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CLOSURE ALONG AN ADMISSIBLE SUBSET,
SEMINORMALITY AND 7-CLOSEDNESS

GABRIEL PICAVET AND MARTINE PICAVET-L’HERMITTE

ABSTRACT. We introduce the closure of an injective ring
morphism A — B along an admissible subset X of Spec (A)
(an admissible subset X is the spectral image of a flat epimor-
phism A — E). Then we give a theory of seminormality and
t-closedness along admissible subsets which extends Yanagi-
hara’s work on S-seminormality.

0. Introduction. In order to give a unified treatment for p-
seminormality of Swan and F-closedness of Asanuma, Yanagihara in-
troduced S-seminormality for rings A with respect to a multiplicative
subset S of A. We refer to Yanagihara’s paper for more details [26].
We studied t-closedness in two papers [16, 17]. This last notion is
closely linked with seminormality and quasi-normality. Yanagihara’s
work gave us the idea to introduce S-t-closedness. However, it quickly
appeared that the reason the theory works is the existence of the flat
epimorphism A — Ag. Thus we decided to extend the theory to any
flat epimorphism. Outside localizations, flat epimorphisms appear in
many contexts of commutative algebra and algebraic geometry. For
instance, affine subsets of a spectrum give rise to flat epimorphisms.
Evidently, such an extension brings about many technical problems
but provides much more flexibility to handle results. When A — B is
an injective ring morphism, we identify A to a subring of B. If someone
prefers, he could consider ring extensions A C B.

In Section 1, we begin by giving results on flat epimorphisms. Some
of them come from papers of Lazard [10] and Raynaud [22]. Following
Raynaud, we say that a subset X of the spectrum of a commutative
ring A is admissible if there is a flat epimorphism e : A — FE such
that “e(Spec (E)) = X. Actually, an admissible subset X determines
the flat epimorphism A — E within an isomorphism. We show that
for X C Spec (A), there is a smallest admissible subset X, containing
X; for instance, (V(I)), = Spec (Ai4r) if I is an ideal of a ring A.
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Furthermore, let f: A — B be a ring morphism and X C Spec (4). If
X is admissible, so is *f~1(X). If f is pure and ¢ f~*(X) is admissible,
then X is admissible. Now consider an admissible subset X of Spec (A)
associated to the flat epimorphism A — FE and let A — B be an
injective ring morphism. We say that A — B is an X-isomorphism
if Ap — Bp is an isomorphism for every P € X. Then f : A — B
is an X-isomorphism if and only if E — E ®4 B is an isomorphism.
When A — B is an X-isomorphism, X is canonically homeomorphic
to f~1(X) which allows us to identify these sets. To be an X-
isomorphism is stable under a base change preserving injectivity.

The aim of Section 2 is to provide for an injective ring morphism
f A — B and an admissible subset X of Spec(A), a factorization
A — g A — B where )BfA is the largest A-subalgebra C of B such
that A — C is an X-isomorphism. Let A — E be a flat epimorphism
associated to X, then gA is the pullback defined by B — B ®4 F
and £ — B®4 E. We show that J);A is the set of all elements b € B
such that X C D(I) and Ib C A for some ideal I of A. We call
f;A the X-closure of A in B and say that A — B is X-closed when
A= gA. If S is a multiplicative subset of A, we set SA = ;(A where
X = Spec (Ag). An element b of B belongs to gA if and only if there
is some s € S such that sb € A. We thus recover a construction
of Yanagihara. We get that )Bf A is the smallest A-subalgebra C
(with structural morphism g) of B such that C is %g~!(X)-closed.
We show that X-closures have a good behavior with respect to the
usual constructions of commutative algebra as localizations, polynomial
extensions and cartesian squares. Moreover, X-closedness is descended
by pure morphisms. Surprisingly, after a polynomial extension base
change, an X-closure can be considered as an S-closure.

In Section 3, we use X-isomorphisms to define and study infra-
integrality and subintegrality along admissible subsets. Recall that
an injective integral morphism A — B is said to be infra-integral
if its residual extensions are isomorphisms [16] and subintegral if in
addition Spec (B) — Spec(A) is bijective [25]. If X C Spec(A4)
is an admissible subset, we say that A — B is X-infra-integral,
respectively X-subintegral, if A — B is an infra-integral, respectively
subintegral, X-isomorphism. Hence A — B is X-infra-integral if
and only if Ap — Bp is an isomorphism for every P € X and
k(P) — k(Q) is an isomorphism for every prime ideal @ of B lying
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over some P ¢ X. Mimicking [16] and [25], we define elementary X-
infra-integral, respectively X-subintegral, morphisms and establish a
convenient theory for these morphisms.

Section 4 is devoted to the heart of the theory. We build two new
closures for an injective ring morphism A — B: the X-t-closure and
the X-seminormalization of A in B. Recall that for such a morphism,
the t-closure fBA, respectively seminormalization ;A, of A in B can
be defined as being the largest A-subalgebra C' of B such that A — C
is infra-integral, respectively subintegral. Replacing infra-integrality
with X-infra-integrality, we get the X-t-closure ();t)A of A in B and
similarly the X-seminormalization (X]’;) A of Ain B. As a first result,
we get that ();t)A = )BfAﬁ fBA and (X]’3+)A = )BfAﬁ JEEA. Most of
the results are similar when considering either closures. Then ();t)A
is the X-closure of A in ]tS,A and the t-closure of A in ])B(A. These
closures have a good behavior with respect to the already mentioned
constructions of commutative algebra. Next we say that A — B is
X-t-closed if A = ();t)A. It turns out that A — B is X-t-closed if
an element b of B is in A whenever there are some r € A and an
ideal I of A such that b*> — b, b*> —rb?> € A, Ib C A and X C D(I)
while A — B is X-seminormal if b € B belongs to A whenever
b%,b% € A and there is some ideal I of A such that X C D(I) and
Ib ¢ A. Then X-t-closedness or X-seminormality is preserved by
the usual constructions of commutative algebra, is descended by pure
morphisms and is ascended in cartesian squares. These notions localize
and globalize. In fact, it is enough to consider Spec (A4) \ X to get
X-t-closedness or X-seminormality.

In Section 5, we consider X-seminormal rings with absolutely flat
total quotient ring Tot (A) (such rings are considered and studied in our
paper [21] in which they are called decent and where we define decent
schemes). The reason is that the class of decent rings contains all rings
used in algebraic geometry. Moreover, their integral closures have good
behavior. However, we consider weak Baer rings (see the definition
below) as long as X-t-closed rings are concerned. Indeed, we showed in
our papers [16, 17] that this class of rings is the right one to consider.
A weak Baer ring is decent. Then a decent ring, respectively a weak
Baer ring, A is said to be X-seminormal, respectively X-t-closed, if A
is X-seminormal, respectively X-t-closed, in Tot (A). As expected, A is
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X-seminormal if and only if A — Tot (A) is X-seminormal and similarly
for t-closedness. Again these notions have a good behavior, essentially
because we consider decent rings. We show that a decent ring is X-
seminormal if and only if for any pair (x,y) € A% such that 2® = y?
there is some ¢t € A such that * = t2, y = t3 whenever there exist
A1y... ,Qn, 21, ,2n € A such that X C D(ay,... ,a,) and a?x = 22,
aly = 2} for i = 1,...,n. For X-t-closedness we have to consider
23 +rxy —y? = 0 instead of 2% = y? and suitable conditions. Actually,
these properties are related to the flat epimorphism A — E associated
to X. To see this, we need to define new classes of morphisms. If
¢ : A — FEis aring morphism, we say that ¢ is almost ¢-closed if for any
triple (z,y,r) € A3 such that 2 +rzy —y? = 0 and p(z) = u? — ¢(r)u,
o(y) = u® — ¢(r)u?® for some u € E, there is some t € A such that
xr =t2—rt,y = t3—rt?. A similar definition gives almost seminormality.
Here is the main result of this section. A weak Baer ring A is X-t-closed
if and only if the flat epimorphism associated to X is almost ¢-closed
and, also, if and only if the natural map A — [[pcx Ap is almost
t-closed.

In Section 6, we give examples and properties of X-seminormal or X-
t-closed rings. Their properties are in general the expected properties
of seminormality or t-closedness, although new phenomena appear as
X varies. Some examples are given by means of quadratic orders.

In the Appendix, we show that flat epimorphisms can be character-
ized locally by standard flat epimorphisms analogous to standard etale
morphisms (see [23]). By using hyper-resultants, we characterize when
the morphism A — (A[z]/(p(2))),(,) = B is a flat epimorpism (p(z) a
monic polynomial such that p’(z) is invertible in B). We also consider
rings such that every admissible subset is of the form Spec(Ag), S a
multiplicative subset. This happens for rings of real continuous func-
tions on a topological space E. Such rings are always seminormal. This
is not the case for t-closedness.

Now we give some notation and conventions. All considered rings are
commutative. If A is a ring, then Tot (A) is its total quotient ring and
A’ its integral closure. A ring A is said to be a weak Baer ring if the
annihilator of each element is generated by an idempotent. A weak
Baer ring is decent, that is to say Tot (A) is absolutely flat. If P is a
prime ideal of a weak Baer ring, then Ap is an integral domain. For
more details on weak Baer rings, see for instance [17]. The set of all
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idempotents of a ring A is denoted by Bool (4). If M is an A-module,
we denote by Ass 4(M) the set of all weak Bourbaki associated prime
ideals of M. Any undefined notation comes from the work of Bourbaki.

1. Isomorphisms along admissible subsets of a spectrum. We
use results of Lazard and Raynaud about (flat) epimorphisms. They
were given in the Samuel’s seminar on epimorphisms [9] and [22]. A
ring morphism f : A — F is said to be an epimorphism if f is an
epimorphism in the category of commutative rings. A ring morphism
A — F is an epimorphism if and only if EQ 4 E — E is an isomorphism.
This property is stable under any base change, as well as flatness of
ring morphisms. Moreover, let {A — A;};cr be a direct system of ring
morphisms with direct limit A — E; if A — A; is an epimorphism,
respectively a flat ring morphism, for each i € I, so is A — E. We
recall that a faithfully flat epimorphism is an isomorphism and that a
finite epimorphism is surjective [9].

Let f : A — B be a ring morphism. In the following, we denote
by Xa(B) (or X(B)) the subset *f(Spec(B)) of Spec(A). If A is a
ring, the closed subsets of the patch topology on Spec (A) (in French,
topologie constructible [8]) are the subsets X(B) where A — B is
a ring morphism. A closed subset for the patch topology is called
a proconstructible subset and the patch closure of X C Spec(A4) is
denoted by X°¢.

Let A be a ring and S a multiplicative subset of A (1 € S).
Then A — Ag is well known to be a flat epimorphism such that
X(As) =MNses D(S)

Proposition 1.1 [10, 22]. Let A — E be a ring morphism. The
following conditions are equivalent:

(1) A — E is a flat epimorphism.
(2) Ap — Ep is an isomorphism for every prime ideal P in X(FE).

(3) Ap — Eq is an isomorphism for every prime ideal Q of E lying
over P in A and Spec (E) — Spec (A) is injective.

Definition 1.2 [22]. Let A be a ring. A subset X of Spec(A) is
termed admissible if there is a flat epimorphism A — FE such that
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X = X(E).

An admissible subset X is quasi-compact and stable under general-
izations. Actually, we can say more.

Proposition 1.3 [22]. Let X (FE) be an admissible subset of Spec (A).
Then the locally ringed space induced over X(E) by the affine scheme
Spec (A4) is an affine scheme isomorphic to Spec (E). In particular,
Spec (E) — X(E) is a homeomorphism.

Lemma 1.4. Let A be a ring and Y an admissible subset of Spec (A)
associated to the flat epimorphism A — F. Let X be a proconstructible
subset of Spec(A) such that X = X(B) for some ring morphism
A — B. Then we have X CY if and only if there is a ring morphism
F — B such that the following diagram commutes

A B

N7

F

Moreover, such a morphism F — B is unique.

Proof. Assume that X C Y. If @ is a prime ideal of B lying over
P € X, there is a prime ideal R in F lying over P since X C Y. By
a well-known property of tensor products, there is some prime ideal
S in F®4 B lying over Q and R. Thus B — F ®4 B is a faithfully
flat epimorphism whence an isomorphism. Therefore, the commutative
diagram exists. The converse is obvious. To end, F' — B is unique
since A — F is an epimorphism. u]

Proposition 1.5. Let X be an admissible subset of Spec (A). Up to
an isomorphism, there is a unique flat epimorphism A — E such that

X = X(E).

Proof. Let A — E and A — F be two flat epimorphisms such
that X(E) = X(F). By using 1.4 for X = X(E) C Y = X(F) and
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X =X(F)CY = X(FE), we get ring morphisms F' — F and £ — F
such that A - F - FE=A > FE, A—- FE —- F =A — F. Since
A — E and A — F are epimorphisms, F — F' is an isomorphism (its
inverse is F' — E). o

The previous results allow us to associate with every admissible subset
X of Spec(A) a unique flat epimorphism ex : A — FE(X) such that
X = X(E(X)). Notice that for every P € X there is a unique
Q € Spec (E(X)) such that ex'(Q) = P and then Q = PE(X) [10].

Definition 1.6. Let A be a ring and X C Spec (A). We define Sx
to be the set of all elements a € A such that X C D(a). Then Sx is
a saturated multiplicative subset of A. We set X,,, = X(Ags, ) so that
X C X

We recall the following well-known result. Let A — B and A — C
be two ring morphisms, and set B ®4 C = D. Then we have
X(D)=X(B)nX(C).

Definition 1.7. If A is a ring, we define A(A) to be the set of all
admissible subsets X of Spec (A) and a partial ordering < of A(A) by

Y<X<—= XCY.

Then (A, =) is directed. Indeed, if A — F and A — F are two
flat epimorphisms so is A — F ®4 F. Thus the intersection of two
admissible subsets is an admissible subset.

Proposition 1.8. Let A be a ring and X a subset of Spec (A). There
is a smallest admissible subset X, D X and we have X, = (X)), C
Xom.

Proof. Consider the subset D of all elements Y in A(A) such that
X C Y. Then (D, =) is directed by 1.7 and D is not empty since
X,, belongs to D. If Y < Z in D, there is a unique morphism
fZ,Y : Ey — EZ such that A — EZ =A—- EY — EZ by 1.4. Then
{Ey }yep is a direct system because every A — Ey is an epimorphism.
Let A — FE be its direct limit. Then A — FE is a flat epimorphism.
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Moreover, X(E) = Nyep Y [8, 1.3.4.10]. The result follows because
XCY e XeCY forany Y € A(A). o

Remark 1.9. The previous result shows that for any ring morphism
A — B there is a largest flat epimorphism A — FE(B) factoring
A — B, that is to say A — E4(B) is factored by any flat epimorphism
factoring A — B. Moreover, we have (X (B)), = X(Fa(B)). This
result has already been proved by Morita when A — B is injective by
a different method [11, 3.3]. If B’ is the ring of all elements b € B such
that B = (A :4 b)B, set By = B’. Then, by transfinite induction, define
B, for an ordinal « as follows. Put B,y1 = B), and B, = Ng<q Bp
for a limit ordinal a. There is an ordinal w such that B, = B,1.
Then E4(B) is nothing but B,,. The factorization A — E4(B) — By
will be used later. Notice that By = E4(B) when A — Bj is a flat
epimorphism.

Let X be a subset of Spec(A) and define G(X) to be the set of
all generalizations of elements of X (a prime ideal @ of A belongs to
G(X) if and only if there is some P € X such that @ C P). Now
consider X = {P}. We have that X, = G(P) = Spec (Ap). Indeed,
P e X, gives G(P) C X, since X, is stable under generalizations. We
get the converse by X, C X,, = G(P). We can also give an explicit
construction when X is closed. This follows from an unpublished paper
of Ferrand [4], so we give a proof:

Proposition 1.10. Let X = V(I) be a closed subset of Spec (A), I
an ideal. Then we have X, = G(V(I)) = Spec (A141). It follows that
(V(I)N D(r))e = G(V(I) N D(r)) for any element r € A.

Proof. First we show that G(V(I)) = Spec (A141). If @ C P are
prime ideals such that I C P, then (1+71)NQ = &. Thus one inclusion
is obvious. To show the converse, it is enough to consider a prime
ideal P maximal with respect to being disjoint from 1 + I. Assume
that there is some a € I\ P. Then there is some x € I such that
14z € P+ Aa contradicting (1+I)NP = &. Therefore, we have I C P.
Since the elements of 1 + I are units in A/I, there is a factorization
A — A1y — AJI. Now, let A — B be a flat epimorphism factoring
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A — A/I and consider the co-cartesian square

A—— Ay

|

B———DBi,1.

Since A — Bj4 is flat, its spectral image Y in Spec (A) is stable under
generalizations. Moreover, there is a ring morphism By,; — A/I
because the diagram is co-cartesian whence V(I) C Y. It follows
that G(V(I)) C Y. Hence, the flat epimorphism Aj;y; — Biis is
an isomorphism since its spectral map is surjective. Therefore, A — B
factorizes A — A1, and the proof is complete by 1.4. Now observe
that X = V(I) N D(r) = X(A/I ®4 A,) and set J = I, R = A,.
Then A — Rp;; is a flat epimorphism factoring A — R/J. Let
A — B be a flat epimorphism factoring A — R/J, then B — R/J
is factored by B — B,. It follows that R — R;,; is factored by
R — B, so that A — Ry, is factored by A — B. Therefore, we get
Xy, = X(R14y). Since ¢ : A — R is generalizing by flatness, we have
Xa = %GV () = GEg(V()) = G(X). B

Lemma 1.11. Let f : A — B be a morphism and X C Spec (4),
respectively Y C Spec (B), admissible subsets, such that “f(Y) C X.
Let A — E and B — F be the flat epimorphisms associated to X and
Y.

(1) *f~1(X) is an admissible subset of Spec (B) associated to the flat
epimorphism B — E ®4 B.

(2) There is a unique ring morphism E — F such that the following
diagram commutes

A—B

|

E—F.
Therefore, there is a morphism of affine schemes ¥ — X which
identifies with Spec (F) — Spec (E).

Proof. Observe that B — B ® 4 FE is a flat epimorphism so that the
image Z of Spec (B ®4 E) in Spec (B) is admissible. Clearly, we have
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af(Z) C X whence Z C *f~1(X). Now consider Q € *f~1(X), then
P =2f(Q) belongs to X so that there is some prime ideal R € Spec (E)
lying over P. By a classical property of tensor products, there is a
prime ideal S in £ ® 4 B lying over () and R so that Q € Z. Thus we
have Z = 2f~1(X) and (1) is proved. Next we get a ring morphism
EFE®sB — Fsuchthat B— F =B — E®a B — F by 1.4, since
Y C 2f~1(X). Then E — F is defined in an obvious way and is unique
since A — FE is an epimorphism. u]

We are now ready to give the main definition of this section.

Definition 1.12. Let A — B be an injective ring morphism and
X an admissible subset of Spec(A). Then A — B is said to be an
X-isomorphism if Ap — Bp is an isomorphism for every P € X.

Proposition 1.13. Let f : A — B be an injective ring morphism
and X an admissible subset of Spec (A). The following conditions are
equivalent:

(1) A — B is an X-isomorphism.

(2) E(X) = E(X)Q, B is an isomorphism.

(3) The morphism of affine schemes ¥ = 2f~1(X) — X is an

isomorphism. In this case, Y — X is a homeomorphism and Ap — Bg
is an isomorphism for every Q € Y lying over P € X.

Proof. Let e : A — E be the flat epimorphism associated with X.
Let P = e 1(Q) be an element of X. Setting D = E ®4 B, we have a
co-cartesian square

Ap—— Bp

|

Eq —— Dg

where the vertical arrows are isomorphisms by 1.1. Since A — E is
flat, E — D is injective. Thus (1) < (2) follows and (2) < (3) is an
easy consequence of 1.11. m]
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Remark 1.14. Let A be a ring. Examples of admissible subsets are
affine open subschemes of Spec(A), subsets Spec(Ag) where S is a
multiplicative subset of A.

Let A — B be an injective ring morphism and S a multiplicative
subset of A and set X = X(Ag). Then A — B is an X-isomorphism
if and only if Ag — Bg is an isomorphism. In this case, we say that
A — B is an S-isomorphism.

The definition of an X-isomorphism can be extended to the following
cases: X = {P} or X = V(I). In every case, we have X, = G(X)
so that A — B is an X-isomorphism if and only if A — B is an X,-
isomorphism. Indeed, if Ap — Bp is an isomorphism, so is Ag — Bg
for any prime ideal Q) C P.

In the next sections, we apply our general theory to injective integral
morphisms. So we need some criteria for such a morphism to be an
X-isomorphism.

Lemma 1.15. Let f : A — B be an injective ring morphism,
X C Spec(A) an admissible subset and I an ideal of A. Then we
have X C D(I) if and only if E(X) = IE(X).

Proof. Assume that E(X) # IE(X). Then there is some prime ideal
Q@ in E(X) such that IE(X) C @ so that X ¢ D(I). Conversely, if
X ¢ D(I), there is some P in X such that I C P. Now, PE(X) is a
prime ideal of E(X) lying over P. From IE(X) C PE(X), we get that
E(X)#IB(X). o

Proposition 1.16. Let f : A — B be an injective integral morphism.
For any directed family {Ax} of finite A-subalgebras of B such that
B = UA,, we denote by I, the conductor of A — Ay. Let X be an
admissible subset of Spec (A). The following statements are equivalent:

(1) A — B is an X-isomorphism.

(2) A — Ay is an X-isomorphism for each A.
(3) X C D(Iy) for each .

(4) E(X) = I,E(X) for each A.
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In particular, when A — B is finite with conductor I, then A — B is
an X -isomorphism if and only if X C D(I).

Proof. Since B is the direct limit of the family {Ax}, clearly (2)
implies (1). Assume that (1) holds, then the map E(X)&@, Ax —
E(X) @ B is injective by flatness of A — E(X) whence is an isomor-
phism since E(X) — E(X) @ B is bijective by 1.13. Tt follows that (2)
holds. Thus we can assume now that A — B is finite with conductor
I. TIf (1) is verified, let P € X; from (B/A)p = 0 we deduce that
P ¢ Supp(B/A) = V(I) so that X C D(I). Thus (1) implies (3). The
converse is true since Ap — Bp is an isomorphism for any P in D(I).
Then (3) is equivalent to (4) by 1.15. O

Proposition 1.17. Let A — B be an injective morphism and X an
admissible subset of Spec (A). Let g : A — R be a ring morphism and
set Y =% YX), S=R®4 B. If A — B is an X-isomorphism and
R — S is injective, then R — S is a Y -isomorphism.

Proof. For any prime ideal ) € Y lying over P € X we have a
co-cartesian square

Ap—— Bp

]

Rg — Sg
The proof follows easily. |

2. The closure with respect to an admissible subset. We are
aiming to show that any injective ring morphism A — B has a closure
with respect to any admissible subset of Spec (A).

Theorem 2.1. Let A — B be an injective ring morphism and X
an admissible subset of Spec (A) associated to the flat epimorphism
A — E. Define F to be the pullback of the ring morphisms B — BRa E
and E — B ®4 E so that there is a cartesian and co-cartesian
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commutative square

T
E—>B®E.
A

(1) There is a factorization A — F — B by injective morphisms
and F is the largest A-subalgebra C of B such that A — C is an X-
isomorphism.

(2) There is a factorization A — F — E where F — E is a flat
epimorphism.

Proof. The two factorizations exist because F' is a pullback. Now
E — B ®a F is injective by flatness of A — E. Therefore F' — B is
injective. That F' is a pullback is equivalent to the exactness of the
sequence of F-modules

FLBxELB@E
A

where A\(z) = (p(z),e(z)) and p(b,e) =b®1—1®e. Then A — F,
A — E and A — B define A-modules. It is easy to check that A and
u are morphisms of A-modules. Take any P in X and tensorize the
exact sequence above by Ap. By flatness we get an exact sequence
so that Fp is the pullback associated with Ep — Bp ®4, Ep and
Bp — Bp ®4, Ep. The last morphism is an isomorphism since so
is Ap — Ep. Therefore, Fip — Ep is an isomorphism since Fp
is a pullback. It follows that Ap — Fp is an isomorphism. Thus
A — F is an X-isomorphism. Now let C' be an A-subalgebra of B
such that A — C is an X-isomorphism. By 1.13, E — E®4 C is an
isomorphism so that there is a factorization A — C' — E. Thus we get
a commutative square

C——

|
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Using one more time that F' is a pullback, we get a factorization
A — C — F by the universal property of such a pullback. To end,
observe that £ — E ® 4 F is an isomorphism and F' — F ® 4 F a flat
epimorphism. Thus F' — F is a flat epimorphism. ]

Definition 2.2. Let A — B be an injective ring morphism and X
an admissible subset of Spec(A4). We set F = )BfA where F' is the

A-algebra defined in 2.1. Then )BfA is called the X-closure of A in B.

Clearly, A — B is an X-isomorphism if and only if B = g A. We say
that A — B is X-closed if A = gA.

Theorem 2.3. Let A — B be an injective ring morphism with
conductor € and X an admissible subset of Spec(A). Let b be an
element of B. The following statements are equivalent:

e X
(1) b lies in 5 A.

(2) There exists some ideal, respectively finitely generated ideal, I of
A such that X C D(I) and Ib C A.

(3) b/1 lies in im (Ap — Bp) for any P € X.

In particular, A — B is X -closed if and only if an element b € B lies
in A whenever there is some ideal I of A such that X C D(I) and
Ib C A. Moreover, A — B is an X-isomorphism when X C D(C) or
X =@ and is X -closed when X = Spec (A).

Proof. To begin with, notice that if X C D(I) for some ideal I, there
is a finitely generated ideal J C I such that X C D(J). Indeed, we
have X C Uuer D(a), X is patch closed and D(a) is open in the patch
topology. Moreover, the patch topology is compact. Define C' to be
the set of all elements b € B such that Ib C A for some ideal I such
that X € D(I). Obviously, C is an A-subalgebra of B. Let b € C' and
consider any prime ideal P € X there is some s € I\ P such that
sb € A. Tt follows that Ap — Cp is bijective whence C' C gA =F.
Let A — E be the flat epimorphism associated to X. Now an element
b € B lies in F' if and only if there is some e € E such that e®1 =1®5b
in E®q B. Since € : A — FE is a flat epimorphism, there is a finitely
generated ideal J in A such that JE = FE and Je C €(A) by [11, 3.1].
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Hence for any element a € J we get 1® (ab—aa) = 0 where a-e = e(a).
By flatness of A — E, there exist a finite family (a)) € A and a finite
family (e)) € F such that 1 = X a, - ey and ayab = ay« [3, Section 2,
no. 11, Proposition 13]. If K is the ideal of A generated by the elements
ax, we get KE = F and aKb C A. Now set [ = JK. This ideal is
finitely generated and F = IE so that X C D(I) by 1.15. Moreover,
we have Ib C A. Therefore, we get gA C C which completes the proof
of (1) & (2). Consider the subring D of all elements b € B such that
(3) holds. Then A — D is an X-isomorphism by definition of D. Now
if A — R is an X-isomorphism where R is an A-subalgebra of B, then
clearly R C D. Therefore, we have gA =D and (1) & (3). o

Example 2.4. Let f: A — B be an injective ring morphism and S
a multiplicative subset of A. Then X =N[Da(s); s € S] = Spec(Ag)
is admissible as well as ¢ f~1(X) = N[ Dg(s); s € S| = Spec (Bs). We
put f;A = gA. It follows easily from E = Ag that gA is the set of
all elements b € B such that sb € A for some s € S. We thus recover
Yanagihara’s definition [26].

Example 2.5. Let A — B be an injective ring morphism and I an
ideal of A. Then for S =1+ I, we get an A-subalgebra C' = gA of B
(see 1.10 and 1.14). Then C is the largest A-subalgebra C' of B such
that Ap — Cp is an isomorphism for any P € V(I). Using 2.4, we see
that b lies in C if and only if there is an ideal J which is comaximal
with I and such that Jb C A.

Definition 2.6. Let I be an ideal of a ring A, X C Spec(A4) an
admissible subset and S a multiplicative subset of A. We denote by

(1) X/I the set of all prime ideals P/T in A/I such that P € X.
(2) Xs the set of all prime ideals Ps in Ag such that P € X.

Then X/I is an admissible subset of Spec (A/T) and X is an admissible
subset of Spec (Ag). This last statement is an easy consequence of 1.11,

(1).

Proposition 2.7. Let A — B be an injective ring morphism and X
an admissible subset of Spec (A).
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(1) If S is a multiplicative subset of A, then gss Ag = (]};A)S,

(2) If I is a common ideal of A and B, then gﬁA/I = ()B(A)/I.

Proof. To show (1), we can argue as in the beginning of the proof
of 2.1, (1) since A — Ag is flat and Xg is associated to Ag — FEg
by 1.11, (1). We show (2). We set F = f;A. Consider the exact
sequence F' — B x E — B ®4 E and tensorize by A/I. We get a
0-sequence F/IF — (B/IB) x (E/IE) — (B/IB) ®4/; (E/IE) so
that F/I C g//IIA/I. Now let C” be any A/I-subalgebra of B/I and
q : B — B/I the canonical morphism. Then C' = ¢~(C") is an A-
subalgebra of B and C' = C/I. If A/I — C/I is an X/I-isomorphism,
then Ap — Cp is an isomorphism for any P/I in X/I that is to say
for any P € X NV(I). Now if P lies in D(I), it is well known that
Ap — Cp is an isomorphism. Therefore, we have C’ C F/I and (2) is
proved. ]

Corollary 2.8. Let A — B be an injective ring morphism and X an
admissible subset of Spec (A).

(1) A — B is an X -isomorphism, respectively is X -closed, if and only
if Ap — Bp is an Xp-isomorphism, respectively is X p-closed, for any
prime ideal P in A.

(2) If T is a common ideal of A and B, then A — B is an X-
isomorphism, respectively is X -closed, if and only if A/I — B/I s
an X /I-isomorphism, respectively is X/I-closed.

Proposition 2.9. Let g: A — R be a flat morphism, A — B an
injective morphism and X an admissible subset of Spec (A). Denote by
Y the admissible subset “g~1(X) of Spec (R). Then we have

X Y
A = .
(B ) Q= o rt
In particular, if A — B is X -closed, then R — B ®4 R is Y -closed.

Proof. We can argue as in the proof of 2.7, (1). O
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The above result can be used with R = A[z] where z is an indeter-
minate over A. We will give a more direct proof and an improvement
in a next result.

If A — B is an X-isomorphism, we will identify X and *f~*(X)
since they are homeomorphic by 1.13. This convention is used in the
following results.

Proposition 2.10. Let f : A — B, g : B — C be injective ring
morphisms and X an admissible subset of Spec (A). Then A — C' is
an X-isomorphism if and only if A — B is an X-isomorphism and
B — C is an X -isomorphism.

Proof. Straightforward by using 1.11 and 1.13. O

Proposition 2.11. Let A — B be an injective ring morphism, X
an admissible subset of Spec (A) and let cx : A — f;A be the canonical
morphism.

(1) X is homeomorphic to “cy*(X) so that X can be identified with
e (X).
(2) )BfA — B is X -closed.

(3) Let C be an A-subalgebra of B, with structural morphism g, such
that C is *g~*(X)-closed in B, then we have J);A cC.

Proof. (1) follows from 1.13 and (2) from 2.10. We show (3). If
b € B and [ is an ideal of A such that Ib C A and X C D(I), we
get “g~1(X) € D(IC) and (IC)b C C so that b € C when C' — B is
ag=1(X)-closed. O

Proposition 2.12. Let f : A — A’ be a pure morphism, for
instance, faithfully flat, and X a subset of Spec (A) such that *f~1(X)
is admissible.

(1) X is admissible.

(2) Let A — B be a ring morphism. If A’ — B®a A" is *f~1(X)-
closed and injective, then A — B is injective and X -closed.
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Proof. (1) is shown in [15, 4.8]. Assume that the hypothesis
of (2) holds and let there be an element b € B and an ideal I
of A such that X C D(I) and Ib C A. By using f~!, we get
af~1(X) c *f~1(D(I)) = D(IA"). Moreover, we have TA'(b® 1) C
im (A" — B4 A'). It follows that b®1 = 1®a’ for some o’ in A’. Now
observe that A is the pullback defined by the morphisms A’ — B® 4 A’
and B — B® A’ by purity of A — A’ [17, 2.28]. Thus b lies in A.
Hence A — B is X-closed. O

Definition 2.13. Let A — B be an injective integral morphism, X
an admissible subset of Spec (A) and b € B. Then b is called X-integral
if there is some ideal I of A such that X C D(I) and bl C A.

(1) If b is X-integral, then A — A[b] is said to be an elementary
X-isomorphism.

(2) A composite of finitely many elementary X-isomorphisms is said
to be a c-elementary X-isomorphism.

The definition makes sense. Indeed, assume that b is a zero of a
monic polynomial with degree n > 0. The conductor € of A — A[b] is
NP (A b) and X-integrality of b implies that X C D(I) C D(€).
Since A — A[b] is finite, we deduce from 1.16 that A — A[b] is an
X-isomorphism. Conversely, if A — A[b] is an X-isomorphism, then
1.16 shows that A — A[b] is an elementary X-isomorphism. Clearly, a
c-elementary X-isomorphism is an X-isomorphism by 2.10.

Lemma 2.14. Let A — B be an injective integral morphism, R and
S two A-subalgebras of B. Let X be an admissible subset of Spec (A).
If A — S = Als] is an elementary X-isomorphism and g : A — R is
the structural morphism, then R — R[s] is an elementary “g~(X)-
isomorphism.

Proof. The relations (IR)s C R and “g~(X) C D(IR) follow from
IsCc Aand X C D(I). m

Corollary 2.15. Let A — B be an injective integral morphism and
X an admissible subset of Spec (A). The set of all A-subalgebras C of
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B such that A — C is a c-elementary X-isomorphism is directed and
J);A s the union of all A-subalgebras C of B such that A — C is a
c-elementary X -isomorphism.

Proof. Let A— A, =R C B and A— B, =5 C B be c-elementary
X-isomorphisms and set By = A[b1]. Then by 2.14, A — A,, — A, [b1]
is a c-elementary X-isomorphism and there is a morphism By — A, [b1].
Thus the proof follows by induction. There is a c-elementary X-
isomorphism A — T such that R, S C T. i

Remark 2.16. Let f : A — A’ be a ring morphism and X C Spec (4),
X' C Spec (A’) admissible subsets such that *f(X’) C X. Assume that
there is a commutative square of ring morphisms with injective vertical

arrows
Ao A

|

B——B.
Then it is easy to show by using 2.3, (2) that there is a commutative
square of ring morphisms

A — A

I

/
Yo X

B B

Proposition 2.17. Let A — B be an injective ring morphism, X
an admissible subset of Spec (A) and F = {X,} a family of admissible
subsets of Spec (A).

) o Y X
(1) If Y D X is an admissible subset of Spec (A), then 5 A C 3 A.
(2) If X = NnX\ and F is stable under finite intersections, then
XA=U%A
B B “
(3) If X = UX), then 5 A=n A

Proof. (1) follows immediately from 2.3, (2). We deduce from (1) that
)Bf ADU )E(}* A under the hypothesis of (2). Next we show the converse.
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Ifbe ]);A, there is some ideal I of A such that X C D(I) and Ib C A.
Then the subsets X and V(I) are closed in the patch topology. This
topology being compact, by the finite intersection property, there is
some index A such that X, C D(I) so that b € )E(}* A. The hypotheses
of (3) being granted, we get by (1) that gA cn )é* A. We show
the converse. Let b in N )];AA, there exist ideals Iy of A such that
X, C D(I)) and Iyb C A. Letting I = > I, we get X C D(I) and
Ib C A. o

Remark 2.18. If Spec (A) = U X, where every X is admissible, then
A — B is an isomorphism if and only if A — B is an X-isomorphism
for each A.

Another construction of the X-closure can be given by using a new
pullback. We recall some constructions given in [14, IV]. Let A be a
ring and X C Spec(A). The flat topology on Spec (A) assigns to X
the closure

X°=nNn[D(); X c D(I) and D(I) quasi-compact |.

Therefore, X is closed for the flat topology if and only if X is quasi-
compact and stable under generalizations. Let z be an indeterminate
over A. Then the multiplicative subset X x of A[z] is defined to be the
set of all polynomials p(z) such that X C D(c(p(z))) where ¢(p(z)) is
the content ideal of p(z), generated by the coefficients of p(z). Then
we set Ax = Alz]n. The canonical morphism A — Ax is flat with
spectral image X°.

Now if X is an admissible subset of Spec (A4) associated to the flat
epimorphism A — E, we have a factorization A — E — Ax where
E — Ay is faithfully flat [14, IV, Proposition 7].

Proposition 2.19. Let f : A — B be an injective integral morphism,
X C Spec (A) an admissible subset and set Y = °f~1(X). There is a
co-cartesian square

A— B

.

AX —)By.
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Moreover, 1)3(‘4 1s the pullback associated to the morphisms Ax — By
and B — By.

Proof. Read that the co-cartesian square exists in [14, IV, Proposition
3]. Now let F' C B be the pullback defined above. An element b € B
belongs to F' if and only if there is a polynomial s(z) € ¥x such that
s(z)b € Alz] because By = B[z]n,. To end, use the definition of an
element of ¥ x and 2.3. a

Corollary 2.20. Let A — B be an injective integral morphism
and X C Spec (A) an admissible subset. The following statements are
equivalent:

(1) A — B is an X-isomorphism.

(2) Ax — By = Blz]xn is an isomorphism.

(3) For any polynomial b(z) € B[z], there is some s(z) ¢ U[P[z]; P €

X] such that s(z)b(z) € Alz].

Proof. Let A — E be the flat epimorphism associated to X and set
F = FE ®4 B. Observe that there is a co-cartesian square

F —— F

]

Ax — By

where £ — Ax is faithfully flat. Indeed, A — F is an epimorphism so
that the above square is commutative. Then use the following result. If

and are commutative squares and | 1 | and are co-cartesian,

then is co-cartesian. Therefore, E — F' is an isomorphism if and
only if Ax — By is an isomorphism. Then we get (1) < (2) by 1.13.
Now the statement (3) expresses that Ax — By = Blz]|x, is surjective
because A\ X x is the union of all prime ideals P[z] in A[z] where P € X
(see [14, IV, Lemme 2]). O

Next we compute closures with respect to polynomial extensions.
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Theorem 2.21. Let A — B be an injective morphism, X C Spec (A)
an admissible subset and z an indeterminate over A. If j : A — Alz]
is the canonical morphism and Y = *j71(X), we have

<§A> 2] _BE[ZA[Z] ~ Yo

Proof. According to 1.17, Alz] — (gA) [2] is a Y-isomorphism
so that we have (gA) [2] C B}[;]A[z]. Now consider an element

p(z) € B’[/Z]A[z]. There is a finitely generated ideal J of A[z] such that
Y € D(J) and Jp(z) C A[z]. Observe that *j : Spec (A[z]) — Spec (A4)
is surjective so that ?j(Y) = X. From Y C D(J), we deduce that
X C “j(D(J)). Denote by ¢(J) = I the content ideal of .J, that is to say
theideal )" [e(p(2)); p(z) € J]of A. We get “5(D(J)) = D(I). In fact,
set J = (p1(2),...,pn(2)), we have D(J) = D(p1(2)) U---U D(pn(2)).
Then *j(D(pi(z))) = D(c(pi(2))) by [14, III, Corollaire 3]. It follows
that “j(D(J)) = D(c(p1(z)) + -+ + c(pn(2))). Obviously, we have
K =c(p1(2)) + -+ c(pn(z)) C I. Now, it can be seen that I = ¢(J)
is the set of all elements in A which are a coefficient of at least a
polynomial in J (this is not quite obvious). Thus an element a € T is a
coefficient of a polynomial ¢(z) = b1(2)p1(2) + -+ + bn(2)pr(2) so that
a € ¢(q(z)) C Y e(bi(2)e(pi(z)) € K. To summarize, we have X C
D(I) and I is a finitely generated ideal since I = K = (aq,... ,qy).
Now, we intend to show that a¥ic(p(z)) C A for some integer k.
Remember that «; is a coefficient of a polynomial g(z) € J so that
q(2)p(z) = a(z) € Alz]. The “content formula” expresses that there is
some integer n such that c(q(2)p(2))c(q(2))™ = c(p(z))c(q(z))" . We
deduce that o™ 'c(p(2)) C c(a(2))e(q(2))™ C A whence alic(p(z)) C A
for some integer k;. Set k = sup(k;), we get I"F=D¥le(p(2)) C A.
Setting H = I"*~D+1 we deduce from He(p(z)) C A and X € D(H)
that all the coefficients of p(z) belong to ;(A. At this stage, we have

shown that (])3(14) [z] = B}[;]A[z].
Next, we claim that (;fA) [2] = BZ[;(]A[Z] To begin with, let

b e )BfA. There is a finitely generated ideal I = (ag,...,a,) of A
such that X C D(I) and Ib C A. Letting s(z) = ag + -+ + anz",
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we have X C D(c(s(z))) whence s(z) € Yx. It follows then that
s(2)(bzP) € Alz] for any integer p. To conclude, we have gotten

(¥4) ) € Ziy ALl

Conversely, let b(z) be an element of E)Zf Alz].  There is some

B
s(z) € Xx such that s(z)b(z) = a(z) € A[[z] By using again the
content formula, we get for some integer n, c(s(2)b(z))c(s(z))” =
c(b(2))e(s(z))"Tt.  Therefore, letting I = c(s(2))"*!, the relation
Ic(b(z)) C A follows as well as X C D(I). Hence the proof is complete

since the last relations imply that b(z) € (gA) [2]. O

Remark 2.22. A consequence of the preceding result is worth noticing.
To some extent, by a faithfully flat base change, the general theory of
X-closures can be reduced to the theory of S-closures, S a multiplica-
tive subset.

We end this section by giving some examples of X-closures. The
following lemma is crucial in Section 5, when studying X-seminormal
or X-t-closed rings.

Lemma 2.23. Let A — B be an injective morphism where B is an
absolutely flat ring and X C Spec (A) an admissible subset associated to
the flat epimorphism A — E. If C = ]);A, there exist a common radical
pure ideal I of C and B such that A - E=A — C — C/I = Ci4y,
Dc(I) N Xe(B) € Min(C) and a pushout pullback diagram with
surjective vertical arrows

¢ —— B

|

C/I —— BJI.

Proof. Denote by A — E the flat epimorphism associated to X and
set F'= FE ®4 B. Since the domain of the flat epimorphism B — F' is
an absolutely flat ring, B — F is surjective with kernel I. Then the
canonical morphism C' — FE is also surjective with kernel I since C'is a
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pullback [6, 1.4]. It follows that I is a radical ideal by absolute flatness
of B and is pure since C — C/I = E is a flat surjective map. Moreover,
we have C/I = Cy45 by 1.10. Therefore, there is a common radical
pure ideal I of C' and B. Now let P be an element of Do (I) N X'B).
There is an isomorphism C'p — Bg for some prime ideal @ of B. Then
Cp is a field by absolute flatness of B so that P is a minimal prime
ideal. O

Proposition 2.24. Let A — B be an injective morphism where B is
an absolutely flat ring and X C Spec(A) an admissible subset. Then
A — B is X-closed if and only if there is a common radical pure ideal
I of A and B such that X = V(I).

Proof. Assume that A is X-closed in B. In view of 2.23, there is a
common radical pure ideal of A and B such that X = V(I). Conversely,
assume that the preceding statement holds. We have X = Spec (Aj4y).
If b belongs to ;(A, there is some x € I such that (1 + 2)b € A. Thus
b lies in A since I is an ideal of A and B. Hence A is X-closed in B.
O

Proposition 2.25. Let A — B be an injective morphism and
X C Spec(A) an admissible subset associated to the flat epimorphism
A — E such that X(B) C X. Then A — XA can be identified with
A— E.

Proof. According to the hypotheses, a prime ideal @) of B lies over
P € X so that there is some prime ideal R in EF® 4 B lying over ). Thus
B — E®4 B is a faithfully flat epimorphism whence an isomorphism.
It follows that g A — F is an isomorphism. o

Remark 2.26. A ring A is called decent when its total quotient ring
Tot (A) is absolutely flat [21]. A ring A is decent if and only if A
is reduced and Min (4) = X(Tot (4)). The above result shows that
the X-closure of a decent ring A in its total quotient ring is given by
A — FE if Min (A) C X. Therefore, when Min (A) C X, a decent ring
A is X-closed in its total quotient ring if and only if X = Spec (A).
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Remark 2.27. Let A — B be an injective flat epimorphism and
X = X(B). Then the X-closure of A in B equals B. Indeed, in
this case, )BfA is the dominion of the morphism A — B, that is to say
the set of all elements b € B such that b® 1 =1® b in B®4 B. But
the dominion of an epimorphism A — B equals B.

Proposition 2.28. Let A be a ring and X C Spec (A) an admissible
subset such that Ass(A) C X (this last property holds when A is an
integral domain and X # @).

(1) The canonical flat morphism A — Ax = B is injective and
X(B) = X.
(2) The canonical injective morphism A — ]);A = B’ is a flat

epimorphism such that X(B') = X and B’ — Ax is faithfully flat.

Proof.  Statement (1) follows from [10, I1.3.3] and [14, IV]. To
show (2) we use Morita’s method (see 1.9). First observe that X C
D(I) & IB = B for an ideal I of A. Indeed, IB = B is equivalent
to I[z] N Xx # @. If this last condition holds, we get a polynomial
f(z) with coefficients lying in I and such that X C D(c(f(z))) whence
X C D(I). Conversely, from X C D(I) and quasi-compactness of X,
we get a finitely generated ideal J C I such that X C D(J). Thus
there is a polynomial f(z) € I[z] such that X C D(c(f(%))). Now let
B be the subring of all elements b € B such that (4 :4 b)B = B.
The previous observation shows that B; = ;)3( A = B’. Now we have
a factorization A — E — E4(B) — B; (where A — FE is a flat
epimorphism associated to X) by 1.4 and 1.9. If P ¢ X is a prime
ideal in A, then PE = E implies PB; = By while Ap — (Bj)p is an
isomorphism for P € X. In view of [10, IV, 2.4], A — Bj is a flat
epimorphism and, according to 1.9, we have X(B;) = X. Thanks to
1.5, E — By is an isomorphism. Therefore, B’ — B is faithfully flat
[14, IV, Proposition 7]. i

Proposition 2.29. Let f : A — B be a ring morphism, X an
admissible subset of Spec (A) and Y = *f~1(X).

(1) If J is an ideal of B, then Y C D(J) is equivalent to X C
D(f~1(J)).
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(2) Assume that A — A’ and B — B’ are injective ring morphisms
such that the following diagram is a pullback

A— A

Tl

B—B.

YB

Then we have f’_l(B, )

= A

Proof. The proof of X C D(f~1(J)) =Y C D(J) is straightforward.
Now assume that Y C D(J) and there is a prime ideal P € X such
that f~1(J) C P. The ring morphism R = A/f~1(J) — B/J = S is
injective. Let P’ be the prime ideal in R lying over P and M’ C P’
a minimal prime ideal of R. Since R — S is injective, there is a
minimal prime ideal N’ in S lying over M’. Then M’ lies over a
prime ideal M in A and N’ over a prime ideal N in B such that
J C N, f7Y(N) = M C P. Since X is stable under generalizations
and P € X, we get M € X. Thus we have N € Y NV (J), a
contradiction. Therefore, X C D(f~(J)) <« Y C D(J) is proved.
Assume that we have a cartesian square as in (2). It follows from 2.16
that f’(jf/A) C ;,B whence f’fl(g,B) D ;f,A. We show the converse
inclusion. If @’ is in A’ and such that f/(a’) € ;B, there is some
ideal J of B such that Jf'(a’) € B and Y C D(J). By (1) we have
X C D(f~%J)) and f(f~1(J)) C J gives f'(f~'(J)a’) C B. We
deduce from this last relation that f~1(J)a’ C A because the diagram
is a pullback so that a’ € j(,A. Then f’_l(é/, B) C jf,A follows. O

Corollary 2.30. Let A — B be a ring morphism and X C Spec (A)
an admissible subset. Then J);A is the inverse image of gé]A[z] under

the canonical morphism B — Blz].

3. Infra-integrality and subintegrality along admissible sub-
sets. We are aiming to give a theory for X-seminormality and X-t-
closedness where X is an admissible subset. We use mainly Swan’s
work on seminormality [25] and our papers on t-closedness [16, 17].
We first need to recall some definitions.
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Let A — B be an injective integral morphism. Then A — B is
said to be infra-integral if its residual extensions are isomorphisms [16]
and subintegral if A — B is infra-integral and Spec (B) — Spec (4) is
bijective [25].

Definition 3.1. Let A — B be an injective morphism and X an
admissible subset of Spec (A).

(1) A — B is said to be X-infra-integral if A — B is an X-
isomorphism and is infra-integral.

(2) A — B issaid to be X-subintegral if A — B is an X-isomorphism
and is subintegral.

Such morphisms are integral.

If X = X(As) where S is a multiplicative subset of A, an X-
infra-integral morphism f : A — B is called an S-infra-integral
morphism and similarly for subintegrality. In this case, we have
X(Bs) = f~1(X(Ag)). Furthermore, f is S-infra-integral if and only
if Ag — Bg is an isomorphism and f is infra-integral.

It follows from this definition that A — B is X-infra-integral,
respectively X-subintegral, if and only if A — B is infra-integral,
respectively subintegral, and B = )é A. Moreover, A — B is X-infra-
integral if and only if for any prime ideal P in A and any prime ideal
Q@ in B lying over P we have

if P € X, then Ap — Bp is an isomorphism
if P ¢ X, then k(P) — k(Q) is an isomorphism.

Indeed, the first condition implies that Ap — Bg is an isomorphism
by 1.13.

Proposition 3.2. Let f: A — B be an injective morphism and X
an admissible subset of Spec (A).

(1) Let S be a multiplicative subset of A. If A — B is X-infra-
integral, respectively X -subintegral, then As — Bg is X g-infra-integral,
respectively X g-subintegral.

(2) A — B is X -infra-integral, respectively X -subintegral, if and only
if Ap — Bp is X p-infra-integral, respectively X p-subintegral, for any
prime ideal P in A.
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(3) If I is a common ideal of A and B, then A — B is X-infra-
integral, respectively X -subintegral, if and only if A/I — B/I is X/I-
infra-integral, respectively X /I-subintegral.

(4) If B — C is an injective morphism, then A — C is X-infra-
integral, respectively X -subintegral, if and only if A — B is X-infra-
integral, respectively X -subintegral, and B — C' is X -infra-integral,
respectively X -subintegral.

Proof. (2) follows from (1). Then (1) and (3) are consequences of 2.7
and [16, 1.16]. Now (4) follows from 2.10. O

The following definition uses notions coming from [25] and [16].

Definition 3.3. Let A — A[b] = B be an injective ring morphism
and X an admissible subset of Spec (A).

(1) A — B is said to be elementary X-infra-integral if A — B is
an elementary X-isomorphism (an X-isomorphism) and is elementary
infra-integral (that is to say there is some r € A such that b2 —rb, b3 —
rb? € A).

(2) A — B is said to be elementary X-subintegral if A — B is
an elementary X-isomorphism (an X-isomorphism) and is elementary
subintegral (that is to say b%, b* € A).

(4) A sequence of finitely many elementary X-infra-integral mor-

phisms is said to be a c-elementary X-infra-integral morphism. A
similar definition can be given for subintegrality.

Corollary 3.4. Let A — A[b] = B be an injective ring morphism
and X an admissible subset of Spec (A).

(1) A — B is elementary X -infra-integral if and only if there is some
r € A such that b> —rb, b3 — rb?> € A and there is some ideal I in A
such that X C D(I) and Ib C A.

(2) A — B is elementary X -subintegral if and only if b*, b> € A and
there is some ideal I in A such that X C D(I) and Ib C A.

Proof. If A — B is elementary infra-integral, we have B = A+ Ab and
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the conductor of A — B is A : b. Therefore, A — A[b] is elementary
X-infra-integral if and only if A — A[b] is elementary infra-integral and
X C D(A:b) by 1.16. This last condition holds if and only if there is
some ideal I of A such that X € D(I) and Ib C A. o

When X = X(Ag), the conditions X C D(I) and Ib C A are
equivalent to the existence of some s € S such that sb € A. A similar
statement holds for subintegrality.

Proposition 3.5. Let A — B be an X -infra-integral morphism and
b € B. There is a sequence of elementary X -infra-integral morphisms
A— Ay —---— A, C B such that b € A,,. A similar statement holds
for subintegrality.

Proof. If b € B, by [16, 2.5] there is a sequence of infra-integral
morphisms A — Ay — .-+ — A, C B such that b € B. Then use 3.2,
(4). o

Remark 3.6. Let A — B be an injective integral morphism and X an
admissible subset of Spec (A). Let {Ax} be the set of all A-subalgebras
of finite type of B and denote by I, the conductor of A — Ay. Then
A — B is X-infra-integral if and only if A — B is infra-integral and
X C D(I)) for each A. This follows from 1.16.

4. t-closure and seminormalization along admissible subsets.
Let f: A — B be an injective integral morphism and X an admissible
subset of Spec (A). If P is a prime ideal of A and @ a prime ideal of
B lying over P, we denote by fp : Ap — Bp and fg : Ap — Bg the
canonical morphisms. The Jacobson radical of a ring C' is denoted by

Rad (C).
We define two A-subalgebras ();’t)A and (le_j)A of B as follows

€ fp(AP) + Rad (Bp)
(X;)A: b€ B; VP € Spec (A) itP¢X

€ fr(Ap)if Pe X

I =l
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€ fQ(Ap) +QBgif P ¢ X

S = o

A=<be B;VQ € Spec (B)
I S fp(AP) ifPeX

When X = @, we recover the classical seminormalization JE;A of Swan

[25] and t-closure ;A [16] of A in B.

If X = X(Ag), we put 3504 = DA and P A= 50 4,

Lemma 4.1. Let A — B be an injective integral morphism and X
an admissible subset of Spec (A). Then we have

(X,1) (X,4+)

X t
B A—BADBA and

X +
A—BAHBA.

Proof. We carry on a proof for t-closedness. Obviously, we have
();t)A C ])B(A N A by 2.3, (3) since Bp — By exists. The converse is
straightforward. i

Definition 4.2. Let A — B be an injective morphism, X an
admissible subset of Spec(A) and A the integral closure of A in B.

Then ()%t)A is called the X-t-closure of A in B and (X;_)A the X-
seminormalization of A in B. These closures are still denoted by ()gt) A
and (X]’;')A. Notice that A — ();t)A and A — (X]’;)A are integral.

Indeed, we can write

(X, 1) (X,+) X +

B B A B AN BA.
This follows from ]gA = %A CA, gA NA = %A (a similar argument
can be given for seminormality).

X t
AfBAﬁBA and

Let A — B be an injective morphism. We recall that ;A, respec-
tively EA, is the largest A-subalgebra C' of B such that A — C is
infra-integral, respectively subintegral, [25, 16].

Proposition 4.3. Let A — B be an injective morphism and X
an admissible subset of Spec (A). Then ();t)A, respectively (X]’;)A, 18
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the greatest A-subalgebra C of B such that A — C' is X -infra-integral,
respectively X -subintegral.

Moreover, we have the canonical factorization

(X,4) , _, (X.0)

A
- B B

A — B.

Proof. Let f: A — R and g: R — S be injective morphisms. If
g o f is infra-integral, respectively an X-isomorphism, so is f by [16,
1.14] and 3.2, (4). Hence the factorizations A — ()gt)A — ])B(A and
A — ();’t)A — ];,A show that A — ()J(B’t)A is X-infra-integral. Now
let A — C be an X-infra-integral subalgebra of B. Then A — C' is an
X-isomorphism so that C' C g A and is infra-integral so that C' C ;A

[16, 2.6]. Thus we get C' C (};;t)A. The proof for subintegrality is
similar. O

Theorem 4.4. Let A — B be an injective morphism and X an
admissible subset of Spec (A).

(1) ();t)A is the t-closure of A in )BfA and (XJ";F)A the seminormal-

X
XA

(2) ();t)A is the X-closure of A in fBA and (X]’;)A the X -closure of
o+
Ain HA.

ization of A in

Proof. Define C to be the t-closure of A in ;;(A. Then A — C is infra-
integral and an X-isomorphism by 2.10. Thus we get C' C ();;t)A.
Furthermore, from the factorization A — ();;t)A — )BfA and infra-
integrality of A — (‘%t)A, we deduce that (*%t)A C C. Now let D be
the X-closure of A in ]ts,A. Then A — D is X-infra-integral. Therefore,
we have D C ();t)A. In view of 2.1, we deduce from the factorization
A — ();’t)A — ;A that ();t)A C D since A — ();’t)A is an X-
isomorphism. O

Let A — B be an injective morphism. We recall that A — B is said
to be seminormal, respectively t-closed, if an element b € B belongs
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to A whenever b%, b> € A, respectively there is some r € A such that
b2 —rb, b3 —rb® € A.

Then EA, respectively };A, is the smallest A-subalgebra C of B such
that C' — B is seminormal, respectively t-closed, [25, 16].

Definition 4.5. Let A — B be an injective morphism and X an
admissible subset of Spec (A). Denote by A the integral closure of A in
B.

(1) A — B is said to be X-t-closed if an element b in B lies in A
whenever there exist some r € A such that b — rb, b3 — rb?> € A and
some ideal I in A such that X C D(I) and bI C A.

Therefore, A — B is X-t-closed if and only if A — A is X-t-closed.

(2) A — B is said to be X-seminormal if an element b in B lies in A
whenever b2, b € A and there is some ideal I in A such that X C D(I)
and bl C A.

Therefore, A — B is X-seminormal if and only if A — A is X-
seminormal.

In particular, we have when X = Spec (Ag):

(1) A — B is S-t-closed if and only if an element b in B lies in A
whenever there exist some r € A and s € S such that b2 —rb, b3 —rb? €
A and sb € A.

(2) A — B is S-seminormal if and only if an element b in B lies in A
whenever b2, b> € A and there is some s in S such that sb € A.

Theorem 4.6. Let A — B be an injective morphism and X an
admissible subset of Spec (A). The following statements are equivalent:

(1) A — B is X-t-closed, respectively X -seminormal.

(2) A— )BfA 1s t-closed, respectively seminormal.

(3) A= ()gt) A, respectively A = (X]’;)A.

Proof. We give a proof for t-closedness. (1) < (2) is straightforward
(see Definition 4.5). The condition (2) is equivalent to A = ;A where

C= J);A [16, 3.3]. Then we have é,A = ();t)A (see 4.4). mi
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Theorem 4.7. Let A — B be an injective morphism and X an
admissible subset of Spec (A). Then A — B is X -t-closed, respectively
X -seminormal, if and only if A — lg,A, respectively A — ;A, s X-
closed.

Proof. Set C' = ]ts,A. We have é(A C J);A and C = éA = };A so that
é(A = ()gt)A - ()gt)A. Now, if A — B is X-t-closed then A = ()Et)A
by 4.6 so that A = é( Aand A — ;A is X-closed. Conversely, assume
that A — EA is X-closed. Consider an element b € B such that b> —rb,
b3 — rb?> € A for some r € A and such that Ib C A for some ideal I
of A satisfying X C D(I). Then A — A[b] is elementary infra-integral
whence A[b] C ,A. It follows that b lies in A. Consequently, A — B
is X-t-closed. o

Theorem 4.8. Let f : A — B be an injective morphism and X an
admissible subset of Spec (A). Then ();t)A, respectively (X]’;)A, is the
smallest A-subalgebra C of B, with structural morphism g : A — C,
such that g : C — B is g~ (X)-t-closed, respectively *g—*(X)-
seminormal.

Proof. We give a proof for t-closedness. Letting D = ();t)A, we
see that A — D is X-infra-integral as well as D — ();t)D and so is
A — KD by 3.2, (4). Thus we get 59D ¢ MDA = D by 4.3
so that D — B is X-t-closed. Let C' be an A-subalgebra of B such
that C — B is “g71(X)-t-closed and set Y = %g~!(X). It follows that
C= O;;t)C = ,CnN EC according to 4.2 and 4.6. In view of [16, 3.5],
we have fBA C fBC’ since ;C — B is t-closed. Moreover, we have also
J);A - EC. Indeed, if b € 1)3(A= there is some ideal I of A such that
X C D(I) and bI C A. But bIC C C and Y C %g~Y(D(I)) = D(IC)
show that b lies in ), C. Therefore, ;A = LAN A C C follows.
O

Theorem 4.9. Let A — B be an injective morphism and X an
admissible subset of Spec(A). Let C be an A-subalgebra of B such
that A — C is X -infra-integral, respectively X -subintegral, and C — B
is X-t-closed, respectively X-seminormal, then C 1is the X-t-closure,
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respectively X -seminormalization, of A in B. Moreover, these closures
are contained in A. In particular, A — B is an isomorphism when
A — B is X-infra-integral and X -t-closed, respectively X -subintegral
and X -seminormal.

Proof. X-infra-integrality of A — C gives C C ();t)A by 4.3.
Moreover, we have ();t)A C C by 4.8. o

Proposition 4.10. Let A — B be an injective morphism and X an
admissible subset of Spec (A).

(1) Let f : A — E be a flat epimorphism, F = FE ®4 B and
Y =2f~1(X), then we have

(};t)E = ((X;) A) @E and (Y}:)E = ((XéJF)A) @E

(2) If S is any multiplicative subset of A, then we have

(5, e (57,

(3) If I is any common ideal of A and B, then we have

(X/Lt) (X, 1) (X/I,+) (X, +)
B/I A/I—( B A>/I and B/I A/I:< B A>/I.

(4) If z is an indeterminate, letting Y = %571 (X) where j : A — AlZ]
is the canonical morphism, we have

(") = G am = s

B Blz] Blz]
((X;)A> 2] = (]?[;)A[z] - (Eg[;)A[z].

Proof. In view of 4.2, the X-t-closure is the intersection of the
X-closure and the t-closure. Then (g A) Ra F = },/E by 2.9 and
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(LA) ®4 E = | E by [21, 5.5] combine to yield
(Y, 1) X t Xt
E= A E A E= A A E
PP @EA ) @F =57 54) @

by flatness of A — E. Thus (1) is obtained and (2) follows. Now (3)
and (4) are consequences of 2.7, 2.9, 2.21 and similar properties which
hold for ¢-closure [16]. O

Proposition 4.11. Consider a cartesian square of ring morphisms

A#B

g I

AI — BI.
Let X C Spec(A) be an admissible subset and set Y = %g~1(X).
When A" — B’ is Y-seminormal, respectively Y -t-closed, A — B is
X-seminormal, respectively X -t-closed.

Proof. If A’ — B’ is injective so is A — B. Assume that A’ — B’ is
Y-t-closed. Let b in B and assume that there is some a in A and some
ideal I in A such that b* — ab, b> —ab® € A, bI C A and X C D(I).
Then h(b)? — g(a)h(b), h(b)® — g(a)h(b)? lie in A’, (I - A")h(b) C A’
and we have Y C D(IA’). Thus h(b) lies in A" so that b lies in A.
Consequently, A — B is X-t-closed. i

Proposition 4.12. Let A — B be an injective morphism and X
an admissible subset of Spec (A). Let g : A — A’ be a pure morphism
and set Y = %971 X) and B' = A’ @4 B. If A’ — B’ is Y -t-closed,
respectively Y -seminormal, then A — B is X -t-closed, respectively X -
seminormal.

Proof. According to [17, 2.19], we have a cartesian square as in 4.11.
The result follows from 4.11. ]

Definition 4.13. Let A — B be an injective ring morphism, X an
admissible subset of Spec (4) and b € B. The element b is said to be X-
infra-integral, respectively X-subintegral, over A if there is a sequence
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of elementary X-infra-integral, respectively X-subintegral, morphisms
A— Ay —---— A, C Bsuch that b€ A,.

We can observe that the set of all A-subalgebras C' of B such that
A — C is c-elementary X-infra-integral, respectively X-subintegral,
is directed. To see this, use 2.14, similar results for ¢-closedness and
seminormality [25, 16] and argue as in the proof of 2.15.

Theorem 4.14. If A — B is an injective morphism, then (‘%t) A,
respectively (X]’;)A, is the set of all X -infra-integral, respectively X -

subintegral, elements of B.

Proof. Let b be an X-infra-integral element. There is a sequence of
elementary X-infra-integral morphisms A — A,, C B such that b € A,,.
Then A, is contained in ()gi;t)A by 4.3 and so is b. The converse is

obtained from 3.5 since A — ();t)A is X-infra-integral (see 4.3). o

Proposition 4.15. Let f : A — B and g : B — C be injective
ring morphisms and X C Spec(A) an admissible subset. If A — B
is X -t-closed, respectively X -seminormal, and B — C is *f~1(X)-t-
closed, respectively ®f~1(X)-seminormal, then A — C is X-t-closed,
respectively X-seminormal. Conversely, if A — C is X-t-closed,
respectively X -seminormal, so is A — B.

Proof. Straightforward. o

Theorem 4.16. Let f : A — B be an injective integral morphism
with conductor € and X C Spec (A) an admissible subset.

We set X' = Spec (A)\ X, Y =2f"1(X) and Y' = Spec (B) \ Y =
“fTHX).

(1) Assume that (X]’;)A = ();;t)A. There exists an injective map
6 : Min (V4(€)) N X" — Min (Vp(€))NY’

such that *f(0(P)) = P.
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(2) If the map Y' — X' induced by *f is bijective, then (X]’;')A =

Xt
(B)A'

Proof. Suppose that (X]’;') A= ();;t) A and consider P € Min (V4(€))N
X'’. Since A/€ — B/ is integral and injective, there is a prime ideal
Q@ € Min (Vp(€)) NY’ lying over P by incomparability in integral ex-
tensions. We need only to show that @ is unique to get (1). Indeed
0(P) = Q fits. In view of 4.10, (3), we can reduce to the case € = 0 and
P is a minimal prime ideal of A. If Ap — Bp is an isomorphism, we are
done. If not, let J be the conductor of the injective integral morphism
Ap — Bp. We have Spec(Ap) = {PAp} and PAp € Min (V(J)).
Besides, Xp is empty so that )Bf}f Ap = Bp. It follows from 4.2 and
4.10, (2) that BJFP Ap = Btp Ap. Now (1) is a consequence of [16, 3.11]
because there is a unique prime ideal in Bp lying over PAp. Next we
show (2). The map Y’ — X' is surjective since A — B is injective and
integral. Assume that Y’ — X’ is injective and that (X]’;)A + ();;t)A.
Then there is a prime ideal P in A and two prime ideals in ();’t) A lying
over P. Assume not; then A — ();’t)A is spectrally injective whence
subintegral so that ();t)A C (Xj;')A, a contradiction. Now observe
that ();’t) A is an A-subalgebra of )Bf A. There are again two prime ide-
als of gA lying over P. It follows that P does not lie in X (if not,

Ap — ()Bf A) is an isomorphism). This leads to a contradiction and
P

we have (X]’;')A = (‘);;t)A. u]

Corollary 4.17. Let f : A — B be a finite injective birational
morphism between one-dimensional integral domains and X C Spec (A)
an admissible subset. Then (X;')A = (‘%t)A if and only if Y — X' is
bijective.

Proof. We need only to show an implication by 4.16, (2). Assume that
(Xé+)A = ()fét)A. In view of the hypotheses on A — B, the conductor
¢ is nonzero. Therefore, the prime ideals in A and B, containing
¢, belong to Min (V(€)). According to 4.16, (1), there is a bijection
VA(@)NX'" — Vp(€)NY” so that the restriction Vp(€)NY' — V4 (€)NX'
of @ f is injective. Moreover, Dp(€) — D 4(€) is bijective since € is the



290 G. PICAVET AND M. PICAVET-L’HERMITTE

conductor. It follows that Y’ — X’ is bijective. o

Proposition 4.18. Let A — B be an injective t-closed, respectively
seminormal, morphism and X C Spec (A) an admissible subset. Then
)‘)B(A — B is X-t-closed and t-closed, respectively X -seminormal and
seminormal.

Proof. We give a proof for t-closedness. First, ])3( A — B is X-closed
so that this morphism is X-t-closed. Let x € B such that 22 — rz = a,
2> —rz? =b € gA for some r € f;A. There exist ideals I, J, K
of A such that X C D(I), D(J), D(K) and Ia, Jb, Kr C A. Set
L = IJK so that La,Lb, Lr C A and X C D(L). For any z € L
we get (zx)? — (2r)(22), (22)% — (2r)(27)? € A so that zz € A since
A — B is t-closed. It follows that z lies in )Bf A because Lz C A. Thus
;)B(A — B is t-closed. O

Proposition 4.19. Let A — B be an injective ring morphism
with conductor I such that X C D(I). Then A — B is X-t-
closed, respectively X-seminormal, if and only if A — B is t-closed,
respectively seminormal.

Proof. Indeed, when X C D(I), we get for any b € B that Ib C A.
In this case, ;)B(A = B so that éA = ();t)A. O

Proposition 4.20. Let A — B be an injective morphism and
X C Spec(A) an admissible subset such that A — B is X-t-closed,
respectively X -seminormal.

(1) As — Bg is Xg-t-closed, respectively Xg-seminormal, for any
multiplicative subset S of A.

(2) A[z] — Blz] is Ex-t-closed, respectively ¥.x -seminormal, for an
indeterminate z over A.

Proof. Use 4.10. O

The following results show that X-t-closedness or X-seminormality
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can be often reduced to local ¢t-closedness or seminormality.

Theorem 4.21. Let A — B be an injective morphism and X C
Spec (A) an admissible subset.

(1) If Ap — Bp is t-closed, respectively seminormal, for every P €
Spec (A) \ X, then A — B is X -t-closed, respectively X -seminormal.

(2) The converse is true if A and B are one-dimensional weak Baer
rings and Bool(A) = Bool(B).

Proof. We denote by Z’ the localization of an object Z with respect
to a prime ideal P of A. Assume that A’ — B’ is t-closed for any P in
Spec (A)\ X. It follows that A" — )Bf, A’ is t-closed. Now if P belongs to

X, we have A’ = (;(A)’ by 2.1. In any case Ap — ()BfA)P is t-closed.

Thus A — g A is t-closed because t-closedness localizes and globalizes
[16]. Therefore, A — B is X-t-closed by 4.6. Now we show (2). Assume
that the hypotheses of (2) hold. If P is an element of Spec (A) \ X, we
know that A’ is an integral domain (see Section 0). Then A’ — B'is X'-
t-closed, P’ ¢ X' and Spec(A’) = {0, P'}. If A’ — B’ is not t-closed,
there is an elementary infra-integral morphism A’ — A’[z] = C C B’
with x ¢ A’. Let r € A’ such that 2 —rz =a, 2% —rz? =b € A’ and
denote by I the conductor of A’ — C. Observe that C' = A’ + A’x and
ax = bso that a lies in I. First assume that a # 0. In this case, we have
Min (Va:(I)) = Va4 (I) = {P'}. Moreover, A’ — C is X'-t-closed and z
does not belong to A’. We deduce from 1.16 that X’ ¢ D4/ (I) = {0}
since A’ — C' is finite and A’ — C is not X’-infra-integral. But in this
case P’ belongs to X’ which is absurd. Therefore, A’ — B’ is t—céosed.

Now assume that @ = 0. We have x(z —r) = 0. Setting 2 =  and

r =% where € B,uc Aand t € A\ P, it follows that there is some
v € A\ P such that (v3)? — (vu)(vB) = 0. If e is an idempotent in A
and B such that 0 : v3 = Be, we get vfe = 0 and v3 — vu = ye for
some y € B which combine to yield 0 = vBe = vue + ye. Thus we have
ye = —vue € A so that v3 € A. Hence we are led to the contradiction

T = Z—f € A’. Therefore, in any case, A’ — B’ is t-closed. O

Corollary 4.22. Let A — B be a finite injective birational morphism
between one-dimensional integral domains with conductor I # A and
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X C Spec (A) an admissible subset. Then A — B is X -t-closed if and
only if the only maximal ideal in Ap and Bp is Ip, respectively PAp,
for every P € Spec (A) \ X.

Proof. According to [16, 4.7], Ap — Bp is t-closed if and only if
PAp is the only maximal ideal in Ap and Bp. To conclude use 4.21.
O

Corollary 4.23. Let f: A — B and g : B — C be finite injective
birational morphisms between one-dimensional integral domains and
X C Spec (A) an admissible subset. LettingY = 2f~1(X), then A — C
18 X -t-closed if and only if A — B is X-t-closed and B — C is Y -t-
closed.

Proof. Thanks to 4.15, we need only to show that C — B is Y-t-
closed when A — C is X-t-closed. Let Q € Spec(B) \'Y be a prime
ideal lying over P € Spec(A) \ X. Then Ap — Cp is t-closed and
so is Ap — Bp; then PAp is the only maximal ideal of Bp by 4.22.
Moreover, Bp — Cp is t-closed [16, 4.8]. Therefore, Bg — Cg is
t-closed. The conclusion follows from 4.21, (1). O

We give now two results characterizing X-t-closed or X-seminormal
morphisms A — B. The first one can be obtained by using that A — B
is X-t-closed, respectively X-seminormal, if and only if A — g Ais t-
closed, respectively seminormal, and [16, 25]. Remember also that
Ass 4(M) C Supp4 (M) C S(Ass 4(M)) for an A-module M (S denotes
the specialization operator).

Proposition 4.24. Let A — B be an injective morphism and
X C Spec(A) an admissible subset. The following statements are
equivalent:

(1) A — B is X-t-closed.

(2) Ap — Bp is Xp-t-closed for all P € Spec (A).

(3) Ap — Bp is Xp-t-closed for all P € Max (A).

(4) Ap — Bp is Xp-t-closed for all P € Supp 4(B/A).
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(5) Ap — Bp is Xp-t-closed for all P € Ass o(B/A).

Similar statements hold for seminormality.

Theorem 4.25. Let f : A — B be an injective morphism and
X C Spec(A) an admissible subset. The following statements are
equivalent:

(1) A — B is X-t-closed.

(2) AJJ — B/J is (X/J)-t-closed for some common ideal J of A and
B.

(3) For every finite morphism g : A — C C B and conductor J such
that X C D(J), there is an injection 6 : Min (V4 (J)) — Min (Vo (J))
such that “go 0 =1d and J is a radical ideal of C.

Proof. The equivalence of (1) and (2) is obvious (see 4.10). Assume
that A — B is X-t-closed and let A — C be an A-algebra satisfying the
hypotheses of (3). Then A — C is t-closed by 4.15 and 1.16. Indeed,
we have A = gA N éA and C' = éfA. Hence A — C' is seminormal so
that J is a radical ideal in C' [25]. Then the existence of 8 is given by
[16, 3.11] because A = S A = ; A. Thus we have proved (1) = (3). To
show the converse, we can reduce to the case where A — B is integral.
Assume that the hypotheses of (3) hold. It is enough to show that
A— )BfA is t-closed. Then the t-closedness criterion (2) of [16, 3.15]
applies. Indeed, for any b € f;A \ A, we have C' = A[b] C ))B(A. Hence
A — C'is a finite X-isomorphism with conductor J so that X C D(J)
by 1.16. @

The next result is given only for S-t-closedness, S a multiplicative
subset, because things are complicated for an ordinary admissible
subset.

Proposition 4.26. Let A — B be an injective ring morphism and
S a multiplicative subset of A.

(1) A — B is S-t-closed if A[[z]] — BJ[z]] is S-t-closed.
(2) A[[z]] — Bl[z]] is S-t-closed if A — B is integral and S-t-closed.
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[[=]]
Indeed, let 3 b;2° € C; there is some s € S such that sb; € A whence
b; € ]“;A. Assume that A — B is S-t-closed and integral, then A — SA

is t-closed and integral. According to [17, 2.23], A[[z]] — (EA) [[2]]

is t-closed. The above observation shows that A[[z]] — B[?Z]]A[[z]] is

t-closed whence A[[z]] — B][z]] is S-t-closed. o

Proof. (1) is obvious. Observe that C' = BS Allz]] € (EA) [[]]-

5. seminormal or t-closed rings along admissible subsets. We
recall the following definitions (when A is a ring, Tot (A4) is its total
quotient ring and A’ its integral closure).

Definition 5.1. Let A be a ring, then A is said to be:

(1) [25] seminormal if for each pair (z,y) € A? such that 23 = y?

there is some ¢ € A such that z = 2, y = ¢3.

(2) [17] t-closed if A is a weak Baer ring and for each triple (z,y,r) €
A3 such that 23 +rzy—y? = 0 there is some t € A such that © = 2 —rt,
y =13 —rt.

For instance, an absolutely flat ring is ¢-closed and seminormal.

We restrict our theory to the class of decent rings (rings A such
that Tot (A) is absolutely flat whence seminormal and t-closed). See
our paper [21] where decent schemes are defined. Indeed, reduced
rings with a finite minimal spectrum are decent as well as weak Baer
rings. This point of view allows us to give a unified treatment for
integral domains and reduced Noetherian rings. Moreover, we have the
following result.

Proposition 5.2 [21]. Let A be a decent ring with integral closure
A" and A — B a flat epimorphism, then we have B’ = A’ ®4 B,
Tot (B) = Tot (A) @ 4 B and B is a decent ring.

A decent ring A is seminormal, respectively t-closed, if and only if
A — Tot (A) (or A — A’) is a seminormal morphism, respectively a t-
closed morphism [21, 5.11]. Thus we are led to the following definition.
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Definition 5.3. Let A be a decent ring and X C Spec(A) an
admissible subset. If A — Tot (A) is X-seminormal, respectively X-
t-closed, then A is said to be X-seminormal, respectively X-t-closed.
Thus an X-t-closed or X-seminormal ring is reduced.

A decent ring A is X-seminormal, respectively X-t-closed, if and only
if A— A’ is X-seminormal, respectively X-t-closed.

We are able to give useful results for X-t-closedness only when the
ring is assumed to be a weak Baer ring. In fact, this has already been
observed for t-closedness in our previous papers. Moreover, decentness
does not insure that an X-t-closure is a weak Baer ring, unlike the
t-closed case. Here are key results.

Definition 5.4. A ring morphism f : A — B is said to be
minimalizing if @ f(Min (B)) C Min (A).

Lemma 5.5. Let f : A — B be an injective morphism between decent
rings. Then there is a commutative diagram

A — B

_—

Tot (A) ——— Tot (B)
if and only if A — B is minimalizing.
(1) When A — B is minimalizing, Tot (A) — Tot (B) is injective.

(2) A faithfully flat morphism is minimalizing. In this case, the above
commutative diagram is cartesian.

Proof. Assume that the commutative diagram exists and let ) be a
minimal prime ideal of B. There is a prime ideal S in Tot (B) lying over
P and over a minimal prime ideal R in Tot (A) (this ring is absolutely
flat). Now *f(Q) is a minimal prime ideal because A — Tot (A4) is
flat. Conversely, assume that A — B is minimalizing and let r be
a regular element in A. Then f(r) cannot be a zero divisor for, if
not, f(r) lies in some minimal prime ideal and so does r. Therefore,
the commutative diagram exists. In this case, Tot (A) — Tot (B) is
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injective because A — Tot (A) is a flat epimorphism [10, IV, 3.4]. The
going-down property holds for a faithfully flat morphism A — B. Thus
such a morphism is minimalizing. Read in [21, Proof of 4.30] that the
diagram is cartesian. O

Proposition 5.6. Let f : A — B be a minimalizing injective ring
morphism between decent rings.

Let X C Spec (A) be an admissible subset and let Y = @ f~1(X).

(1) If B is Y-seminormal and A — B is X-seminormal, then A is
X-seminormal.

(2) If A is X-seminormal, then A — B is X -seminormal.

Proof. Consider the diagram of 5.5. Since A — Tot(A) is a
flat epimorphism and A — Tot (B) is injective, then Tot(4) —
Tot (B) is an injective ring morphism between absolutely flat rings
whence t-closed and seminormal, [17, 2.1]. Therefore, this morphism
is seminormal [25, 3.4] whence Z-seminormal for any admissible subset
Z of Spec (Tot (A)) by 4.2. Then the results are easy consequences of
4.15. ]

Lemma 5.7. Let A be a ring.

(1) If A — B is an injective ring morphism such that B is a weak
Baer ring and Bool (A) = Bool (B), then A is a weak Baer ring and f
18 minimalizing.

(2) If A is a weak Baer ring, S a multiplicative subset of A and f the
canonical morphism A — Ag, then f(Bool (A)) = Bool (Ag).

It follows that a decent ring A is a weak Baer ring if and only if
Bool (4) = Bool (Tot (A4)).

Proof. Under the hypotheses of (1), it is easy to prove that A is a
weak Baer ring. We show that there is a commutative diagram as in
55. If r € A is a regular element, then r is regular in B since we
have 0 :p 7 = Be where e is an idempotent lying in A so that e = 0.
Therefore, the commutative diagram exists. To get (2), we need only
to show that for any idempotent ¢ of Ag there is e € Bool (A4) such
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that f(e) = ¢. There is some o € S such that (0a)? = (so)(ca) so that
oa € 0: (0a — os) = Ae where e is an idempotent. Then eca = eos

and oae = oa combine to yield £ = §. i

Proposition 5.8. Let f : A — B be an injective ring morphism
where B is a weak Baer ring and Bool (A) = Bool (B). Let X C
Spec (A) be an admissible subset and let Y = *f~1(X). Then A is a
weak Baer ring. Moreover, we have

(1) If B is Y -t-closed and A — B is X -t-closed, then A is X -t-closed.
(2) If A is X-t-closed, then A — B is X -t-closed.

Proof. Observe that A is a weak Baer ring, f is minimalizing by 5.7,
(1) and Bool (Tot (A)) = Bool (Tot (B)) by 5.7, (2). It follows that
Tot (A) — Tot (B) is t-closed since Tot (A) is t-closed [17, 1.6]. Now
we can argue as in 5.6. a

We are going to give characterizations of X-seminormal and X-t-
closed rings with respect to the flat epimorphism associated to X. We
need the definitions of new classes of morphisms.

Definition 5.9. Let ¢ : A — FE be a ring morphism. We say that

(1) ¢ is almost seminormal if for any pair (x,y) € A? such that
23 = y? and ¢(z) = u?, o(y) = u? for some u € E, there is some ¢ in
A such that = = t2, y = t3.

(2) ¢ is almost t-closed if for any triple (x,y,7) € A® such that
23 +rzy —y? =0 and p(x) = u? — (r)u, o(y) = u — @(r)u? for some
u € E, there is some t € A such that z =t — rt, y = 3 — rt%.
Clearly, 1 o ¢ is almost seminormal, respectively almost t-closed, when

@ and 9 are almost seminormal, respectively almost ¢-closed. Moreover,
if 1 o ¢ is almost seminormal, respectively almost ¢-closed, so is .

Descent principle 5.10. Let A — E be an injective ring morphism
andu € A, t € F.

(1) If u?> = t* and u® =3, then t = u so that t lies in A.
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(2) If E is a weak Baer ring, Bool (A) = Bool (E) and there is some
r € A such that u?> —ru =t> —rt and u® — ru® = t3 — rt2, then t lies
in A.

Proof. Under the hypotheses of (1), we get u = ¢ by [25, 3.1]. Assume
that the hypotheses of (2) hold. There are idempotents e, ¢’ =1—e, f
in A such that 0 : 2 = Be where z = t?—rt and t = (r—ue’)(1—f)+ fue’
so that t € A [17, 1.2]. O

Proposition 5.11. Let ¢ : A — E be an injective ring morphism.
(1) @ is almost seminormal if and only if ¢ is seminormal.

(2) If E is a weak Baer ring and Bool (4) = Bool (E), then ¢ is
almost t-closed if and only if ¢ is t-closed.

Proof. Obviously, t-closedness implies almost ¢-closedness and simi-
larly for seminormality. Conversely, assume that ¢ is almost seminor-
mal. If z, y € A are such that z = u?, y = u> where u € E so that
23 = 2, there is some ¢t € A such that z = u? = t? and y = u® = t3. By
the descent principle, ¢ is seminormal. Now assume that ¢ is almost
t-closed. Let x,y € A be such that 2 = u? — ru and y = u® — ru?
where u € B so that 23 4+ rzy — y? = 0. There is some t € E such that
z=u?—ru=1t2—rtand y = u? —ru® =3 — rt2. Again, ¢ is t-closed
by the descent principle. a

Definition 5.12. Let A be a ring, X C Spec(A4) an admissible
subset and G C A generating an ideal I of A such that X C D(I).

(1) A pair (z,y) € A? is said to be X-seminormal for G if for all
a € G there is some z, € A such that a?xr = 22 and a®y = 23.

(2) A triple (z,y,7) € A3 is said to be X-t-closed for G if for alla € G
there is some z, € A such that a?z = 22 — arz, and a®y = 23 — arz?.

Proposition 5.13. Let A be a decent ring and X C Spec(A) an
admissible subset.

(1) A is X-seminormal if and only if for any pair (x,y) € A? such
that 23 = y? there is some t € A such that x = t?, y = t> whenever the
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pair (x,y) is X -seminormal for some subset, respectively finite subset,
G of A.

(2) If A is a weak Baer ring, then A is X-t-closed if and only if for
any triple (x,y,7) € A3 such that z3 +rxy—y? = 0 there is some t € A
such that x = t> —rt, y = t> — rt®> whenever (z,y,r) is X -t-closed for
some subset, respectively finite subset, G of A.

Proof. We give a proof for t-closedness. Recall that Tot (A) is t-
closed. To begin with, assume that the ring A is X-t-closed and let
(z,y,7) € A be an X-t-closed triple for some subset G of A generating
the ideal I and such that 2® + rzy — y? = 0. There is some ¢ € Tot (A)
such that x = t2 — rt, y = 3> — rt? because Tot (A) is t-closed. Then
we have X C D(I) and for all @ € G there is some z, € A such that
a*r = 22 — arz, and a®y = 23 — arz2. We get also for a € G the
relations a?zr = (at)? — ar(at), a®z = (at)® — ar(at)?. Then by the
descent principle at belongs to A. Indeed, Bool (A) = Bool (Tot (A))
by 5.7. Then It C A and = = 2 —rt, y = t3 —rt> € A combine to yield
that t € A because A — Tot (A) is X-t-closed. Hence A satisfies the
property. Conversely, assume that this property holds. Let ¢ € Tot (A)
be such that t2 — rt = z, t3 — rt? = y lie in A for some 7 in A and let
I be an ideal such that X C D(I) and It C A. If G is a generating set
of I which can be assumed to be finite by quasi-compactness of X, we
get 3 +rxy —y? = 0 and o’z = (at)? — ra(at), a®y = (at)® — ar(at)?
for a € I. Therefore, (x,y,r) is an X-t-closed triple for G so that
t2 —rt = u? — ru and 3 — rt? = u® — ru? for some u € A. The descent
principle shows again that ¢t € A. Thus A — Tot (A) is X-t-closed.
]

Theorem 5.14. Let A be a decent ring and X C Spec(A) an
admissible subset.

(1) A is X-seminormal if and only if for any pair (z,y) € A? such
that 3 = y? there is some t € A such that x = t?, y = t> whenever

there exist a1,... ,ap,21,-.. ,2n € A such that X C D(aq,... ,a,) and
atr =22, aly =23 fori=1,... n.

(2) If A is a weak Baer ring, then A is X-t-closed if and only
if for any triple (x,y,7) € A3 such that z° + ray — y?> = 0 there
is some t € A such that v = t> —rt,y = > —rt> whenever there
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exist ai,... ,apn, 21,...,2n, € A such that X C D(aq,...,a,) and
air =22 —airz;, aly =z — a2t fori=1,... ,n.
Proof. Translate 5.12 and 5.13. o

When X = X(Ag), S a multiplicative subset, a ring A is said to be S-
seminormal, respectively S-t-closed, if A is X-seminormal, respectively
X-t-closed. The characterization of S-seminormality or S-t-closedness
is much simpler. We recover Yanagihara’s definition of S-seminormality
[26].

Corollary 5.15. Let A be a decent ring and S a multiplicative subset.

(1) A is S-seminormal if and only if for any pair (z,y) € A? such
that 3 = y? there is some t € A such that x = 1%, y = t3 whenever
there are s € S and z € A such that 2* = 5%z, 23 = s3y.

(2) If A is a weak Baer ring, then A is S-t-closed if and only if for
any triple (z,y,r) € A3 such that x3+rzy—1y? = 0 there is some t € A
such that x =t —rt, y = t3 — rt? whenever there are s € S and z € A

such that 2% — rsz = sz, 25 —rsz? = s3y.

Proof. Instead of using 5.14, observe that an element b € Tot (A) =T
belongs to :‘FgA if and only if there is some s € S such that sb € A; then

A is S-seminormal if and only if A — ;A is seminormal. O

Lemma 5.16. Let f : C — B be an injective ring morphism where
B is an absolutely flat ring and I a common ideal of C and B.

(1) p: C — C/I is almost seminormal.
(2) p: C — C/I is almost t-closed if in addition Bool (C') = Bool (B).

Proof. (1) is an easy consequence of the descent principle applied
to C/I — B/I since B is seminormal and C is a pullback. Here
is a proof for t-closedness. Obviously, C is the pullback defined by
q:B— B/l and g : C/T — B/I. Let (z,y,r) € C3 be a triple such
that 23 + ray — y? = 0 and p(x) = u? — p(r)u, p(y) = v — p(r)u?
for some u € C/I. Observe that there is an idempotent e = z2’ € C
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2
"=z and 27z = 7).

where 2’ is the quasi-inverse of x in B (2%x

Now there exists v = yz’ € B such that z = v? — rv, y = v® — rv?

since B is absolutely flat [17, 2. 1] Besides, we have ¢(z) = g(u)? —

a(r)g(w), a(y) = g(u)® — q(r)g(u)* whence q(y) = g(u)(). It follows
we

) =
)-
that q(y)q(z') = g(u)g(e) = g(up(e)) while ¢(y)q(z') = g(v). From
g(up(e)) = q(v), we deduce that v belongs to C. Hence we have proved

that p is almost t-closed. a

Theorem 5.17. Let A be a decent ring, respectively a weak Baer
ring, and X C Spec(A) an admissible subset associated to the flat
epimorphism A — E. The following statements are equivalent:

(1) A is X-seminormal, respectively X -t-closed.

(2) mx : A — [l Ap is almost seminormal, respectively almost
PeEX
t-closed.

(3) A — E is almost seminormal, respectively almost t-closed.

Proof. We give a proof for t-closedness. Assume that A is a weak
Baer ring. Set B = Tot (A) and C' = 1)3(‘4' In view of 2.23, there is a
factorization A — C — B where B is an absolutely flat ring and there
is a common ideal I of C and B such that A - E=A —- C — C/I.
Moreover, we know that A — B is X-t-closed if and only if A — C
is t-closed (see 4.6). It follows that A — E is almost t-closed if and
only if A — B is X-t-closed. Indeed, C' — C/I is almost t-closed
by 5.16, A — C' is injective and Bool (4) = Bool (C) = Bool (B) by
5.7. Therefore, (1) is equivalent to (3). Assume that the condition
(2) holds. Let (x,y,7) € A® be such that 23 + razy — y? = 0 and let
G C A generate an ideal I such that X C D(I) and for all a € G
there is some z, € A such that a?z = 22 — arz, and a®y = 23 — arz2.
Now, if P is a prime ideal in X, there is some a € G \ P. Therefore,
there is an element u € [[pey Ap such that mx(z) = u? — mx(r)u,
wx(y) = u® — wx(r)u®. Since 7y is almost t-closed, we get some
t € A such that x = t2 —rt, y = t3 — rt?2. Thus (2) implies (1).
Conversely, assume that A is X-t-closed. Define ¢p to be the canonical
morphism A — Ap for P € X and let (z,y,7) € A® be such that

22 4+ rzy — y? = 0. Assume that there is some up € Ap such that
op(x) = ub — dp(r)up, dpp(y) = upb — ¢p(r)ub for every P € X.
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We can write s:x = 2% — rspzp and shy = z3 — rspz% for some

sp € A\ P and zp € A. Define I to be the ideal generated by the
set G of all elements sp for P € X so thatX C D(I). Since A is X-t-
closed, there is some ¢t € A such that x =t —rt, y = t3 — rt? by 5.13.
Therefore, mx is almost t-closed. o

Remark 5.18. A more direct proof can be obtained for seminormality
since for any ring B the canonical morphism B — HMeMax(B) By is
seminormal [25]. This is no longer true for ¢-closedness.

The following result will be useful.

Proposition 5.19. Let A — B — C be injective morphisms and
X C Spec(A) an admissible subset.

(1) If A — C is X -subintegral and B is X -seminormal, then B = C.

(2) Assume in addition that C is a weak Baer ring and that
Bool (C) = Bool(A). If A — C is X-infra-integral and B is X -t-
closed, then B = C.

Proof. Assume that the hypotheses of (2) hold and set Y = ¢ f~1(X)
where f is A — B. Observe that B — C' is Y-infra-integral by 3.2, (4).
Now B — C is Y-t-closed by 5.8, (2). Thus we get B = C (see 4.9).
O

Let S be a multiplicative subset of a ring A. We recall that the large
quotient ring Afg with respect to S is defined to be the subset of all
elements © € Tot (A) = T such that sx € A for some s € S. Now
let X C Spec(A) be an admissible subset. The preceding definition
suggests setting Ax)] = j)fA so that an element x € T lies in A[x) if
and only if there is some ideal I such that [z C A and X C D(I). Let
A’ be the integral closure of A in T. We set AX = jf,A so that we can
identify X with its inverse image in Spec (A%).

Lemma 5.20. Let A be a decent ring and X C Spec(A) an
admissible subset. Then AX = (AX)X. Moreover, we have:
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(1) AX is X-seminormal.
(2) If A is a weak Baer ring, then AX is X-t-closed.

Proof. Clearly, we have AX = (AX)¥ since A is the X-closure of A
in A’. Assume that A is a weak Baer ring. Then AX — A’ is X-closed
whence X-t-closed. Now A’ is t-closed whence Y-i-closed where Y is
the inverse image of X in Spec (A’). Therefore, we can use 5.8, (1) to
conclude. o

Proposition 5.21. Let f : A — B be a minimalizing injective
ring morphism. Let X be an admissible subset of Spec(A) and Y =
“fHX).

(a) A — B induces an injective ring morphism AX — BY .

(b) Assume in addition that Tot (A) — Tot (B) is an isomorphism;
if A — B is seminormal, respectively t-closed, so is AX — BY .

Proof. Obviously, A — B induces a ring morphism A’ — B’. Hence
A — B induces a ring morphism AX = if,A — ;B = BY by
2.16. Now assume that A — B is t-closed, Tot (4) ~ Tot (B) and
let b € BY such that b2 —7b = a, b —rb?> = B € AX and r € AX.
There is an ideal L of B such that Lb C B and Y C D(L). Setting
K = f71(L) so that X C D(K) by 2.29, (1), there are ideals F, G, H
of Asuch that X C D(F'), D(G), D(H) and Fa, GB, Hr C A. Letting
I=FNGNHNK,weget X C D(I)and Ib C B, Ia, 13, Ir C A while
(ab)? — (ar)(ab), (ab)® — (ar)(ab)? € A for any a € I. It follows that
Ib C A. Now b is integral over AX C A’ whence b € A’. Therefore, b
lies in AX. Hence A% — BY is t-closed. O

We recall that for a decent ring A with total quotient ring 7', the
seminormalization of A is given by T A = ;A = X, A while its t-closure
is given by A= A= | A

Proposition 5.22. Let A be a decent ring, respectively a weak Baer
ring, and X an admissible subset of Spec (A). The following statements
are equivalent:



304 G. PICAVET AND M. PICAVET-L’HERMITTE

1) A is X-seminormal, respectively X -t-closed.

3
4) A — T A, respectively A — *A is X-closed.

(1)

(2) A — Arx) is seminormal, respectively t-closed.
(3) A — AX is seminormal, respectively t-closed.
(4)

Proof. (1) < (2) < (3) are straightforward since Apx] = ;SA and
AX = jf,A (see Definitions 5.3 and 4.6). Then (1) < (4) follows from
4.7. o

Corollary 5.23. Let A be a weak Baer ring and X C Spec(4) an
admissible subset. The following implications hold

A is t-closed — {A is X-t-closed = A is X-seminormal.

A is seminormal

Proposition 5.24. Let A be a decent ring, respectively a weak Baer
ring, and X an admissible subset of Spec (A). Then A is seminormal,
respectively t-closed, if and only if A — AX is seminormal, respectively
t-closed, and AX is seminormal, respectively t-closed.

Proof. Assume that A is t-closed so that A — Tot (A) is t-closed
and so is A — AX. Now, let b € A’ and r € AX such that
b2 —rb = o, b> —rb? = B € AX. There is some ideal I of A such
that X C D(I) and Ia, I3, Ir C A. Then we have (zb)? — (ar)(xb),
(xb)3 — (2r)(zb)? € A for any x € I. We get Ib C A by t-closedness of
A so that b lies in AX. Therefore, A¥X is t-closed. The converse is [17,
1.6]. o

Proposition 5.25. Let A — B be a subintegral, respectively infra-
integral, morphism such that Tot (A) = Tot (B) and X C Spec (4) an
admissible subset. Then A = ;(A if A is X-seminormal, respectively a
weak Baer X -t-closed ring.

Proof. Assume that A is a weak Baer X-t-closed ring and A — B is
infra-integral. Then A — ;(A is X-infra-integral. Moreover, A — B is
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integral so that B C A’ and the X-t-closedness of A — A’ implies the
X-t-closedness of A — g A. The conclusion follows from 4.9. mi

Definition 5.26. Let A be a decent ring, respectively a weak Baer
ring, with total quotient ring T, and let X C Spec (A) be an admissible
subset. We define the X-seminormalization and X-t-closure of A to be
respectively

+,_ X+, X+ t,_ (X)), (X1
XA— T A= W A and XA— e A= W A.
A is X-seminormal, respectively X-t-closed, if and only if A = ;A,

respectively A = ;(A.
When X = X(Ag), we set }A = ;CA and ;(A = gA.

Proposition 5.27. Let A be a decent ring, respectively a weak Baer
ring, with total quotient ring T and X C Spec (A) an admissible subset.

(1) ;EA, respectively ;(A is the smallest A-subalgebra C of T (or
A") with structural morphism g : A — C such that C is “g=1(X)-
seminormal, respectively “g~*(X)-t-closed.

(2) ;A, respectively )t(A is the largest A-subalgebra C of T (or A’)
such that A — C' is X -infra-integral, respectively X -subintegral.

In particular, A is X-seminormal, respectively X -t-closed, if and only
if A= ;A, respectively A = ;(A.

Proof. Use 4.3 and 4.8. i

Remark 5.28. When X = X(Ag), S a multiplicative subset, the
statement (1) in 5.27 can be given in a much simpler form (indeed, we
have g~1X = X(Cyg)).

(1) EA, respectively gA, is the smallest A-subalgebra C of T, or A’,
such that C' is S-seminormal, respectively S-t-closed.

Corollary 5.29. Let A be a decent ring, respectively a weak Baer
ring, X C Spec(A) an admissible subset and YT, respectively Y,
the inverse image of X in Spec (T A), respectively in Spec (*A). The
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following statements hold:

+ + + X

A=+tANAN = ANAy = A= T A=" A

X " A= x4 T Y T
Actan e

to Xt ot _t _X

xA='ANAY =tandy = LA 4= A

t teAX t A\Y?
XAC(A)C(A) :

Proof. We provide a proof for seminormality. The first statement
follows from 4.1, 4.2 and 4.4. Clearly, we have ;A C AX c T (4¥%).
Now T A is seminormal and so is (*A)Y" by 5.24. Then observe that
AX C (tA)Y" by 5.21. The relation +(AX) C (+A)Y" is a consequence
of [16, 3.5]. o

Lemma 5.30. Let f: A — B be a minimalizing injective morphism
between decent rings, X C Spec(A) an admissible subset and Y =
af=1(X). There is a commutative diagram with injective morphisms

A —— B

]

+ +
A— _B.
X Y
A similar statement holds for X -t-closure when A and B are weak Baer

Tings.

Proof. Assume that the hypotheses hold. In view of 5.21 and 5.5,
A — B induces a ring morphism C = AX — BY = D. Now A — B
induces a ring morphism éA — ;B (see [16, 2.2]). Then it is enough
to observe that éA = )t(A by 5.29. O

Theorem 5.31. Let A be a decent ring, respectively a weak Baer
ring, and X C Spec (A) an admissible subset. Then ;A is a decent
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TA

ring, respectively ;(A is a weak Baer ring, and sx : A — (A,

tx: A— ;(A are injective minimalizing morphisms.

Moreover, any injective minimalizing ring morphism f : A — B
where B is a decent °f~(X)-seminormal ring, respectively a *f~1X-
t-closed weak Baer ring, can be factored A — )";A — B, respectively
A— )t(A — B.

Proof. First observe that A — ;A is minimalizing. Indeed, if P
is a minimal prime ideal of ;A, there is a minimal prime ideal @ of
Tot (A) lying over P. Then @ N A is a minimal prime ideal by flatness
of A — Tot (A). Now use 5.30 and B = afj{(X)B. O

Remark 5.32. In the seminormal case, the factorization A — ;A —
B is unique. Indeed, A — ;A is X-subintegral whence subintegral. A
subintegral morphism is clearly a radicial morphism. It is well known
that a radicial morphism is an epimorphism of the category of reduced
ring. In the t-closed case, the factorization A — ;(A — B is unique
if f: A— B is a tight morphism of A-modules, that is to say for any
nonzero element b € B there is some ¢ € A such that f(a)b € f(A)
and f(a)b # O (this property holds for A — ;A C Tot(A)). In
fact, assume that there are two different morphisms h,g : ;(A — B
such that f = gotx = hotx. There is some z € )t(A such that
b= h(z) —g(x) # 0. If f is tight, there is some a € A such that
f(a)b = f(a) and f(a) # 0. Now, there is a regular element r such
that rz € A. Tt follows that f(ra) = 0 so that ra = 0, a contradiction.

Proposition 5.33. Let A be a decent ring, respectively a weak Baer
ring, X C Spec (A) an admissible subset, f : A — E a flat epimorphism
and set Y = f~Y(X). Then E is a decent ring, respectively a weak
Baer ring, and we have

+ + t t
YE_ (XA)@E, resp. YE_ (XA>@E.

In particular, when E = Ag, S a multiplicative subset, we have

+ + t t
wte () e (),
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It follows that if A is X -seminormal, respectively X -t-closed, so is E.

Proof. Read in [21] that if A is decent, respectively a weak Baer ring,
so is E. Now we have Tot (E) = Tot (A) ®4 E by 5.2. Hence, we are
in a position to apply 4.10, (1). mi

Corollary 5.34. Let A be a decent ring, respectively a weak Baer
ring, and X C Spec (A) an admissible subset. The following statements
are equivalent:

(1) A is X-seminormal, respectively X -t-closed.

(2) Ap is Xp-seminormal, respectively Xp-t-closed, for all P €
Spec (4).

(3) Ap is Xp-seminormal, respectively Xp-t-closed, for all P €
Max (A).

(4) Ap is Xp-seminormal, respectively Xp-t-closed, for all P €
Supp 4 (A'/A).

(5) Ap is Xp-seminormal, respectively Xp-t-closed, for all P €
Ass 5(A'/A).
If in addition A is Noetherian, (1) is equivalent to the following state-

ment:

(6) Ap is Xp-seminormal, respectively Xp-t-closed, for all P €
Spec (A) such that Profa(Ap) = 1.

Proof. Use 5.33 and Tot (Ap) = Tot (A)p (see 5.2). For the last
assertion, read the proof of [17, 2.8]. O

We recall that if A is decent, respectively a weak Baer ring, so is
the polynomial ring A[z] (see [21]). We denote by j the canonical
morphism A — A[z].

Proposition 5.35. Let A be a decent ring, respectively a weak Baer
ring, X C Spec (A) an admissible subset and Y = *j~1(X). Then we
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<;;A> [2] = ;A[z} = Z;A[Z]’ resp. (;A) 2] = ;/A[z] _ EtXA[Z]'

Moreover, when X = X(Ag) we have (§A)[2] = & Alz], respectively
(;A) [2] = ;.A[z} Therefore, the following statements are equivalent:

(1) A is X-seminormal, respectively X -t-closed.
(2) A
(3) A

[2] is Y -seminormal, respectively Y -t-closed.
3 z

[z] is ¥ x-seminormal, respectively ¥ x -t-closed.

Proof. Apply 4.10, (4) with B = A’ since A’[z] is the integral closure
of Alz] [21, 4.35]. O

6. Examples and properties of seminormal or t-closed rings
along admissible subsets.

Proposition 6.1. Let A be a decent ring, respectively a weak
Baer ring, and X an admissible subset of Spec(A). Then A is X-
seminormal, respectively X-t-closed, if and only if an element x €
Tot (A) belongs to A whenever there is some ideal I of A such that
X Cc D(I), Ix C A and z™ € A, respectively there is some r € A such
that x" Tt —ra™ € A, for large n.

Proof. We know that A is X-t-closed if and only if A — Ay is -
closed (see 5.22), while x lies in A[x if there is some ideal I of A such
that Iz C Aand X C D(I). Now apply [17, 2.15] to A — Ajx}. In the
seminormal case, use the similar result [7, 1.1]. o

Let {Ax}aea be a family of rings and A the product ring. Then
A is a weak Baer, respectively decent, ring if every A, is a weak
Baer, respectively decent, ring. Furthermore, we have Tot (A) =
[I,ca Tot (Ax). We denote by py the canonical surjective morphism

—>A,\.

Proposition 6.2. Let {Ax}xea be a family of decent, respectively
weak Baer, rings and A the decent, respectively weak Baer, product ring.
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Let X C Spec(A) be an admissible subset and consider the admissible
subsets Xy = “px~1(X). Then A is X-seminormal, respectively X -t-
closed, if and only if every Ay is Xy-seminormal, respectively X-t-
closed.

Proof. Assume that A is X-t-closed. Let by € Tot (Ay) be such that
there are some ideal I of Ay and some element ) € A, satisfying X, C
D(I,) and b3 —raby, b3 —rab3 € Ay. Setting J = I XHH#\ A, then J
is an ideal of A such that X C D(J) by 2.29, (1). Denote by b and r the
elements of Tot (4) and A with components by, r) and zero elsewhere.
We get bJ C A and b? — rb, b> — rb?> € A. Therefore, b belongs to A
and by to Ay,. It follows that Ay is X-t-closed. Conversely, assume
that every Ay is X-t-closed and let b = (b)) € Tot (A), r = (ry) € A
and J an ideal of A such that X C D(J), b*> —rb, b> —rb*> € A. Tt
follows that X, = %py~Y(X) C D(JA,) and byJAy C Ay. Then we
get ay € Ay and a € A. Hence, A is X-t-closed. O

Next we give some results using cartesian squares. We recall that
decentness is not descended by faithfully flat morphisms [21, 1.6] while
to be a weak Baer ring is descended by such morphisms [21, 1.12].

Proposition 6.3. Let A — A’ be a faithfully flat morphism, X an
admissible subset of Spec (A) and Y = *f~1(X).

(1) If A and A" are decent rings and A’ is Y -seminormal, then A is
X -seminormal.

(2) If A" is a Y -t-closed weak Baer ring, then A is an X -t-closed weak
Baer ring.

Proof. In each case we have a cartesian square as in 5.5. Then use
4.11. o

Proposition 6.4. Let A be a decent, respectively weak Baer,
ring, fi,...,fn € A such that Spec(A) = D(f1)U---U D(f,) and
X C Spec(A) an admissible subset. Then every localization Ay,
is Xy, -seminormal, respectively Xy, -t-closed, if and only if A is X-
seminormal, respectively X -t-closed.
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Proof. We give a proof for seminormality. According to 5.33, Ay, is
Xy,-seminormal when A is X-seminormal. We show the converse. The
morphism f : A — [[ Ay, = B is faithfully flat. In view of 6.2, B is
@ f=1(X)-seminormal since A — B — Ay, is the canonical morphism.
Then use 6.3 to end. mi

Proposition 6.5. Let A — B be an injective ring morphism where
A and B are decent and A — B minimalizing, respectively B is a
weak Baer ring and Bool (A) = Bool (B). Assume that there is a
commutative cartesian square

where C' — D 1is injective. Let X C Spec (A) be an admissible subset
and set Y = *f~YX) and Z = °g~Y(X). If C — D is Z-seminormal,
respectively Z-t-closed, and B is Y -seminormal, respectively Y -t-closed,
then A is X -seminormal, respectively X -t-closed.

Proof. We deduce from 4.11 that A — B is X-seminormal, respec-
tively X-t-closed. To end, use 5.6 and 5.8. u]

Remark 6.6. In the above result, assume that X = X(Ag) where S
is a multiplicative subset of A. We can replace Y and Z by f(S) and

9(9).

Proposition 6.7. Let B be a weak Baer ring, {Ax}rea a family
of subrings of B such that Bool (Ay) = Bool (B) for each index A and
A the intersection of the family. Then A is a weak Baer ring such
that Bool (A) = Bool (B). Moreover, let Xy be an admissible subset of
Spec (Ay) for each index A and fy : A — Ay the canonical injection.
Set Y = Uxea “fa(Xn). If every Ay is Xy-seminormal, respectively
X -t-closed, and X is an admissible subset such that Y C X, for
instance Yy, then A is X -seminormal, respectively X -t-closed.
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Proof. A is a weak Baer ring by 5.7 and f) induces an injective ring
morphism Tot (4) — Tot (Ay) by 5.7 and 5.5. Assume that every Ay
is X-seminormal. Let b € Tot (A) and I an ideal of A be such that
X C D(I), Ib C A and b%, b € A. Tt follows that gy (X)) C D(I)
so that X\ C @f;"(D(I)) = D(IAy). Then we have (I4\)b C Ay
and b2, b> € Ay whence b lies in Ay. Hence, b belongs to A and A is
X-seminormal. O

Remark 6.8. Under the hypotheses of 6.7, assume that X, =
X (A,\ SA) where S, is a multiplicative subset of A, and consider
the multiplicative subset S = A N NySy of A. It is obvious that
fr(Xx) C X(As). Therefore, A is S-seminormal, respectively S-t-
closed, whenever every A is Sy-seminormal, respectively Sy-t-closed.

Proposition 6.9. Let A be a decent ring, respectively weak Baer
ring, and X C Spec (A) an admissible subset.

(1) Let X C Y be an admissible subset, for instance, X,,. Then we

have n ; ;
XA7 resp. YAC XA.

It follows that if A is X-seminormal, respectively X-t-closed, then A is
Y -seminormal, respectively Y-t-closed.

(2) Let {Xx}xrea be a family of admissible subsets such that X =
Uxea Xx- Then we have

+
A
YC

+ + t t
XA— ﬂ X,\A’ resp. XA— m X,\A'

Hence, A is X -seminormal, respectively X -t-closed, whenever A is X -
seminormal, respectively X y-t-closed, for every .

(3) Let {X\}rea be a family of admissible subsets stable under finite
intersections such that X = Nyxep Xx. Then we have

+ + t
XA = U X, A, resp. A= A.
€A AEA

Hence, A is X-seminormal, respectively X -t-closed, if and only if A is
X-seminormal, respectively X -t-closed, for each .
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Proof. All these results are easy consequences of 2.17. For instance,
set T' = Tot (A). To show (2), observe that ; A= £AN ;(A = ﬂ;AA
by 2.17 and 5.29. ]

Proposition 6.10. Let A be a decent, respectively weak Baer, ring
and X C Spec (A) an admissible subset. Then A is X -seminormal, re-
spectively X -t-closed, if and only if Ap is X p-seminormal, respectively
Xp-t-closed, for every prime ideal P ¢ X.

Proof. One implication follows from 5.34. Assume that Ap is Xp-
seminormal for all P € Spec (A) \ X. Then recall that for every prime
ideal P we have ;PAP = (;A)P so that Ap = (;A)P when P ¢ X
while (A[X])P = Ap for P in X so that Ap = (TA)p N (A[X])P =
(;}A)P by 5.29. Therefore, A is X-seminormal. O

Proposition 6.11. Let A be a decent, respectively weak Baer, ring
and X C Spec (A) an admissible subset.

(1) A is X -seminormal, respectively X -t-closed, if Ap is seminormal,
respectively t-closed, for every P ¢ X.

(2) Assume in addition that A is an X-seminormal, respectively X -
t-closed, one-dimensional weak Baer ring. Then Ap is seminormal,
respectively t-closed, for every P ¢ X.

In particular, if A is a one-dimensional local integral domain with
mazimal ideal M ¢ X, then A is X-seminormal, respectively X -t-
closed, if and only if A is seminormal, respectively t-closed.

Proof. In view of 6.10 and since seminormality implies X -seminormal-
ity, we get (1) and similarly for ¢-closedness. We show (2) for ¢-
closedness. Then A’ is one-dimensional if A is one-dimensional. Take
any prime ideal P ¢ X. Then Ap — A, is Xp-t-closed by 5.8, (2)
since Ap is Xp-t-closed. If Ap is zero-dimensional, then Ap is a field
isomorphic to Tot (Ap). In this case, Ap is t-closed. If Ap is one-
dimensional, so is A’». Moreover, we have Bool (Ap) = Bool (A%) by
5.7 since Bool (A’) = Bool (A) and A’ is a weak Baer ring by 5.7 since an
idempotent of Tot (A) belongs to A’. Now we can use 4.21 to conclude.
O
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Remark 6.12. Let A be a one-dimensional local integral domain with
maximal ideal M € X; then A is X-t-closed. Indeed, Ay; — (A[X])M
is an isomorphism.

Proposition 6.13. Let A be a one-dimensional integral domain and
X C Spec(A) an admissible subset. Let f : A — B C A’ defining
an A-subalgebra of A'. If A is X-t-closed, respectively X -seminormal,
then B is ®f~1(X)-t-closed, respectively ® f~(X)-seminormal.

Proof. Assume that the hypotheses hold. Let Q ¢ ¢f~}(X) be a
prime ideal of B lying over P ¢ X in A. Then Ap is seminormal,
respectively t-closed, by 6.11, (2). Now Ap — Bp is integral. We
deduce from [1, 2.5], respectively [19, 2.5], that Bp is seminormal,
respectively t-closed, and so is Bg since this ring is a localization of
Bp. According to 6.11, (1), B is ¢f~1(X)-seminormal, respectively
af=1(X)-t-closed. O

Proposition 6.14. Let f : A — B be a finite injective minimalizing
morphism such that A and B are one-dimensional weak Baer rings
and Tot (A) — Tot (B) is an isomorphism. Let X C Spec(A) be an
admissible subset. Then A is X-t-closed and B is *f~(X)-t-closed
if and only if every A-subalgebra C of B, with structural morphism
g:A—C,is *gY(X)-t-closed.

Proof. One implication is obvious. Conversely, assume that A is
X-t-closed and B is ¢f~!(X)-t-closed and let g : A — C defining an
A-subalgebra of B. Consider Q ¢ %g~!(X) lying over P ¢ X in A.
Then Ap is t-closed by 6.11, (2) and an integral domain since A4 is a
weak Baer ring. Now observe that Tot (Bp) = Tot (B) ® 4 Ap because
Bp = B®4 Ap and Tot (Bp) = Tot (B) ® g Bp. Indeed, B is decent
and B — Bp is a flat epimorphism (see 5.2). Furthermore, Ap — Bp
is minimalizing so that there is a morphism Tot (Ap) — Tot (Bp). Now
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look at the following diagram

A —— Tot (A) ——— Tot (B)

I |

Ap —— Tot (Ap) —— Tot (Bp)

The rectangular diagram is commutative and co-cartesian by the above
observation. It follows that the right diagram is commutative because
A — Tot (A) is an epimorphism. Now, the left diagram is co-cartesian.
We get that the right diagram is co-cartesian. Therefore, Tot (Ap) —
Tot (Bp) is an isomorphism so that Bp is an integral domain because
Tot (Ap) is a field. From the finiteness of A — B and since Tot (A4) is
isomorphic to Tot (B), we get that the conductor I of A — B contains
a regular element of A whence Ip # 0. Then Bp is a local ring.
Indeed, the conductor Ip of Ap — Bp is nonzero. If Ip = Ap we are
done. If not, Pp belongs to Min (V(Ip)) and Ap — Bp is t-closed
whence seminormal by [17, 1.6]. Thus we can use [16, 3.11]. There is
a unique prime ideal RBp of Bp lying over Pp. Hence, Bp = B is a
one-dimensional integral domain and R ¢ ¢ f~!(X). From 6.11, (2), we
deduce that Bpg is t-closed. Now, observe that () is the only prime ideal
of C lying over P so that Cp = Cg. Therefore, we get Ap C Cg C Bpg.
According to [19, 1.8], Bg is t-closed. Thus B is “g~*(X)-t-closed by
6.11, (1). o

Proposition 6.15. Let A be a weak Baer ring and X C Spec (4) an
admissible subset. Then A is X -t-closed if and only if for every finite
injective morphism g : A — C C A" with conductor J and such that
X C D(J), there is an injective map 0 : Min (V4 (J)) — Min (Vo (J))
such that “go 0 = Id and J is a radical ideal of C.

Proof. A is X-t-closed if and only if A — A’ is X-t-closed. Then use
4.25 with B = A’. i

Proposition 6.16. Let A be a weak Baer ring and X C Spec (4) an
admissible subset. Then A is X -seminormal, respectively X -t-closed, if
and only if A/M is (X/M)-seminormal, respectively (X/M)-t-closed,
for every minimal prime ideal M of A.
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Proof. Using 5.14, we can mimic the argument of [17, Proof of 2.5].
]

Proposition 6.17. Let A be a one-dimensional weak Baer ring and
X C Spec (A) an admissible subset. If A is X -seminormal, respectively
X-t-closed, then A/M is seminormal, respectively t-closed, for every
minimal prime ideal M such that M ¢ X.

Proof. Assume that A is X-t-closed and let M € Min (A) \ X. Then
a prime ideal P of A such that M C P does not belong to X because
X is stable under generalizations. It follows that Ap is t-closed by
6.11. Now observe that Ap is isomorphic to (A/M)p/n) since Ap is
an integral domain so that Mp = 0. Therefore, A/M is t-closed by
17, 2.8]. i

Remark 6.18. In some of the next results, we will use the following
observations:

(1) Let A be a ring, X C Spec(A) an admissible subset and S a
multiplicative subset of A. Denote by ¢s : A — Ag the canonical
morphism. Then we have Xg = %¢s 1 (X).

(2) Let f : A — B be an injective morphism, X C Spec(4) an
admissible subset and S a multiplicative subset of A. Then we have

“fsTH(Xs) = (X)) -
Recall that a ring A is said to be a Mori ring if A — A’ is finite.

Proposition 6.19. Let A be a weak Baer ring, X C Spec(A) an
admissible subset and [ : A — A’ the canonical morphism. Assume
that A is X-seminormal.

(1) If the map Spec (A") \ *f~1(X) — Spec (A) \ X is bijective, then
A is X -t-closed.

(2) If A is a one-dimensional X-t-closed Mori ring, then the map
Spec (A’) \ “f~1(X) — Spec (A) \ X is bijective.
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Proof. To show (1), use 4.16, (2) with B = A’. We get A =
;A = ()i;,ﬂA = (i’,t)A = ;(A. Conversely, if A is one-dimensional
and X-t-closed, the map Spec (A%) \ f5'(Xp) — Spec (Ap) \ Xp is
bijective for every P € Spec(A) by 4.17 since Tot (Ap) — Tot (A’p)
is an isomorphism (see the beginning of the proof of 6.14), and Ap
and A are one-dimensional integral domains. To see that the map
Spec (A")\ *f~1(X) — Spec (A) \ X is bijective, we need only to show
that this map is injective. Let @, R € Spec (4’)\%f~1(X) be such that
QNA=RNA=P¢X. By using 6.18, we get that @p = Rp so that
Q= R. ]

Corollary 6.20. Let A be a one-dimensional integral Mori domain.
Assume that the conductor I of A — A’ is a radical ideal in A’. Let
X C Spec(A) be an admissible subset. Then A is X-t-closed if and
only if every prime ideal P € Min (V4(I)) \ X has a unique upper in
A

Proof. A is seminormal by [16, 4.9]. Then 6.19 gives the conclusion
since Dy (I) — D4(I) is bijective. i

Let A be a ring. We denote by Spec1(A) the set of all height-one
prime ideals of A.

Theorem 6.21. Let A be a weak Baer Noetherian Mori ring such
that condition (S2) holds for A. Let I be the conductor of f: A — A’
and I = N_; Q; an irredundant primary representation where Q; is
P;-primary. Let X C Spec(A) an admissible subset. The following
statements are equivalent.

(1) A is X-t-closed.

(2) Ap is Xp-t-closed for every P € Specy1(A4)\ X.

(3) Ap is t-closed for every P € Specy(4) \ X.

(4) The two following conditions hold:

(a) Qi = P; whenever P; belongs to Va/(I)\ *f~%(X) and P, N A
l

(

Q0

belongs to Min (V4 (I)).
b) @f induces a bijection Specq(A’)\ ¢f~1(X) — Speci(4)\ X.



318 G. PICAVET AND M. PICAVET-L’HERMITTE

Proof. Observe that Dim (Ap) = Prof (Ap) = 1 when P € Spec;(A)
is a consequence of condition (S2). Then (2) = (1) follows from 5.34,
(6) while (1) = (2) is a consequence of 5.34. We get (2) < (3) by 6.11
applied to Ap where Dim (Ap) = 1 and Pp ¢ Xp (indeed, Ap is an
integral domain). Next we show that (1) = (4). To begin with, we
prove (4) (a). Let @ be an R-primary ideal of the representation of I
such that R € Va (I)\ *f~}(X) and RN A = P € Min (Va(I)) \ X.
Localizing with respect to P, we get Ip = N (Qx)p where P,N A C P.
This last condition is equivalent to P, N A = P since I C P, N A and
P € Min (VA(I)) Set B = Ap, B' = (A/)p, J=Jpand Y = Xp.
Then B is an integral domain with integral closure B’ and J is the
conductor of g : B — B’. Setting Ry, and Sy, for the localizations of Py
and Q at P, we get an irredundant primary representation J = N .Sy
where Sy is a Py-primary ideal and Ry N B = Pp. Then we have
29~ (Y) C D(Rg). Indeed, let Q € g~ (Y) be such that Ry C Q;
since “g71(Y) is admissible whence stable under generalizations, Ry
belongs to g 1(Y) = (“f’l(X))P by 6.18. It follows that P € X,
a contradiction. Now observe that a power of Ry is contained in Sy
from which we deduce that %g='(Y) C D(J). In view of 2.29, we
get Y C D(J). We deduce from 4.25 that there is an injective map
6 : Min (Vg(J)) — Min (Vp/(J)) such that *gof = I'd and J is a radical
ideal. Therefore, there is only one prime ideal Ry lying over Pp because
such an ideal lies in Min (Vp/(J)). Moreover, we get J = Ry, = S}, since
J is a radical ideal. It follows that @ = R. Thus (4)(a) is proved. Now
we show (4)(b). Let P be a prime ideal in Spec(A) \ X. If P belongs
to D4 (I), then Ap — A, is an isomorphism whence Ap is t-closed. If
P belongs to V4(I), then P lies in Min (V4(I)). Indeed, the height of P
is 1 and I contains a regular element since A is a Mori ring. Using the
above notations, when proving (4)(a), we have Y C D(J). It follows
that i}; Ap = A% by 1.16. In this case, Ap is t-closed. According to
[17, 3.15], * fp induces a bijection Spec(A’s) — Spec1(Ap) for every
P in Spec1(A)\ X. Then (4)(b) follows. Now we show that (4) = (3).
Let P € Spec1(A4) \ X. When P € Dy4(I), we have an isomorphism
Ap — A, so that Ap is t-closed. Assume that P € V4(I). Arguing
as above, we get P € Min (V4(I)). According to (b), there is a unique
prime ideal P; lying over P. Furthermore, we have P; = @; by (a) so
that Ip = (Qi)p = (P;)p is a maximal ideal of A%5. In this case, Ap is
t-closed by [17, 3.5] and (3) follows. o
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We say that a prime ideal P of a ring A is unibranched if there is
only one prime ideal in A’ lying over P.

Theorem 6.22. Let A be a weak Baer ring and X C Spec(A)
an admissible subset. If A is X-seminormal and if the elements of
Ass 4(A/Aa)\ X are unibranched for each regular element a € A, then
A is X-t-closed.

Proof. Under the hypotheses, we need only to settle that the semi-
normal morphism A — A% is t-closed (see 5.22). Assume the contrary,
then there are an element b € A\ A, an r € A and an ideal I of A
such that b* —rb, b —rb?> € A, X C D(I) and Ib C A. Set B = A[b],
then A — B is seminormal and we can replace I by the conductor of
A — B. Since A — B is seminormal, I is a radical ideal in B. Let P
be an element of Min (V4(I)), then P does not belong to X. There is
a regular element a € A such that ab € A since A — B is finite. It
follows that P € Ass(A/Aa)\ X whence P is unibranched. Therefore,
there is only one prime ideal @ in B lying over P. Now localize at
P. The conductor of Ap — Bp is Ip and Ip is a radical ideal so that
Ip = Pp. Since A — B is integral, we have Bp = Bg, Ip = Qp and
the residual extension k(P) — k(Q) is an isomorphism because A — B
is elementary infra-integral. It follows that Ap — Bp is an isomor-
phism, contradicting P € Supp4(B/A) = V4(I). Therefore, b belongs
to A and A is X-t-closed. O

Corollary 6.23. Let A be a weak Baer Noetherian ring and X C
Spec (A) an admissible subset. If A is X -seminormal, if a prime ideal
P in A is unibranched whenever P ¢ X and Prof (Ap) =1, then A is
X -t-closed.

Proof. The proof is the same as the proof of [17, 4.7]. i

Corollary 6.24. Let A be a weak Baer Noetherian ring and X C
Spec (A) an admissible subset. If A is X-seminormal and if the
elements of Ass A(A’/A)\ X are unibranched, then A is X -t-closed.

Proof. Similar to the proof of [17, 4.9]. O



320 G. PICAVET AND M. PICAVET-L’HERMITTE

Remark 6.25. Let A be a decent ring, respectively weak Baer ring,
and X C Spec(A) an admissible subset. An extreme case of X-
seminormality, respectively X-t-closedness, is obtained when A = A[x.
We saw that this condition holds if and only if X = V(I) where I is
a pure radical ideal of A (see 2.24 and take B = Tot (A)). Therefore,
if A is an integral domain, we have either I = 0 or I = A since any
x € I can be written x = xy where y lies in I. It follows that either
X = Spec(A) or A = Tot (4).

Proposition 6.26. Let A be an integral domain and S a multiplica-
tive subset of A.

(1) If A[[2]] is S-t-closed so is A.

(2) If in addition A and A’ are Noetherian, then A[[z]] is S-t-closed
if A is S-t-closed.

Proof. By [17, 2.22], A — A][z]] is t-closed whence S-t-closed. Then
(1) follows by 5.8. When A and A’ are Noetherian, A’[[z]] is completely
integrally closed whence S-t-closed. To get (2), use 4.26 which asserts
that A[[z]] — A'[[z]] is S-t-closed and 5.8. o

Proposition 6.27. Let A be a local ring, X C Spec(A) an
admissible subset and f : A — A, g : A — A" its completion and
Henselization.

(1) If A is Noetherian, analytically irreducible and A s af=1(X)-t-
closed, then A is X -t-closed. A similar result holds for seminormality.

(2) If A is reduced, unibranched and if A" is 2g~1(X)-t-closed,
respectively *g~1(X)-seminormal, then A is X -t-closed, respectively X -
seminormal.

Proof. f and g are faithfully flat and A, respectively A", is an integral
domain under the hypotheses of (1), respectively (2). The result follows
from 6.3. ]

Proposition 6.28. Let A be an integral domain and G a group of
automorphisms of A. Let AC be the associated ring of invariants and
S C A% a multiplicative subset. If A is S-seminormal, respectively
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S-t-closed, so is AC.
Proof. Use 5.15 and argue as in the proof of [17, 3.14]. O

We end this section by giving some examples of S-t-closed or S-
seminormal quadratic orders.

Definition 6.29. Let A — B be an injective ring morphism and p
a prime integer. Then A — B is said to be p-seminormal, respectively
p-t-closed, if b € B lies in A whenever b2, b3, pb € A, respectively there
is some r € A such that b — rb, b> — rb?, pb € A.

Swan gave the definition of p-seminormality [25] and Yanagihara
characterized this notion by means of S-seminormality [26].

Lemma 6.30. Let A — B be an injective ring morphism, p a prime
integer and S = {p"}nen. Then A — B is p-seminormal, respectively
p-t-closed, if and only if A — B is S-seminormal, respectively S-t-
closed. Similarly, a decent ring, respectively weak Baer ring, A is p-
seminormal, respectively p-t-closed, if and only if A is S-seminormal,
respectively S-t-closed.

Proof. The seminormal case is proved in [26]. Obviously, S-t-
closedness implies p-t-closedness. Assume that A — B is p-t-closed
and let b € B, r € A such that b2 — rb, b — rb?, p"b € A for some
integer n. Then we get p"~'b € A because (p"~1b)? — (p"~1r)(p"~1b),
(P~ 1b)3 — (p"~tr)(p"tb)?, p(p"~1b) € A. An easy induction shows
that b € A. o

In the following, we consider a square-free integer d and the field

extension — . (7 1ntegra closure o mn 1S we
ion Q — Q (Vd). The i 1 cl fZin Q(Vd) is well

known to be a free Z-module A’ with basis {1,wq} and A" = Zw,]
while its algebraic orders are the subrings A = Z[nw,y| where n is a
positive integer (see for instance [20]). Now let p be a prime integer
and S the associated multiplicative subset. Then A® is the set of all
elements b € A’ such that p"b € A for some integer n. If p is a prime
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integer, we denote by v, the associated valuation.

Lemma 6.31. With the above notations, AS = Z[mw,] where
n = mpvp(n) .

Proof. Let v = a + bwg € A’ where a,b € Z. Then p'z € A is
equivalent to n divides p’b. Letting n = mp?»("™), we get easily that the
last condition holds if and only if m divides b. The result follows. |

gemark 6.32. If ged(p,n) = 1, then A is p-t-closed by 5.29 since
A° = A.

Theorem 6.33. Let n = pi'---p% where p1,...,ps are prime
integers and consider the multiplicative subset S = {pl}ien of A =
Z[nwg). Then we have:

(1) JSCA = gA = AS if p; is ramified in A’'.
(2) gA = A% and ;A =7 {pi [T p;jwd} if p; is decomposed in A’.

(3) tA=1tA=12Z {pi [z p;jwd} if p; is inert in A’

Proof. Define Ey, respectively Es, to be the set of all decomposed,
respectively inert, prime integers p; and set m; = HpjeEl Dj, Mg =
[L,em pi» m = Il py’. Then we have A% = Z[mwg], AT =
ZImimowg) and A' = Z[maowg] by [20, 5.7]. Moreover, we know that
TA=A%NAT and gA = AN At If p; is ramified, then m my divides
m. In this case, we get A5 C AT C A’ so that {A = éA = AS.
Assume that p; is decomposed and let z € AN AT. There are integers
a, b, ¢, f such that £ = a + mymobwyg = ¢ + mfwy. It follows that p;

divides f. Therefore, we get gA =7 {pi 11 ki p;j wd} while A% C A?

gives gA = AS. If p; is inert, the same argument proves (3). i

Corollary 6.34. With the above hypotheses where p; divides n, we
have

(1) If p; is ramified, A is neither p;-seminormal nor p;-t-closed.
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(2) If p; is decomposed, A is p;-seminormal if and only if vy, (n) =1
but A is never t-closed.

(3) If p; is inert, A is p;-seminormal, respectively p;-t-closed, if and
only if vy, (n) = 1.

Proof. A is p-seminormal, respectively p-t-closed, if and only if
A= ;A, respectively A = ;A. O

Example 6.35. With the above notations, let p, ¢ be prime integers
such that p is inert and ¢ is decomposed in A’.

(1) Z[pg*wq] is p-t-closed and is not seminormal.
(2) Z]qwq] is seminormal and is not g-t-closed.

(3) Z[pqwy] is p-t-closed and seminormal and is not ¢-closed.

7. Appendix on flat epimorphisms. In the previous sections,
we have been dealing with admissible subsets. Now we intend to
give some information about affine open subsets of a spectrum. Let
O be an affine subset of a spectrum Spec (A4). We know that there
is a flat epimorphism of finite presentation f : A — B such that
@ f(Spec(B)) = O. A result of Ferrand quoted by Lazard asserts that
a ring morphism f : A — B is an epimorphism if and only if ¢f is
injective, the residual extensions of f are isomorphic, Q4(B) = 0, and
the kernel of B ®4 B — B is finitely generated [10, IV, 1.1.5]. The
last condition holds when A — B is of finite type, as an A-algebra.
Now if f is a flat epimorphism of finite presentation, then f is an
etale morphism since unramified (in French: net) and flat [23]. We
recall that a ring morphism A — B is said to be etale standard if
there exist a monic polynomial P(z) € A[z] and Q(z) € A[z] such that
B = (A[2]/(P(2)))q(.) and P'(2) is a unit in B; this last condition is
equivalent to

Q(2) € V(P(2)) + (P'(2)).

Proposition 7.1. Let f : A — B be a ring morphism of finite
presentation. The following statements are equivalent:

(1) f is a flat epimorphism.
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(2) f is an etale morphism with isomorphic residual extensions and
@ f is injective.

(3) f is an etale morphism and KQ,B =0 or K — KQ, B is
an isomorphism for every ring morphism A — K where K is a field,
respectively an algebraically closed field.

(4) *f is injective and for every prime ideal Q of B lying over P in
A there exist g € B\ Q, h € A\ P and an etale standard epimorphism
Ap, — By such that the following diagram commutes

A— B

|

Ay ——— B,

Proof. In view of the above considerations, (1) is equivalent to (2).
Now let P be a prime ideal of A and consider its associated fiber
morphism k(P) — k(P)®4 B = Fp; the spectrum of Fp is well known
to be homeomorphic with @f~1(P). Moreover, the residual extensions
of f are the residual extensions of all fiber morphisms. If A — K is a
ring morphism where K is a field, let P be the kernel of A — K. Then P
is a prime ideal of A and A — K can be factored A — k(P) — K. Since
k(P) — K is faithfully flat, it descends isomorphisms and nullity. Thus
(3) implies (2). Assume that the hypotheses of (2) hold and let A — K
be a ring morphism, K a field. Then K — K® 4 B is an epimorphism by
(1) whence an isomorphism if K ® 4 B # 0 [10, IV, 1.1.3]. Therefore,
(2) = (3). If (1) holds, then A — B is etale and an epimorphism.
We deduce from the local structure of etale morphisms theorem that
there exists a commutative diagram as in (3) where A, — By is etale
standard [23, V, 1.1]. Moreover, A, — B, is an epimorphism since
A — B — B, is an epimorphism. Thus we get (1) = (4). The
hypothesis of (4) being granted, we get that A — B is etale by [23].
Moreover, Ap — B is an isomorphism for ¢) € Spec (B) lying over P
since A, — By is a flat epimorphism (see 1.1). Hence, condition (2)
follows. O

Remark 7.2. Tt follows that a flat epimorphism of finite presentation
is locally on the spectrum an etale standard epimorphism. We say that
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an affine open subscheme U of Spec (A) is standard if there is a ring
morphism ¢ : A — Ap, — B where h € A and A;, — B is an etale
standard epimorphism such that “p(Spec (B)) = U. Let A be a ring
and O an affine open subset of Spec(A). It follows from the above
result that O = Uy U---UU,, where U; is a standard affine open subset.
Conversely, let O be a subset of Spec (A) such that O =U; U---UU,
where every U; is standard affine and assume that the U; do not meet.
Then every U; is associated to a flat epimorphism of finite presentation
A — B;. Now consider the canonical morphism A — [[B; = B. A
prime ideal P of A belongs to only one U; so that Bp = (B;)p for
some i. By 1.1, A — B is a flat epimorphism with spectral image O.
Moreover, A — B is of finite presentation because so is every A — B;.
Thus O is an affine open subset.

Therefore, the knowledge of affine open subsets relies on the study
of etale standard epimorphisms. This is done below and provides
examples of nonclassical flat epimorphisms.

Let A be a ring and P(z) = ap + a1z + -+ ap_12"" 1 + 2" € A[2]
a monic polynomial with degree n > 0. Let o1,... ,0, € Alz1,... , 24]

be the elementary symmetric polynomials. We consider the splitting
ring of P(z)

A = Alz1, ... z20]/(01 + an—1,. .., 00 — (=1)"ap).

The canonical ring morphism A — A’ turns A’ into a free module of
rank n!. Define z1, ... ,x, to be the classes of 21, ... , 2, in A’. Then we
have P(z) = (z—x1) - - (2 —x,). The elements z; are called the virtual
zeros of P(z). Clearly, if A — B is any ring morphism such that P(z)
splits in B, there is a ring morphism A’ — B factoring A — B through
A — AL It Q(z) € Alz], we can consider the related polynomial of
Tschirnhauss

Toe) = (2=Q21)) -+ (2=Q(an)) = 2" =11 2" - (1) "rg € A[e].

Then the elements rg, -+ ,7,_1 belong to A since they are symmetric
with respect to the elements z;. It can be proved that Tgy.) is
the characteristic polynomial of Q(x) where z is the class of z in
Alz]/(P(2)). Moreover, let f : A — B be a ring morphism such that
z) = (z—b1) -+ (2—by). Then we have Ty = (2= Q7 (by)) -+ (2 —
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Definition 7.3. Let A be a ring, P(z) € A[z] a monic polynomial
with degree n > 0 and Q(z) € Alz]. The elements ro,...,7,—1
are called the hyper-resultants of P(z) and @Q(z) and are denoted,

respectively, by Res;((P(z), Q(z)).

Observe that +Reso(P(z),Q(z)) is nothing but the classical resul-
tant of P(z) and Q(z). In a similar way, the elements H;(P(z)) =
Res;(P(z), P'(z)) of A are called the hyper-discriminants of P(z).

Proposition 7.4. Let A be an integral domain, P(z) = (z —
ar) -+ (z —an) and Q(z) in Alz]. In order that Q(a;) = 0 forp <n
elements a;, it is necessary and sufficient that Res;(P(z),Q(z)) = 0 for
1=0,...,p—1.

Proof. Straightforward. O

The following result may have an interest for its own sake. To
abbreviate, we say that a ring B is over a ring A if there is a ring
morphism A — B.

Lemma 7.5. Let A be a ring and P(z) € Alz] a monic polynomial
with degree n. > 0. Then P(z) has at least a simple zero in every
algebraically closed field K over A if and only if

(Ho(P(2)), ... , Ho 1 (P(2))) = A.

Proof. The condition on hyper-discriminants means that for any
prime ideal P of A there is some H; which does not lie in P. Hence, for
any algebraically closed field K over A, there is some i € {0,... ,n—1}
such that H; # 0 in K. It follows from the above result that some
zero of P(z) is not a zero of P’(z), that is to say P(z) has a simple
zero in K. To see the converse, observe that there is a factorization
A — k(P) — K where P = Ker (A — K). O

Theorem 7.6. Let A be a ring, P(z) € A[z] a monic polynomial with
degree n > 0 and Q(z) € Alz]. Then f: A — (A[z]/(P(z)))Q(Z) =B
s a flat epimorphism if and only if the following conditions hold:
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(a) Q(2) € V/(P(2)) + (P'(2)).
(b) Reso(P(2),Q(2)),...,Resp_o(P(2),Q(z)) € Nil (A).

Proof. Condition (a) means that A — B is an etale morphism.
Assume that (a) holds. According to 7.1, (3), we can reduce to the
case where A is an algebraically closed field K. We first examine
when the ring C = (K[2]/(z — k)")Q(z) is zero or is isomorphic to
K. The ring K[z]/(z — k)™ has only one prime ideal (z — k), = the
class of z. Therefore, C equals zero if and only if Q(z) € (z — k),
that is to say Q(k) = 0. Now, if C # 0, then C is a field if and
only if (z — k)C' = 0, that is to say there is some integer p such that
Q(z)P(z — k) € (z— k). Then n > 1 leads to the contradiction
Q(k) = 0 whence n = 1. Conversely, C' is a field if n = 1 and
C # 0 and in this case K — C is an isomorphism. We go back to
K — B. The ring B is isomorphic to a product of finitely many rings
C; = (K[2]/(z — a:j)"-f)Q(z), j=1,...,p, where Z = {x;} is the set of
all zeros of P(z) in K with multiplicity n;. According to the previous
remarks, B = 0 if and only if Q(z1),...,Q(x,) = 0 that is to say,
r; = Res;(P(2),Q(z)) =0 for i = 0,...,n — 1. Furthermore, B is a
field if and only if the following condition is fulfilled (*): p —1 elements
in Z are zeros of Q(z) and the other is a simple zero of P(z) and is
not a zero of Q(z). Now set P(z) = (2 —a1)--- (2 — ap) € K[z]. Then
condition (x) implies that Q(a1) = -+ = Q(an—1) = 0 and Q(a,) # 0
for a suitable choice of the indexes. Conversely, assume that this last
condition holds and that (a) is satisfied. There is some integer s such
that Q(2)% € (P(z), P'(z)) so that a, is a simple zero of P(z). Thus
assuming that (a) holds, the condition (x) is equivalent to r; = 0 for
1=20,...,n—2 and r,_1 # 0. Therefore, when A is any ring, the
condition (a) being assumed, A — B is a flat epimorphism if and
only if Spec(A) = V(rg,... ,7n—1) U (V(ro,... ,7n—2) N D(rp_1)) =
V(T‘Q,... 77"”_2). [}

Remark 7.7. In addition to the hypotheses of 7.6, assume that A is
reduced. Then the condition (b) can be translated as follows. The
characteristic polynomial of @Q(x) (z is the class of z in A[z]/(P(z))) is
2"~ 1(2—a) where a € A. Indeed, this is a consequence of the character-
ization of the Tschirnhauss polynomial as a characteristic polynomial.
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By the Cayley-Hamilton Theorem, we get that Q(2)" *(Q(z) — a) €

(P(2))-

Remark 7.8. When A — (A[2]/(P(2)))g,) = B is a flat epimorphism,
then P(z) has a unique simple zero in every algebraically closed field
K over A such that Ker (A — K) € X(B). Hence P(z) has at least a
simple zero in K and the other zeros are multiple. We get that H; # 0
in K for some i € {0,...,n—1} for the first condition, while the second
condition gives Hy,... ,H,_2 =0 in K. These conditions combine to
yleld X(B) C V(Ho, . 7]‘[»,1_2) N D(Hn—l)

Next we give some information about rings A in which every admis-
sible subset X = X(Ag) for some multiplicative subset S of A. Let
A be a ring and X C Spec(A). Then X is said to be expanded if a
prime ideal P belongs to G (X) whenever P C U[Q; Q € X] while X
is said to be fathomable if a finitely generated ideal I is contained in
some element P € X whenever I C U[Q; @ € X] [18]. An expanded
subset is fathomable [18, 2.1]. Moreover, when X is quasi-compact, X
is expanded if and only if X is fathomable [18, 2.2].

Lemma 7.9. Let A be a ring and X a subset of Spec (A).

(1) If X is stable under generalizations and expanded, then X =
Xm = X(Asy).

(2) If X is admissible, then X is fathomable if and only if X = X,,, =
X(ASX)'

In particular, a flat epimorphism with a fathomable spectral image X
is a localization A — Ag, .

Proof. To see (1), we need only to show that X,,, C X by 1.8. Let P
be an element of X,,,. Wehave P C A\Sx =U[Q; Q € X] by [18, 1.2].
Since X is expanded, we get P € G (X) = X. Now an admissible subset
X is quasi-compact and stable under generalizations. If in addition X is
fathomable, then X is expanded and the conclusion of (2) follows from
(1). Conversely, X(Ag) is fathomable for any multiplicative subset of
A. u]
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Remark 7.10. There exist rings A in which every subset of the
spectrum is fathomable. In this case, A is called absolutely fathomable
[18]. Such rings A are characterized by the following property. For
every finitely generated ideal I of A, there is some a € A such that
VAa=+/T, [18, 4.2]. Clearly, a quasi-compact open subset of Spec (A)
is affine when A is absolutely fathomable. The previous result shows
that every flat epimorphism A — B is a localization for such rings.
Absolutely flat rings and Bézout rings are absolutely fathomable. A
less trivial example is given by rings C(E) of real continuous functions
defined on a topological space F [18, 3.20].

Remark 7.11. Any ring C(E) is seminormal. If f, g : E — R are
continuous functions such that f* = g2, set t = ¥g € C(E) so that
g = t3; then f > 0 gives f = t°.

Things are more complicated for t-closedness. Let E be a completely
regular space. Unlike the literature, we denote by V(f) C E the
(closed) zero-set of f € C(E) and its cozero-set by D(f). Then an
element f in C(E) is a regular element if and only if D(f) is dense in
E. The total quotient ring of C(E) can be calculated as follows. We
have Tot (C(E)) = limC (V), V ranging over all dense cozero-sets in E.
Moreover, for two dense cozero-sets U D V, the canonical morphism
C(U) — C(V) is injective so that two elements f: U - R, ¢g: V — R
of the injective limit equal if and only if there is some dense cozero-set
W C U,V such that fiyr = gjw (see the representation theorem [5,
2.6]).

Proposition 7.12. Let (E,d) be a connected metric space.

(1) C(E) is a decent ring.

(2) C(E) is an integral domain when C(E) is t-closed.
Therefore, C(R) is not t-closed.

Proof. We first show that the total quotient ring of C(F) is absolutely
flat so that this ring is decent. Let f € C(U) where U is a dense cozero-
set. Consider the open subset V = Dy (f)UInt (Viy(f)). Then V is the
union of two open subsets of U which do not meet. Furthermore, V is
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dense in U. Now V is also a dense open subset of F and is a cozero-set
since E is a metric space (V = D(h) where h = d( ,E \ V)). Next
we define a continuous function g : V' — R by setting g(z) = f(z)~!
if x € Dy(f) and g(z) = 0 if © € Int (Viy(f)). Obviously, we have
(f*9)v = fiv. It follows that Tot (C(E)) is absolutely flat. Next,
assume that C(F) is t-closed. Then each idempotent of Tot (C(E))
belongs to C(E). But an idempotent function e : E — R is 0 or 1
since F is connected. Indeed, V(e) is open and closed. It follows that
Tot (C(E)) is a field since any element of an absolutely flat ring can be
written eu where e is an idempotent and v a unit. In this case, C(E)
is an integral domain. O

Recall that a topological space is said to be basically disconnected,
respectively extremally disconnected, if every cozero-set, respectively
open set, has an open closure.

Proposition 7.13. Let E be a topological space. Then the following
statements are equivalent:

(1) C(E) is a t-closed ring (whence a weak Baer ring).
(2) E is basically disconnected.

(3) C(E) is a weak Baer ring.

(4) Min (C(E)) is compact and C(E) is normal.

Therefore, C(E) is t-closed when E is extremally disconnected.

Proof. According to [2, Remark 3], C(E) is a weak Baer ring if and
only if F is basically disconnected. Now, C(F)/P is an integrally closed
domain for any prime ideal P [24, p. 301]. Then (1) < (2) < (3) follows
from [17, 2.9]. Recall that a reduced ring is a weak Baer ring if and
only if Min (A) is compact and the irreducible components do not meet.
Now, in view of [8, 0.6.5.1], a ring A is normal if and only if Ap is an
integrally closed domain for every prime ideal P or equivalently, A is
reduced, A/M is an integrally closed domain for every minimal prime
ideal M and the irreducible components do not meet. This completes
the proof. mi
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