < t+ 1 by (16) and (13), it
is easy to see that

feeLP but f, ¢ BHHD/P)=e
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Thus the inclusion L2 C B*(n+1)/P) is best possible. At the same
time, it also shows that the inclusion B*(<1+(1/p) LP is strict,

because
Be(<1+(1/p)) — gl+((n+1)/p)=  for ¢ <

<3

leads to f; ¢ Bo(<1+(1/p),
Let ¢t = n/p. By (12) and (15), we get

fasp & HP but f,, € B*/P),

They mean the inclusion H? C B*("/P) is strict.

Let t = (n+1)/p. By (12) and (17), we get
fnryp & Lf but f41)/p € Bl+((n+1)/p)

Thus, the inclusion L? ¢ B ((»+1)/P) ig strict.
Finally we prove the inclusions at the left sides of (a) are best possible.

Corollary 1.9 of [10] states that B! is not contained in H?. Therefore
B>(<1) < HP is best possible for H? and B®. In fact, we will see that
some spaces are inserted between H? and Bj_, ., later.

For 0 < p < o0, let

oo

Fo(2) =Y Pu(2) = ) 28" Wi ()

k=1 k=1

where {Wy(2)} is a sequence of Ryll-Wojtaszczyk polynomials with
Hadamard gaps in Theorem 1.2 of [10] and Corollary 1 of [13]:
IWar|leo = 1 and ||Wak ||, > C(n,p). Since

1P lloc = 287 W |0 = (2%) 140/

for all k > 1, thus f, € B*(1/P) by Proposition 2. On the other hand,
for each 0 < p < oo, by Corollary 1 of [13], we have

Do27E Y NPyl =) 2 ()Wl
k=0 k=1

'n]‘GIk

> C(n,p)Zl = 0.
k=1
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By Proposition 3, f, ¢ L?. This shows that B*(<1+(1/P)) C LP is best
possible.

The proof of the Theorem is finished. O

Corollary 3. For the unit ball B of C™, we have
(i)
B'c (] LycBCY;
0<p<oo
Ba(<1) c m P ¢ Ba(>1)'
0<p<oo
(if) For B* and No<p<ooL?, No<cp<ooHT, all of the inclusions in (i)
are strict and best possible in the sense that the index « of B* cannot
be increased (reduced) further.

Proof. 1t is easy to see that the inclusions in (i) hold from Theorem
().

Next we prove the conclusion (ii). For 1 < a < o0, let
o0 oo

fal2) =) Pu(z) = Y 2P D Wi (2)
k=1 k=1

where {Wy(2)} is a sequence of Ryll-Wojtaszczyk polynomials with
Hadamard gaps as mentioned above. Similar to the argument about
the best possible of “B*(<1*+(1/P)) ¢ 2" in the Theorem, we get

fo € B*CD but f, ¢ L7

provided that p = 1/(a — 1), and thus f, ¢ No<p<ooLh. Of course, we
know fo ¢ No<p<ocHP. Therefore the strictness of both inclusions at
the right sides in (i) is proved.

In [1] it was shown that g € No<pcooHP (D) exists but g ¢ BY(D).
Let

flz1, oo 2n) = g(21).

It follows from 1.4.5(2) of [9] that f € No<p<ooHP(B). On the other
hand, we see f ¢ B(B), since for a function f depending only on 2,

f€BYB) ifand only if g € BY(D),
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see 3.7(1) of [12]. This proves the strictness of both inclusions at the
left sides in (i). At the same time, it shows that No<p<oo H? C B2
is best possible in the sense that the index a of B* cannot be reduced
further.

From Corollary 1.9 of [10], B“(<V) ¢ No<p<oo? is best possible in
the sense that the index a of B cannot be increased further.

It follows that the inclusions B! C Nocpcool? C B2>1 are best
possible immediately from their strictness.

5. Concluding remarks. Based on [7], in [8], we introduced
a class of function spaces Q,(B) and @, 0(B), associated with the
Green’s function for the unit ball of C™ and proved that @, = Bloch,
Qp,o = little Bloch when 1 < p < n/(n — 1), @1 = BMOA and
Q1,0 = VMOA. This fact makes it possible for us to deal with Bloch
(little Bloch) and BMOA (VMOA) spaces in a unified expression.

By Corollary 1 and the definition of VMOA, it is easy to see that
B(<1) ¢ VMOA.

Summarizing the results in this article, for 0 < p < oo, we can get
the diagram as follows

little Bloch = @y D Qo C @1 C Qpi<cp<—n. = Bloch

n—1

1<p<7%5
H H "
VMOA € BMOA € Bi,_,.:
U n N
B.,., C HP C I» c B9
n
By,

Acknowledgments. The authors would like to express their thanks
to the referee for noting an error in the original proof of Lemma 2 and
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