ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 30, Number 3, Fall 2000

ANALYTIC FOURIER-FEYNMAN TRANSFORM
AND CONVOLUTION OF FUNCTIONALS
ON ABSTRACT WIENER SPACE

KUN SOO CHANG, BYOUNG SOO KIM AND IL YOO

ABSTRACT. Huffman, Park and Skoug obtained various
results for the L, analytic Fourier-Feynman transform and
the convolution of functionals in some Banach algebra S on
classical Wiener space. Recently, Ahn studied L; analytic
Fourier-Feynman transform theory for functionals in the Fres-
nel class F(B) of abstract Wiener space (B, v).

In this paper we first define an L, analytic Fourier-Feynman
transform and a convolution of functionals on a product ab-
stract Wiener space and establish various relationships be-
tween the Fourier-Feynman transform and convolution for
functionals in the generalized Fresnel class F 4, 4, containing
F(B). Also we obtain Parseval’s relation for those function-
als. Results of Huffman, Park, Skoug and Ahn are corollaries
of our results.

1. Introduction. The concept of an L; analytic Fourier-Feynman
transform for functionals on classical Wiener space was introduced
by Brue in [3]. In [4], Cameron and Storvick introduced an Lo
analytic Fourier-Feynman transform on classical Wiener space. In
[11], Johnson and Skoug developed an L, analytic Fourier-Feynman
transform theory for 1 < p < 2 that extended the results in [3],
[4] and gave various relationships between the L; and Ly theories.
In [8] Huffman, Park and Skoug defined a convolution product for
functionals on classical Wiener space, and they obtained various results
for the Fourier-Feynman transform and the convolution product [8],
[9], [10]. Moreover, Chang, Kim and Yoo [6] introduced the integral
transform which is an extension of Fourier-Wiener transform on the
abstract Wiener space, and they established the relationship between
the integral transform of functionals in some classes and the integral
transform of their convolution.
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Recently, Ahn [1] introduced an L; analytic Fourier-Feynman trans-
form and a convolution on the Fresnel class F(B) of abstract Wiener
space, and he obtained similar results as in [9].

On the other hand, for a successful treatment of certain physical prob-
lems by means of a Feynman integral (e.g., the anharmonic oscillator of
[2], Section 5) Kallianpur and Bromley introduced a larger class Fa, a,
than the Fresnel class F(B) and showed the existence of the analytic
Feynman integral of functionals in Fy4, 4, [12].

In this paper we define an L, analytic Fourier-Feynman transform
and a convolution of functionals defined on a product abstract Wiener
space and establish various relationships between the Fourier-Feynman
transforms of functionals in F4, 4, and the Fourier-Feynman transform
of their convolution. In addition, we establish a Parseval’s relation for
functionals in Fy4, 4, from this relationship. Results in [1], [9] are
corollaries of our results.

2. Definitions and preliminaries. Let (H, B,v) be an abstract
Wiener space, and let {e;} be a complete orthonormal system in H
such that the e;’s are in B*, the dual of B. For each h € H and z € B,
we define a stochastic inner product (h,z)™ as follows:

@1 (ha) = {hmnﬁOo > i—1(hej)(x,e;) if the h.rmt exists

0 otherwise,
where (-,-) denotes the natural dual pairing between B and B*. Tt is
well known [12], [13] that, for each h(# 0) in H, (h,-)™ is a Gaussian
random variable on B with mean zero and variance |h|?, that is,

(2.2) /Bexp{i(h,xr}dy(x) - exp{ - %|h|2}.

A subset E of a product abstract Wiener space B2 is said to be
scale-invariant measurable provided {(azi,Bz2) : (z1,22) € E} is
abstract Wiener measurable for every a > 0 and 3 > 0, and a scale-
invariant measurable set N is said to be scale-invariant null provided
(v x v)({(ax1, Br2) : (x1,22) € N}) =0 for every a > 0 and 5 > 0. A
property that holds except on a scale-invariant null set is said to hold
scale-invariant almost everywhere (s almost everywhere). A function F
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is said to be scale-invariant measurable provided F' is defined on a scale-
invariant measurable set and F((a-, 8-)) is abstract Wiener measurable
for every a > 0 and 8 > 0. Given two complex-valued functions F' and
G on B?, we say that F = G s almost everywhere, and write F ~ G,
if F(az1,Br2) = G(azy, Bxs) for v x v almost every (z1,x2) € B? for
all @ > 0 and 3 > 0. For a functional F on B2, we will denote by
[F] the equivalence class of functionals which are equal to F' s almost
everywhere.

Let C denote the complex numbers, and let
(2.3) Q={X=(A;,\) €C?:Re), >0fork=1,2}

and

(24)  Q={X= (A, ) €C?: A\, £0, ReXp >0 for k =1,2}.
Let F be a complex-valued function on B? such that the integral

(2.5) Jr(A1, Ag) = / FOTY 220, A 2 20)d(v x v) (21, 22)
B

exists as a finite number for all real numbers Ay > 0 and Xy > 0. If

there exists a function J5 (A1, A2) analytic on £ such that J5i (A1, A2) =

Jr(A1, A2) for all Ay > 0 and A > 0, then J5i(A1, A2) is d_e;ﬁned to be

the analytic Wiener integral of F' over B? with parameter A\ = (A1, \a),

and for X € Q we write

(26) Linwx F(l‘l, Ig)d(lj X V)(Ihl‘g) = J;;(Ah )\2)

Let ¢; and ¢» be nonzero real numbers and F a functional on B2
such that [g * F(x1,22)d(v x v)(z1,72) exists for all X € Q. If the
following limit exists, then we call it the analytic Feynman integral of
F over B? with parameter ¢ = (q1,¢2), and we write

anf(f
(2.7) / Fla1, 22)d(v x v)(z1, 22)
B
al’lw;

= lim / F(z1,z2)d(v X v)(x1,x2),
A—(—iq1,—1iq2) J B2
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where X = (A1, A2) approaches (—ig1, —iga) through €.

Notation 2.1. (i) For X = (A1, A2) € Q and (y1,12) € B2, let

anw X

(2.8) (T5(F)(y1,y2) = /32 F(z1 +y1, 22 + y2)d(v x v) (71, 72).

(ii) Let 1 < p < 2, and let {G,,} and G be scale-invariant measurable
functionals such that, for each o > 0 and 3 > 0,

(2.9) lim |Gz, Brs)—G(axy, Bra) [P d(v x v) (21, 22) = 0,

n—oo [p2
where p and p’ are related by (1/p) + (1/p’) = 1. Then we write

(2.10) lim (w? )(Gn) ~ G

n—oo
and call G the scale-invariant limit in the mean of order p’. A similar
definition is understood when n is replaced by the continuously varying
parameter \.

Definition 2.2. Let ¢; and ¢g» be nonzero real numbers. For
1 < p < 2, we define the L, analytic Fourier-Feynman transform

qup)(F) of F on B2 by the formula (X € Q)
@1) TP ENw) = m @) 65).
—(—iq1,—iq2

whenever this limit exists. We define the L; analytic Fourier-Feynman

(1) X
transform T (F) of F' by (A € Q)

(2.12) (TS (F) ) = . lim (Tx(F))(y1, 32),

A—(—iq1,—iq2)

for s almost everywhere, (y1,2) € B2

We note that, for 1 < p < 2 T(IEP)(F) is defined only s almost

everywhere. We also note that if T’ é(? )(Fl) exists and if F| ~ Fy, then

T (Fy) exists and T (Fy) ~ T (Fy).
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Definition 2.3. Let F and G be functionals on B2. For X =
(A1, A2) € Q, we define their convolution product, if it exists, by
(2.13)

(F * G)X(yhyz)

_ /32 *F<y1\-}-;1 7 92;;2)6,(?/1\/;1’ yz\/;2)d(1/x’/)($17$2)-
For ¢ = (q1,¢2) with nonzero real numbers ¢; and g2, we define their
convolution product, if it exists, by
(2.14)
(F' % G)gly1, y2)

anf -
1 Y1+x1 Yo +x2 Y1—x1 Y2 — T2
= F , G , d(vx , Z2).
/Bz ( VZ 2 ) ( vz 2 ) (o) e, 22)

Definition 2.4. Let A; and As be bounded, nonnegative self-adjoint
operators on H. Let F4, 4, be the space of all s-equivalence classes of
functionals F' on B? which have the form

(2.15) F(xl,:zg):/ exp{i[(A}/2h,x1)~+(A;/zh,xQ)N]} do(h)
H

for some complex-valued countably additive Borel measure ¢ on H.

As is customary, we will identify a functional with its s-equivalence
class and think of Fa, 4, as a collection of functionals on B? rather
than as a collection of equivalence classes.

Let M(H) denote the space of complex-valued countably additive
Borel measures on H. Under the total variation norm | - || and with
convolution as multiplication, M (H) is a commutative Banach algebra
with identity [2]. In addition the map o — [F] defined by (2.15) sets
up an algebra isomoprhism between M (H) and Fau, 4, if the range of
A; + Ay is dense in H. In this case Fa, 4, becomes a Banach algebra
under the norm ||F|| = ||o| [12].

Remark 2.5. Let F(B) denote the class of all functions F' on B of the
form

Fla) = [ explifh.a)} do()
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for some o € M(H). Then we know that if A; is the identity operator
on H and Ay =0, then Fa, 4, is essentially the Fresnel class F(B).

3. Transform and convolution of functionals in Fy4, 4,. In
this section we establish several results involving the concepts of ‘L,
analytic Fourier-Feynman transform’ and ‘convolution’ for functionals
in the class Fa, 4,. In addition, we establish some interesting formulas
for functionals in Fa, 4,.

We begin with the existence theorem of the L, analytic Fourier-
Feynman transform for functionals in Fa, 4,.

Theorem 3.1. Let F' € Fa, a, be given by
(3.1) Fla1, ) :/ exp {il(AY? /b 21)™ + (AR, 22)"1} do(h)
H

for s almost everywhere, (z1,x2) € B2, where o is an element of M (H).

Then, for all p with 1 < p < 2, the L, analytic Fourier-Feynman

transform qup) (F), @ = (q1,q2), exists for all nonzero real numbers

q1 and g2, and belongs to Fa, a,. Moreover, Té(»p) (F) is given by the
formula

(3.2)
(T (F)) () = / exp {il(A}*h,50)™ + (45, )]
H

T, 1/2, 2 Ty 172 2}
A - 4202 g,
AT 5 LAY do ()

for s almost everywhere, (y1,y2) € B2.

Proof. For all \; > 0, Ay > 0 and s almost everywhere, (y1,y2) € B2,
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using the Fubini theorem and (2.2) we obtain
(3.3)
(T5(F) (51, 32)

:/QF()\l_l/Q:cl+y1,>\2_1/2x2+y2)d(u><u)(:c1,x2)
B
:/ /exp{i[(A}ﬂh,)\;l/le+y1)N

B2 JH

+ (A2 0y Y%y + yg)N]}da(h) d(vxv)(z1, T2)
o a1)2 ~ 1/2 ~

— [ exp {il(A} Ry + (A o))

H

1 1/2, 2 1 1722
— A — A .
i AV HIE = S A3 do(h)

Let \ = (A, A2) € Q, and let {(A1,n; A2,n)} be a sequence in Q which
converges to X. Then

’ eXp {i[(Ai/zha 1)~ + (AYh )]

1 1/2, 2 1 1/2, 2
— A7 h|r — ——1A"h }‘ <1
2)\1,71 | 1 | 2A27n ‘ 2 | —
foralln =1,2,..., and so, by the dominated convergence theorem, the

last expression in (3.3) is a bounded continuous function of X € Q. Also,
by the Morera theorem, we can show that it is an analytic function of
X € Q. Hence for A €  and s almost everywhere, (y;,v2) € B2,

(T3P ) = [ exp (AT )™ + (43 Do)

Ve PR SN VL INT
oy AV HI? = 3|4 %I f do ()

In case p = 1, by the dominated convergence theorem,

lim  (Tx(F))(1.92) = /H exp {il(A1*h,y0) ™+ (45 * 1, 12)]

X—(—iq1,~iqz2)

Uoa1/2,2 b 172,02
A2 = A 22 do (),
AV - A1 do
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for s almost everywhere, (y1,v2) € B2, where X — (—iq1, —ige) through
Q. If 1 < p <2, again by the dominated convergence theorem,

_lim /
A—(—iq1,—iq2)J B2

[ exp {il(A1 2R )+ (43R, a))
H

T 1/2,2 b 172, 2
— A h|"— ——|AY"h|" p do(h
o 1AV HI = 5|4 %P7 do ()

’

p

—(T5(F)(y1,92)| d(v x v)(y1,y2) =0

for s almost everywhere, (y1,y2) € B?, where X — (—iq1, —ige) through

Q. Hence (Tqu)(F))(yl,yg) exists and is given by (3.2) for all desired
values of p and ¢.

Finally, let ¢’ be a set function on B(H), the Borel class of H, defined
by

o' (E) = /exp {_ AR - L|A;/2h|2} do(h), E € B(H).
E 2q1 2qo

Then o’ € M(H) and
(3.4)
(T(F)) (1, 2) = /H exp {il(A} 1, y)™ + (45 *h,12)1} do (),

for s almost everywhere, (yi,y2) € B2. Thus, Tq(.p)(F) belongs to
]:Al,Az' [}

Next we obtain an inverse transform theorem for F' € F4, 4,.

Theorem 3.2. Let F € Fa, a, be given by (3.1). Then, for all
nonzero real numbers q1 and g2, and for 1 <p <2,

(3.5) TP (F)) ~ F.

)

where ¢ = (q1,¢2) and —¢ = (—q1, —q2).

Proof. Proceeding as in the proof of Theorem 3.1, for all A\;, Ay > 0
and s almost everywhere, (y1,y2) € B?, using (3.2), Fubini’s theorem
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and (2.2), we have
(T(T (F)) (w1, 2)

- / (TP ENOT 21+ 90,052 +92) d(w % 1) (w1, 72)
B

2
a1/2, y—1/2 ~ 1/2, \—1/2 ~
:// exp {il(AL 0 AT 2 4 30) ™+ (AY 2,05 %0 + 30)]
B2 JH

i1/2, 00 T 172, 2
— — A h|* — —|AY"h|? pdo(h)d
o 1AV HI? = 5|42 o (h) d(w x v) (1, v2)

, ~ ~ { i
— [ exp (il o)+ (AF b)) = 5 AT PR LAY R
H Q1 q2

1
AL/2

1
_ 2 _ L Al/2p2

By the same method as in the proof of Theorem 3.1, we can show
that the last expression is an analytic function of A throughout 2, and
it is a bounded continuous function of A on € for all (y1,y2) € B2
Hence if we let A — (igy,ig2) through values in ), then we obtain
(p) ((p) ~ ;
T (T;7(F)) = F as desired. O
Theorem 3.3. Let F' and G be elements of Fa, a, with correspond-
ing finite Borel measures o and p in M(H), respectively. Then their
convolution product (F « G)g exists for all nonzero real numbers qq,qo
and belongs to Fa, a,. Moreover, (F x G)g is given by the formula

(F * G)g(y1,y2)
)
= [ e { AV 0+ )+ (42004 9,30
> V2
i 172 2 i 1)2 2
— — A7 (h=k)|* — —|AS " (h— Kk do(h)dp(k),
AV = AV - B | do(0) dp(h)
for s almost everywhere, (y1,y2) € B2.

Proof. Proceeding as in the proof of Theorem 3.1, for all A\;, Ay > 0
and s almost everywhere, (y1,y2) € B?, using Fubini’s theorem and
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(2.2) we have
(F'* G)z(y1, y2)

:/ F<y1+/\1_1/2x1 y2+/\2_1/2x2>
B2 V2o V2

. G(@h - )\;1/2$1 Y2 — )\EI/Q
V2 ’ V2

i 1/2 —1/2 \~
= expq —=[(A7 “h,y1 + A x
f Jyem gt 4oy

+ (AY2h, gy + A21/2x2)~]} do(h)

3l exp{ﬁmi/%,yl Ty
H
+ (AY K, ys — A;1/2x2)~]} dp(k) d(v x v)(z1, 72)

xQ) d(v x v)(xy1, z2)

= /H exp {%[(Aiﬂ(h ) )™+ (AY2 (R + k), )]

1 1/2 9 1

72A§/2<h—k)l2} do () do(k).

The last expression is an analytic function of X throughout 2 and
it is a bounded continuous function of X on Q for all (y1,92) € B2
Hence, if we let X — (—iq1, —ig2) through Q, then by the dominated
convergence theorem, (F'xG)q exists and is given by (3.6) for all nonzero
real numbers ¢; and g¢s.

Finally, let 4 be a set function on B(H?), the Borel class of H?,
defined by

u(E) = [ o { - AV - P - @Aé“(h—k)?} do(h) do(k).

for E € B(H?). Then u is a complex Borel measure on H? and

(F* G)g(y1,y2) :/

exp{iKAi/Q(m B)n)™
H2

V2
AV (R4 R, yzm} du(h, k),
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for s almost everywhere, (y1,%2) € B2. Now define a function ¢ : H? —
H by ¢(h, k) = (h+k)/v/2. Then ¢ is a Borel measurable function and
son=po¢ !isin M(H). Using the change of variable theorem, we
have

(F+ Glatun.va) = [

exp {il(A}/*h,y1)™ + (43 *h,y)™ | dn(h),
H

for s almost everywhere, (y1,y2) € B? and so (F * G)z belongs to
-7'—A1,A2~ ]

Theorem 3.4. Let F,G,0 and p be given as in Theorem 3.3. Then,
for all nonzero real numbers q1 and g2, and for s almost everywhere,
(21,22) € B2, ( qu) (F * G)g)(#1,22) exists and

(TP (F % G)g) (21, 22)

(3.7) _ (qup)(F))<%7 %)(T;p)(G))(%’ %)

for 1 < p < 2. Moreover, both sides of (3.7) are given by the expression

ex L 1/2 7)™ 1/2 20)™
[ e { Sl 0,2 + A0+ ) )

(3.8) (AR + |AYE?) — =—(JAY?h|? + |A§/2k|2>}

7 7
2q, 2¢2
do(h) dp(k).
Proof. For A1, A2 > 0 and s almost everywhere, (21,22) € B2, using
(3.6), Fubini’s theorem and (2.2), we see that
(T5(F « G)g) (21, 22)

- / F )P+ 210 e z2) d( X ) (. v2)
B
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i 1/2 -1/2 ~
= e — (A (h + k), A +z
/Bz/m Xp{\/i[( (AR A 2
_ )
AR 25 2 + )] = A ()P

- 4%]2|A§/2<h—k>|2} do(h) dp(k) d(v x v)(y1,32)

= [ e { S0 020 + (42004 R )

1172 2 i, 1/2 2
- —JA h—k)|* - —|A h—k
AV (=) = 14 (k)

L o 1 2
DAY B — 1AV R b do () doth)

The last expression is an analytic function of X throughout Q and it is

a bounded continuous function of X on  for all (21, 22) € B2 Hence, if
we let X — (—iqy, —igo) through €, Tq(.p) (F*G), exists and is given by
(3.8). Moreover, by (3.2), the right-hand side of (3.7) has the expression

(3.8) and so the result follows. O

Theorem 3.5. Let F' and G be given as in Theorem 3.3. Then,
for all nonzero real numbers q1 and q2, and for s almost everywhere,
(yh y2) € BQ;

(TP (F) % T (G)) - a1, )

(3.9) =T® (F(EE)G<EE)>(M7J2)

for1<p<2.

Proof. We proved in Theorem 3.1 that qup)(F), Tq&p) (G) € Fa, A,
and they are given by the expressions

(T(F)) (1, 12) = / exp {il(A1*h, )™ + (45, 12)™1} do (),

H

T@ o) = [ e {il(AY hn)™ + (4F b))} (1),
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where
o (E —/exp{——i A1/2h2——i Al/zhz}doh,
(E) . qu\ 1 h 26]2| o' "hl (h)
o (E :/ex {——i A1/2k2——i A1/2k2}dpk,

for E € B(H). Hence (3.6) and a direct calculation show that, for fixed
p and ¢ and for s almost everywhere, (y1,y2) € B2, we obtain

(T8(F) « TP(G)) - (y1, y2)
= [ e { 1Al 0+ 1) 4 (41204 000

A b + éz@”(h—w} do' () (k)

-/ exp{iKA}/?(hw),ylr+<A;/2<h+k>7y2>~]
H2

7
- A 0P - A k>|2} do(h)p(k).

On the other hand, for A1, A > 0 and s almost everywhere, (y1,y2) €
B?, using Fubini’s theorem and (2.2),

el

.
B2 V2

. G(’\lwﬁ +y1 A e+
V2T V2

v 1/2, y—1/2 ~
— —[(A;""h, A +
/B2/H6Xp{\/§[( 1 1T+ n)
(A0 2y ¢ ym} do(h)

) d(v x v)(x1,z2)
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/exp{% (A28 APy + 1)

(Y07 0 )] doh) dl )1, )

/ exp{i (AY2(h 4 B, 50)™ + (AY2(h + ). )]

1

1 2
- LAY (4 k) — /\2|A;/2(h+k)| }da(h)dp(k)-

The last expression is an analytic function of X € Q, and it is a
bounded continuous function of A € Q for all (y1,42) € B2. So, letting
A — (—iq1, —iga) through ), we obtain the desired result. o

In our next theorem we establish an interesting Parseval’s relation
for functionals F' and G in the class Fa, 4a,.-

Theorem 3.6. Let F' and G be given as in Theorem 3.3. Then, for
all nonzero real numbers g1 and qa, the Parseval’s relation

/;nfq@é”(F)) (55 25) @ ©n (2525 ) dv x ez

B anfg 21 29 21
- [ F(HH)e(- ) dwiten
holds for 1 < p < 2.

Proof. Fix p and ¢ = (q1,q2). Then for A\, Ay > 0, using (3.8),
Fubini’s theorem and (2.2), we have

/ (TP(F * G)g) (AN, 221,05 P 2a) d(v x v) (21, 22)
{ 1/2 1/2_ N~ 1/2 12\~
/32/HQexp{ (h+ k), A "21) "+ (A" (h+ k), Ay 722)7]

AP A RR) - (AR |A§/2k|2>}
2q1 2q

do(h)dp(k) d(v x v)(z1, 22)
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_ e a_ L g2 2
= [ e e AV 0 R = 1y )

i 1/2 1/2 { 1/2 1/2
= (AR 4 |AYH) - 5T (A + 1474 |
2q: 2q2
do(h)dp(k).
The last expression is an analytic function of X throughout Q and it is

a continuous function of X on Q. So, letting X — (iqq,1q2) through Q
and using (3.7) we obtain

[ (2 2 ) @25 L) awx vt

anf_g
= /B2 (Tqﬁp)(F * G)g) (21, 22) d(v x V) (21, 22)

= [ ew {— A2y - LA%%—W} do(h) dp(k).
H2 4Q1 4CI2

On the other hand, for Ay, Ay > 0,

—1/2 —1/2 —1/2 —1/2
B

2
- ox 4oa1/20, 12y~
— [ [ oo Sl n-nar )
+ (AY2(h—k), A;l/sz)N]} do(h) dp(k) d(v x v)(21, 22)

_ IR SR V. PPN R SRS VL PR
= [ o= Al =P - gAY R o) doti)

and the last expression is an analytic function of X throughout Q and
it is a continuous function of A on . So, letting A\ — (—ig1, —ig2)
through 2 we obtain the desired result. u]

The following corollary follows immediately from equation (3.10) by
choosing G = F for (i) and G =1 for (ii) below.

Corollary 3.7. Let F,p and ¢ be given as in Theorem 3.6. Then,
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/anf& [( UF)) i,z—z)rd(u X V)(21, 22)

[ (T 7))

_ /anF(% %) d(v x ) (21, 22).

From the proof of Theorem 3.6, we can easily obtain the following
interesting alternative form of Parseval’s relation.

Corollary 3.8. Let F,G,p and ¢ be given as in Theorem 3.6. Then
T ) »)
|, @R TN 1) dlw x )1, 2)

anfg
= / F(z1,22)G (=21, —22) d(v X v)(z1, 22),

B2

where §/2 = (q1/2,q2/2).

From Theorem 3.2 and Theorem 3.6, we have the following multipli-

cation formula.

Corollary 3.9. Let F,G,p and ¢ be given as in Theorem 3.6. Then

B

_ /fF<% %)(Tﬁl’q)(@)(- %_%) d(v % )21, 7).
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4. Corollaries. In this section we give various corollaries which
show that our results in Section 3 are indeed very general theorems.
Below we list results of two types.

(i) Abstract Wiener space. If A; is the identity operator on H and
Ay =0, then Fy, a, is essentially the Fresnel class F(B) and

(T2 ) (y1,12) = (TP (F)) (),

where Fy(y1) = F(y1,y2) for all (y1,y2) € B? and (Tq(lp)(Fo))(yl) means
the L, analytic Fourier-Feynman transform on B.

Theorem 4.1. Let F' and G be in F(B). Then, for all nonzero real
q and for s almost everywhere, z in B, (Tq(p) (F % G)q)(2) exists and

@) = @) (5 ) @) 5)

for1<p<2.

Theorem 4.2. Let F and G be given as in Theorem 4.1. Then for
all nonzero real numbers q and for s almost everywhere, z € B,

(TPN(F) « TP(G))—g(2) = TP (F(E) G(E) ) (2)
for1<p<2.

Theorem 4.3. Let F,G and q be given as in Theorem 4.1. Then
Parseval’s relation

[ e ag@ e = [T r(S)a( - 2w

holds for 1 < p < 2.

Corollary 4.4. Let F,G,p and q be given as in Theorem 4.3. Then,

anf_ anf,
| aheneane)@ae = [ PG ).

B B
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Corollary 4.5. Let F,G,p and ¢ be given as in Theorem 4.3. Then

[ oo () e
[ )5

(ii) Classical Wiener space. Fix T > 0 and let Hy = Hy[0,T] be
the space of real-valued functions f on [0,7] which are absolutely
continuous and whose derivative Df is in L3[0,7T]. The inner product
on Hy is given by

(frq) = / (Df)(s)(Dg)(s) ds.

Then Hy is a real separable infinite dimensional Hilbert space. Let
By = Cy[0,T] be the space of all continuous functions x on [0,T] with
x(0) = 0, and equip By with the sup norm. Let vy be the classical
Wiener measure. Then (Hy, By, 1) is an example of an abstract Wiener
space. Note that if {e,} is a complete orthonormal set in Hy, then
{De,} is also a complete orthonormal set in Lo[0, T] and (e,, z)~ equals
the Paley-Wiener-Zygmund stochastic integral fo (Dey)(s)dx(s) for s
almost everywhere, € By. Moreover, we know that F' € F(By) if and
only if FF € § where § is the Banach algebra introduced by Cameron
and Storvick [5].

Theorem 4.6 [9, Theorem 3.3]. Let F and G be in S. Then, for all

nonzero real numbers q and for s almost everywhere, z € By,

@61 = (1 ()55 ) @ e ()

for 1 <p<2.

Theorem 4.7 [9, Theorem 3.4]. Let F and G be given as in
Theorem 4.6. Then, for all nonzero real numbers q, the Parseval’s
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identity

/J:“(Tém( F e G))(2) du(z) = /B f F(%) G ( - %) dvo(2)

holds for 1 <p < 2.

Corollary 4.8 [9, Corollary 3.1 and its remark]. Let F,G,p and q
be given as in Theorem 4.7. Then

(i)

[ () o

(i)

anf_, anfy,
[ anEn@amenE ane = [ FEGC-2) du).

Bo
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