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WEIGHTED COMPOSITION OPERATORS
BETWEEN BLOCH-TYPE SPACES

SHUICHI OHNO, KAREL STROETHOFF AND RUHAN ZHAO

ABSTRACT. We discuss boundedness and compactness of
composition operators followed by multiplication as operators
between Bloch-type spaces of analytic functions on the unit
disk.

1. Introduction. In this paper D denotes the open unit disk, i.e.,
D={z€C:|z] <1}. For 0 < a < 00, let B* consist of all analytic
functions f on D satisfying the condition

sup (1 — [2[*)*|f'(2)] < oo.
zeD

Note that B! = B, the usual Bloch space. For f € B, define

1 £lls = 1f(0)] + sup(L —[2[*)*|f'(2)] < oo
zeD

With this norm B¢ is a Banach space.

For 0 < a < 1 and an analytic map ¢ : D — D the question when
the composition operator C, given by

Cof =foyp, forfeB,

is a bounded operator on B* was considered and solved first by Roan
[8] and later by Madigan [5]. Boundedness and compactness of C, on
the Bloch space B = B! were described by Madigan and Matheson [6].

The multipliers of the Bloch space B = B! were first characterized
by Arazy [1]. For a # 1, Zhu [12] characterized the multipliers of the
spaces B<.

We will consider the question for which analytic functions u on D
and for which analytic mappings ¢ : D — D the weighted composition
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operator uC, maps the space B* boundedly into B?. We furthermore
consider the question when these weighted composition operators are
compact.

The results in this article supplement those recently obtained by the
first and third author [7].

In the remainder of this section, we will prove some estimates for
functions in B* needed in the sequel.

Integrating the estimate | f/(2)| < ||f|lg=/(1 — |2]|)*, we obtain

2l

1 1
1) =101 < [ Gl < e [ Gt

for all z € D. In case 0 < a < 1 the integral at the right is uniformly
bounded by the constant fol(l —t)~“dt, and it follows that B> C H®.
It is easy to check that in this case the linear space B“ is an algebra.
In fact, Hardy and Littlewood [4] have shown that for 0 < a < 1
the space B* consists of all functions f analytic on D satisfying the
Lipschitz condition

(1.1) f(2) = f(w)] < M|z —w|'~*,

for all z,w € D (see also Duren [3]).

In case 1 < a < 00, the above estimate implies

< Il 1 ’
T oa—1 (1)t

(1.2) |f(2) = f(0)]
while for @ = 1 we have

(13) £:) = 1(O)] < | log 7=

for all z € D.

2. Weighted composition operators between Bloch-type
spaces. The following result completely characterizes the bounded
weighted composition operators from one Bloch-type space into an-
other.
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Theorem 2.1. Let ¢ and u be analytic on D, ¢ a self-map of D.
Let a and B be positive real numbers.

(i) If 0 < a < 1, then uC, maps B* boundedly into B® if and only
ifu € B? and

_ lwl2)8
sup Ju(uw)] 1“1

weD 1= Jp(w)]2)> |’ (w)| < 0.

(ii) The operator uCy, maps B boundedly into BP if and only if

1
/ 2\3
sup |u' (w)|(1 — |w|?)? log ——————— < o0
pap ettt = el os Ty
and
1- |,
sup |u(w)] —————= |¢'(w)| < .
oo Pty oy

(iif) If a > 1, then uC, maps B* boundedly into BP if and only if

/ (1 B |w‘2)ﬁ
o ) o) Pyt <

and

— w[2)?
sup [u(w)| (1 —Jw[*)

weD 1= |p(w) )™ |’ (w)] < 0.

Proof. First we consider the case that o > 1. We begin by proving
that the conditions in (iii) are necessary for the operator uC, to map
B® boundedly into B?. Suppose that uCy : B — B is bounded. Fix
w € D and assume that ¢(w) # 0. Consider the function f defined by

oL [l 1
223 ~B m{u—mz)a <1—Ww>z>a—1}’

for z € D. Then

)yl —lp@)P) _ (a=1)
fuld) = =50 Y

-
—
—_
|
S
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g
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for z € D. Hence

a(l — Je(w)?) a a2 t?

‘fw(z)| < (1 — |o(w)]|z])a+? (I—1z])> = (1- |Z|2)a7

for all z € D, so f,, € B*. Since f,(0) = —p(w), we have |f,(0)] < 1.
Thus M = sup{||fu || : w € D} < 1+a2%*2. Note that f,(¢(w)) =0
and f/ (p(w)) =1/(1 — |p(w)[?)*. For this function f,, and this point
w we have (uCyfu)'(w) = u(w)e'(w)/(1 = |p(w)[*)*, thus

) ) 2y G £ (0
(1 | |) | ( )|(1—|QO(IU)|2)O‘ (1 | |) |( C@fw)( )|

< ”ucwfw”Bﬁ < HUOSOHMv

for all w € D. By continuity the above estimate remains valid also if
(w) = 0. This proves that the second condition in (iii) is necessary.

Next, for fixed w € D, consider the function

o (@ = 1)1 = [p(w)[*)
2.3 w(?2) = _ _ i b _
( ) g ( ) (1 _ SD(w)z)a—l (1 _ w(w)z)a
Then
J(2) = afe— Do)  ale—Ne@)(1 - [pw))

(1 —p(w)z) (1 —p(w)z)*

As before |g/,(2)] < a22°%2/(1 — |2]?)?, for all z € D, so that
gw € B* and L = sup{||gw||lse : w € D} < oco. Note that now
gl (p(w)) = 0 and g, (p(w)) = 1/(1 — |p(w)[?)*~. Thus we have
(uCpguw)'(w) = u'(w)/(1 = |(w)[*)*~". Hence

| (w)]

— [w|?)?
(1 (_1|<P(|w)||2))a_1 < (1= [wP)? |(uClpgu) (w)]

< uCogullzs < [uCyllL,

for all w € D, showing that the first condition in (iii) is also necessary.

The fact that the conditions in (iii) are sufficient for boundedness
of operator uC,, as an operator from B“ into BP is shown as follows.
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Suppose that f € B is in the unit ball of B* and that u and ¢ satisfy
the conditions in (iii). Note that u = uC,1 € B. We have

(1 %) |(uC f) ()] < (1~ |22)° o (2)| £ (0(2))]
(1= 2P () |7 (e ()] (2)]
< (1— |22 [ ()1 (=) — Flo(0))]
(1= 2P 1 ()] | £ (0(0))]
(1= 2P ) | (e 162
< (1 2P ()|
1= o))t
+O(1 = %) [ (2)

+ (1= 2% Ju(2)|

©(0

f((0)
f(e(2)

(1= le(2)1?)

since ||f|lg= < 1 and by the above conditions we conclude that
|uCy fllgs < C, thus uC, maps B* boundedly into B?. This com-
pletes the proof of (iii).

Next we will prove (ii). Suppose that uC, maps B boundedly into
BP. For given w € D instead of the function g,, consider the function
h. given by

1 1 ’ !
oo (2) = 2log ;= = <1Ogm) /logw7

for z € D. Then

/ ﬁ 2 w)
hw(z)_l—mz_l—wmz<logl— >/log1_| |2’

for z € D, so that h,, € B and L = sup{||hw|p : w € D} < co. Note
that k! (¢(w)) = 0 and hy,(¢(w)) = log(1/(1 — |p(w)|?)). Thus

(1= [w]*)? | (w)] 10gW1(w)|2 = (1= [w*)? |(uCoh)' (w)]

< N[uCphwllgs < [[uCy||L,
for all w € D, proving that the first condition in (ii) is necessary. That

also the second condition in (ii) is necessary is proved as before. It is
easy to see that the two conditions in (ii) are also sufficient.
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Finally we will prove (i). Suppose 0 < o < 1 and that uC, maps B*
boundedly into B”. As in the proof of (iii), it is necessary that

_ lwl2)?
sup fu(w)| 120

weD T = Jp())® | (w)] < oo.

It is also necessary that u = uC,1 € B?. We will show that these
conditions are also sufficient. Let f € B*. Then

(1= )7 [(uCp f) ()] < (1= |21)7 [/ (2) f (0(2)]
+ (1= 217 Ju(2) f (0(2)¢' (2)].

Note that

(1= ) [u(2) £ (@) (2)
_ A= EPYPIEE o s
= @ MRl = @ 1 ()

<M= lp(2)P)* [f (9(2)] < M| fll5-

Also,
(1= 27 [/ (2) f ()] < (1= |21 [ (2)] [ flloo < llullgs |1 f]5e-

Thus the weighted composition operator uC, : B* — B? is bounded.
mi

The above theorem has the following two corollaries, the first of which
is a recent result of Jie Xiao [10].

Corollary 2.4. Let ¢ : D — D be analytic, and let « and 3 be
positive real numbers. Then C, maps B boundedly into B? if and
only if

1—|w?)?
1=l

SUD T o) ¢ @) < oo

In the formulation of the next corollary, we will use the notation
M(X,)) to denote the set of all multipliers of X into }:

MX,Y)={u: fue), forall f e X}.
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We write £LB? for the space of analytic functions f on D for which

1
sup |u/(w)| (1 = |w]?)? log ——— < 0.
sup o' ()] (1 = ) log

We simply write £B for £LB*. The functions in £B? will be referred to as
logarithmic (-Bloch functions. The following corollary of Theorem 2.1
describes the multipliers from one Bloch-type space into another.

Corollary 2.5. Let u be analytic on D, and let o and 8 be positive
real numbers.

(i) If0 < a < 1, then

B if B>,

M(B*,B%) = { {0} if0<pB<a.

(ii) We have

£8P if B>1,
M(B,B?) = LBNH>® if =1,
{0} if 0< g <1.

(iil) If a > 1, then

Bt if B> a,
M(BY,B%) ={ H> if B=a,
{0} if 0< (<o

Proof. By the Closed Graph Theorem an analytic function u €
M(B,B%) if and only if the multiplication operator M, maps B®
boundedly into B”.

(i) Suppose 0 < «a < 1. Taking ¢ to be the identity function on
D, the conditions that multiplication operator M, map B% boundedly
into B? are u € B? and sup,cp [u(w)|(1 — [w?)P~* < 0. If B < a,
then the second condition implies that there exists a constant C' such
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that [u(w)| < C(1 — |w|?)*=# for all w € D. It follows that |u(w)| — 0
as |w| — 17 so that the Maximum Modulus Principle implies that
u = 0. For a < 8 < 1 the second condition follows from the first, since
B c H>™.

For 3 =1 we have u € B. Using (1.3) and the inequality log(1/(1 —
lw])) < (1 — |w))*1/(1 - a), we see that |u(w)|(1 — |w|*)1~* < C” for
all w € D, so the first condition implies the second.

For 3 > 1 the first condition implies that |u(w)| < C/(1 — |w|?)#~!
for all w € D, so that |u(w)|(1 — |w|?)?~* < C(1 — |w|?)1=* < C for
all w € D. So again the second condition follows from the first.

(ii) Suppose a = 1. Taking ¢ to be the identity function on D, the
conditions that M,, map B* boundedly into B? are sup,,cp |/ (w)|(1—
|w]*)?log(1/(1 — w[*)) < oo and sup,ep |u(w)|(1 — |[w[*)*~! < oc.
If 8 > 1, then the first condition implies the second. If 3 = 1, the
second condition says that u € H*. If § < 1, then as above the second
condition implies that u = 0.

(iii) Suppose a > 1. Then the operator M, maps B* bound-
edly into B? if and only if sup,cp |v/(w)|(1 — |w|?)P~*H < oo and
supep [u(w)|(1 — [w]?)#~% < co. If B < a, then the second condition
implies that w = 0. If 8 = «, then the conditions mean containment
in B and H, respectively, and since H>* C B, we obtain v € H*.
If 8 > « then the second condition is implied by the first, which says
that u € B#—o+1, ]

3. Compact weighted composition operators. Analogous to
Theorem 2.1 the following result holds:

Theorem 3.1. Let ¢ and u be analytic on D, ¢ a self-map of D.
Let o and B be positive real numbers, and suppose that uC, maps B*
boundedly into B.

(i) If 0 < a < 1, then uC, maps B* compactly into B® if and only
if

_ wl?)8
(1 — Jw[*) 1o/ (w) = 0.

) T o))

im
lo(w)|—1~
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(ii) The operator uCy, maps B compactly into BB if and only if

1
lim o (w)] (1 = [w|?)? log ————— =0
Iw(w)lﬂlj (Wl = wf) ST Te(w)P?
and
. (1—[wP)?
lim u(w)| —m—— w)| = 0.
\w(w)bl*' ( )‘1—|<p(w)|2|¢( )

(iil) If & > 1, then uCy, maps B* compactly into B® if and only if

. / (1_|w|2)5 _
e @ T rapeT =0
and
, A=)
- MO T el ¢ (1 =0

Before we prove the above result, we discuss three corollaries. If we
take u to be the constant function 1, we obtain Xiao’s [10] recent char-
acterization of compactness of composition operators between Bloch
type spaces:

Corollary 3.2. Let ¢ : D — D be analytic, and let o and (3 be
positive real numbers, and suppose that C, maps B* boundedly into
BP. Then Cy, maps B compactly into B if and only if

T
\w(wl)ﬁril— (1 — |o(w)[2)« | (w)| = 0.

In the formulation of the next corollary, we will use the notation
My(X,Y) to denote the set of all compact multipliers of X into Y:

Mo(X,Y) = {ue M(X,)Y): M, is compact}.
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We write EBg for the space of analytic functions f on D for which

1
; 2\8 _
\w1|linr |u' (w)| (1 — |w|?)” log TP~ 0

We simply write LBy for LB}. We will refer to the functions in LB§
as logarithmic little a-Bloch functions.

Corollary 3.3. Let a >0 and 3 > 0.
(i) If0 < a < 1, then

o o [B%if B> a,
Mo(B ’B)_{{o} if0<B<a.

(ii) We have

s (LB if B>1,
MO(B’B)_{{O} fo<pB<l.

(iii) If a > 1, then

BET if B> a,

a RAY
Mo(B ’B)_{{O} if 0<B<a.

Proof. Suppose 0 < a < 1. By Theorem 3.1 the operator M, maps
B* compactly into B? if and only if v € B? and limj,_;- |u(w)|(1 —
|w?)f~* = 0. If B < « the latter condition implies that
lim,|—1- |u(w)| = 0, and by the Maximum Modulus Principle, u = 0.
For 3 > « the second condition is automatically satisfied for u € B°.

Suppose @ = 1. By Theorem 3.1, the multiplication operator
M, maps B® compactly into B? if and only if limyyy g - |u/ (w)|(1 —
lw|?)?log(1/(1—|w|?)) = 0, and lim|,, ;- [u(w)|(1—[w|?*)?~* = 0. For
f < 1 the second condition implies that lim,,_;- [u(w)| = 0, hence
u = 0. For # > 1, the first condition implies that lim - |u'(w)|(1—
|w|?)? = 0, which implies the second condition.
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Suppose o« > 1. By Theorem 3.1, the multiplication operator
M, maps B® compactly into B? if and only if limyyy g - |/ (w)|(1 —
Jw|?)P=F = 0 and limy, ;- |u(w)|(1 — [w]?)?~> = 0. For B < «
the second condition implies that © = 0. For 8 > « the first condition
is that u € Bg 70‘“, and such u automatically satisfies the second
condition. O

The following result gives a sufficient condition for compactness of
weighted composition operators on Lipschitz spaces.

Corollary 3.4. Let ¢ and u be analytic on D, ¢ a self-map of D.
Let a and 3 be positive real numbers with a < 1. If u € B® and

sup (1 — |w|*)7 ! Ju(w)| < oo,
weD

then the operator uC, maps B compactly into BA.

Proof. By the Schwarz-Pick lemma, |¢'(w)| < (1—|p(w)|?)/(1—|w|?).
Thus

gy L= 0 )?
() 16/ (0)] 77 =y

for all w € D and by Theorem 2.1 (i) the weighted composition operator
uC, maps B boundedly into B?. The above inequality shows that the
condition in (i) of Theorem 3.1 is satisfied, so uC,, maps B* compactly
into BY. u]

< M1 |p(w)?)'7e,

Remark. Let 0 < o < 1. If B > 1 then, for every analytic ¢ : D — D
and u € B?, the operator uCy, maps B compactly into BP. Also, for
every analytic ¢ : D — D and u € H* the operator uC, maps B*
compactly into B.

Proof of Theorem 3.1. Suppose that uCy, is compact from B* into
B?. We will first show that the condition

, A—fw®”
(3.5) Mil)fllir [u(w)| W l¢'(w)] =0
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is necessary. Suppose that (w,,) is a sequence in D such that |¢(wy,)| —
1 as n — oo (if there are no such sequences, then the above condition
holds vacuously). Consider the functions f,, defined by

(L —lo(wn)?)? 1 —Jo(wn)?
(1= p(wa)z)ot (1= p(wn)2)e’

for z € D. Clearly f,,(z) — 0 uniformly on compact subsets of D. Note
that

fu(z) =

, (1~ Jp(w,))? 1 Jp(w,)?
z) = (a+1)p(w,) —————— — ap(wy) ——————,
Jale) = (et i) GERIT o A

thus
< (0t DO~ o) | a1 = fo(w,)P)
12N S TRl w2 T T 2D (0~ [p(wn)]
b+ 4
S EEn

so the ||fn]lge are uniformly bounded. Note that f,(¢(w,)) =
and f; (p(wn)) = @(wn)/(1 = |p(wn)[*)*, so that (uClyfn)'(wn)
u(wn)@(wn)@' (wn)/(1 = |p(wn)[?)*. Thus

0

(1 — [wa?)? fu(w)] W — (1w ?)? |(uCip ) (10

< |[[uCy frllss-

Since uCy, : B* — B? is compact, it follows from the proof of the Weak
Convergence Theorem in [9] that ||uCy fr|gs — 0, and therefore

(1~ fwa)® Juun)| % ¢/ (wn)] — 0,

as n — oo. Because |p(w,)| — 1 as n — oo, the necessity of condition
(3.5) follows.

Next consider the functions g, defined by

e 2 O [ € e Y
(1= pwa)z)* (1= p(wy)z)o+t

gn(z) = (@ +1



WEIGHTED COMPOSITION OPERATORS 203

for z € D. Then g}, (¢(wy)) = 0 so that (uCy,gy) (w,) = u'(w,)/(1 —
lo(wy,)]?)*~ 1. Since sup{||gn||se : n =1,2,...} < 0o, it follows that

(L — Jwa|*)? o' (w))|
(1 = lp(wn)[2)t

as n — oo. Thus the first condition in (iii) is necessary so that the
operator uC,, acting from B< into BP is compact. To prove that the
conditions in (iii) are sufficient for compactness of the aforementioned
operator, it is enough to show that if || f,||ge <1 for all n and f, — 0
uniformly on compact subsets of D, then [[uCy f,|zs — 0 as n — oo.
This amounts to showing that both

= (1 - ‘wn|2)ﬁ |(uccp9n)/(wn)| — 0,

sup (1 = [w]*) [u(w) £, (¢(w)) ' (w)| — 0,
weD

and

sup (1 — [w]?)? |u (w) fu(p(w))| — 0.
weD

If |o(w)] <r <1, then
(1= [w]*)? [u(w) £, (p(w))¢' (w)| < M, max | f,(2)].
If |p(w)| > r, then

Y b £ (ot ] < (1 g2y )]
(1= ) Juw) 3 (o) ()] < (1 = ul?)* G2

Thus
31611%(1 = [w]?)? [u(w) f1,(p(w)) ' (w)]
e s 1y )
< M, ler ‘fn( )‘ + |<p(w)I|)>r(1 | | ) (1 — ‘w(w)‘z)a'

First letting n tend to infinity and subsequently letting r increase to 1,
one obtains that

sup (1 — |w]*)7 [u(w) £, (p(w))¢' (w)| — 0,
weD
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as n — oo. The other statement is proved similarly, now using the
following estimates: if |¢o(w)| < r < 1, then

(1= [w*)? [ (w) fa(p(w))] < M, max [ (2)],

while for |p(w)| > 7, we have

— w8l (w w — |lw[2)? [u' (w)]
(1 = |w]*)” |Ju' (w) fr(p(w))| < M(1 — |w]?) 1= o)t
Thus
sup (1 — w]?)? [u/ (w) fu (0 (w))]
weD
max A su — W 2y ‘U/(w”
< Mrmax (M sup (= el T ST

which implies that also

sup (1 — [w]?)? |u' (w) fu(p(w))| — 0,
weD

as n — oo. This completes the proof of (iii).

To prove (ii), assuming that (w,) is a sequence in D for which
|p(wy)| — 1, instead of the above functions g, consider the functions
h,, defined by

2 3
= (oL Y 2 (g LY
Hn 1 —o(wy)z Hi 1 —p(wy)z

for 2 € D, where u,, = log(1/(1 — |¢(w,)|?)). Then

4= 20 (s i) - () )

for z € D, so that sup{||h,|lz : n = 1,2,...} < oco. Clearly h, — 0
uniformly on compact subsets of D. Note that hl (¢(w,)) = 0 and
Bu(9(wa)) = fin = log(1/(1 — |p(wn)2)). So if uCy : B — BP is
compact, then ||(uCy)hy|gs — 0, and consequently,

(1= [wn|*)? | (w)| log = (1= Jwn[*)°|(uCphn) (wn)] — 0

v
1= (wn)[?



WEIGHTED COMPOSITION OPERATORS 205

as n — oo. Thus the first condition in (ii) is necessary, so that the
operator uC, acting from B into B? is compact. The proof of the
sufficiency is similar to that of the above case and is omitted.

If 0 < @ <1 and uC, is a compact operator from B“ into BP. then
clearly u = uC,1 € B so the conditions in (i) are necessary. To prove
that in this case they are also sufficient, we need some preliminary
results.

Lemma 3.6. Let 0 < a < 1. Every norm-bounded sequence in B
has a subsequence that converges uniformly on D.

Proof. Let (f,) be a sequence in B*, and let M be a positive
number for which ||f,||ge < M for n = 1,2,.... Using (1.1) we have
|fn(2) = fa(w)] < AM|z—w|*~@ for all z,w € D and everyn = 1,2,... .
Thus the family {f,, : n =1,2,...} is equicontinuous. Since there also
is a constant L such that ||f|lcc < L f||ge for every analytic function
f on D, the family {f, : n = 1,2,...} is bounded in C(D) (in fact,
sup{|fn(2)| : |2| <1} < LM for alln =1,2,...). The statement of the
lemma now follows from the Arzela-Ascoli Theorem. O

Lemma 3.7. Let 0 < a < 1, and let T' be a bounded linear operator
from B into a normed linear space Y. Then T is compact if and only
if |Tfnlly — 0 whenever (fy) is a norm-bounded sequence in B* that

converges to 0 uniformly on D.

Proof. The necessity being obvious we will only prove the sufficiency
part of the equivalence above. Suppose that T is not compact on B<.
Then there is a bounded sequence (g,) in B® such that (T'g,) has no
convergent subsequence. By the above lemma (g,) has a subsequence
(fn) such that f,, — f uniformly on D. Then f/(z) — f’(z) for every
2z € D, and because |f!(2)] < M/(1 — |z|>)* for all n = 1,2,..., we
obtain |f/(2)| < M/(1 — |z*)®. Thus f € B*. The sequence (f, — f)
is bounded in B and converges to 0 uniformly on D. By assumption
IT(fn—f)lly — 0 asn — oo. This implies that the subsequence (T'fy,)
of (T'g,) converges in Y (to T'f), a contradiction. O
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After these preliminaries, we are now ready to complete the proof of
Theorem 3.1.

Completion of the proof of Theorem 3.1. We have already shown
that the conditions in (i) are necessary for the weighted composition
operator uCy, : B — B? to be compact. We will use Lemma 3.7 to
show that these conditions are also sufficient. Suppose that || f,||p < 1
for all n = 1,2,..., and that f, — 0 uniformly on D. Then

38 s~ ) [ @) o) < o snp 172(2)] = 0.

If |p(w)| <7 < 1, then

(1= [wl*)? [u(w) £ (p(w))¢' (w)]
< max | f, (2)|(1 - [w*)7 7 u(w)[(1 = [wf?) [¢' (w)]

|=]
< M £,

If |p(w)| > 7, then
(1 — [w]?)? Ju(w) 1 (p(w)¢' (w)] < (1 — |w[*)? u(w)e'(w)|

Thus

sup (1 - [wl)? [u(w) £, (p(w))¢' (w)]

|
< Mmax |f,(2)]+ sup (1-— .
[z]<r [e(w)|>r (1 - “p(w)‘z)a

First letting n tend to infinity, and subsequently letting r increase to
1, one obtains that

(3.9) j‘ég(l = [w*)? fu(w) £, (p(w))¢' (w)| — 0,

as n — oo. Combining (3.8) and (3.9), we get

sup (1 — [w[*)? [u' (w) (fa © ©) (W) + w(w)(fn 0 @)’ (w)] — 0,
weD
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as n — oo, that is, |[uCy,fnllgs — 0 as n — oo. It follows from
Lemma 3.7 that the operator uC, maps B“ compactly into BP. This
completes the proof of Theorem 3.1. O

4. Boundedness of weighted composition operators on Bf.
Let By denote the subspace of B consisting of all analytic functions
f on D for which (1 — |2?)®f’(z) — 0 as |z| — 17. This space
will be referred to as the little B* space. If f € By for a > 1,
then estimates similar to those in Section 1 can be used to prove
that (1 — |2[))*7Yf(z)] — 0 as |z| — 17. For f € By, we have
log(1/(1 — |2 F(2)] = 0 as |2 — 1~

The following theorem describes boundedness of weighted composi-
tion operators from one little Bloch-type space into another.

Theorem 4.1. Let ¢ and u be analytic on D, ¢ a self-map of D.
Let a and B be positive real numbers. Under these assumptions uCl,
maps Bf boundedly into Bg if and only if uCy, maps B* boundedly into
B2 ue Bg and

(4.2) lim (1 —|2?) u(2)¢’(z) = 0.

|z|—1—

Proof. Suppose that uC, maps B into Bg. Then u = uC,l € Bg.
Also up = uCyz € Bg, thus (1 — |2|?)P(u(2)¢'(2) + u'(2)p(2)) — 0
as [z — 17. Since ¢ is bounded and uw € B, we have (1 —
|212)Pu (2)¢(2) — 0 as |z| — 17, and thus (4.2) holds. For fixed
w € D the functions defined in (2.2) and (2.3) are in fact in B, so the
proof of Theorem 2.1 shows that if uC, maps Bf boundedly into Bg ,

then the conditions in (iii) of Theorem 2.1 hold, and thus uC, maps
B2 boundedly into B°.

Conversely, suppose v and ¢ are such that uC, maps B boundedly
into B°, u € BY and (4.2) holds. We will show that uCy, maps Bg into
Bg. By Theorem 2.1 there is a finite M such that |u/(w)|(1—|w|?)?/(1—
lp(w)?)*~! < M and [u(w)]|¢’ (w)|(1 = [w]*)? /(1= |p(w)[*)* < M, for
all w € D. For f € Bf, we will show that uC, f € Bg. Since f € B
both (1 —|2]2)®|f'(2)| — 0 and (1 — |2|?)*7|f(2)] = 0 as |z]| — 17, so
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given £ > 0 there is a 0 < § < 1 such that (1 — |2|2)%|f/(2)| < ¢/(2M)
and (1 — [2]2)27Yf(2)] < g/(2M), for all z with § < |2] < 1. If
|p(w)| > 0, it follows that

(1=[w*)?|(uCy f)' (w)|
< (1= [w)? [/ (W) [ f (e (w))] + (L= [w]*)” [u(w)] | £ (p(w)] |¢' (w)]
< M(1=|p(w))*Hf (p(w))] + M1=[o(w) ) [ (p(w))] <e.

Choose a constant L such that | f(z)| < Land |f'(z)] < L for all |z| < 4.
If [o(w)| < 4, then

(1= [w*)?|(uCy f)' (w)]
< (1= [w*)? Ju' (w)| £ (p(w))] + (1= [w]*)? [u(w)] | £ (p(w))] ¢ (w)]
< L(1=[w)? o ()] + L1~ [wl*)? [u(w)] ¢’ (w)],

and using (4.2) and the fact that v € By, we conclude that (1 —
|w|*)P|(uCyp f) (w)| — 0 as Jw| — 17. Hence uC,f € BY, for all f €
By . It follows from the Closed Graph Theorem that uC, : B — Bg
is bounded. This completes the proof in case a« > 1. The cases a =1
and 0 < o < 1 have similar proofs. ]

5. Compactness of weighted composition operators on 5§.
We have the following result for the compactness of weighted composi-
tion operators on B

Theorem 5.1. Let ¢ and u be analytic on D, ¢ a self-map of D.
Let a and [ be positive numbers.

(i) If 0 < a < 1, then uCy, is a compact operator from B into Bg
if and only if u € Bg and

: (1—[wP)
lim |u(w)| ————5H5— w)| = 0.
Jim )] T ()
(i) The operator uCy, is a compact operator from By into Bg if and
only if

1
lim  |o/ (w)] (1 = |w]?)?log —————= =0
i )] (1= ) log T
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and

_ lwl2)?
timfu(w)) L2 ) < 0.

w|—1- 1 — Jp(w)

(iii)f]fa > 1, then uCy, is a compact operator from B into Bg if and
only 1

el T Ryt =0
and
: A=)
B (R R

Our proof of the above theorem requires the following lemma which
describes the compact subsets of Bf.

Lemma 5.2. Let K C By. Then K is compact if and only if K is
closed, bounded, and satisfies

(5.3) lim sup(l— |z|2)a |f' ()| = 0.
[2| =17 feK

Proof. Suppose K is compact. If € > 0, then the balls centered at the
elements of K with radii /2 cover K, so by compactness there exist
fi,-.., fn € K such that for every f € K we have |f — fj[|ge < ¢/2
for some 1 < j < n, and consequently

L= ) |f ()] < (A= [P) 1 fi(2) +e/2,

for all z € D. For each j, there exists an r; € (0,1) such that (1 —
|2[2)*| f{(2)] < &/2 whenever r; < |z| < 1. Setting 7 = max{ry,... , 7}
we have (1 — |2]2)¥|f(2)| < € whenever r < |2| < 1 and f € K. This
proves that (5.3) holds.

Now suppose that K C B is closed, bounded and satisfies (5.3).
Then K is a normal family. If (f,,) is a sequence in K, by passing to



210 S. OHNO, K. STROETHOFF AND R. ZHAO

a subsequence (which we do not relabel) we may assume that f, — f
uniformly on compact subsets of D. We are done once we show that
fn — fin B§. Let € > 0 be given. By (5.3) there exists an r € (0,1)
such that (1—|2|?)?|¢(2)| < &/2, forallr < |z| < 1and all g € K. Since
fl — f’ uniformly on compact subsets of D, it follows that f, — f’
pointwise on D, and thus also (1—|z|?)®|f/(2)| < &/2, forallr < |z| < 1.
Hence (1 — |2|2)?|f}(2) — f'(2)] <, for all 7 < |2| < 1. Since f/, — f’
uniformly on 7D, there exists an N such that |f’ (z) — f'(2)| < € for all
|z] <7 and n > N. It follows that (1 — |z|2)¥|f.(2) — f'(2)| < & for all
z€ D andalln > N. Thus f, — fin B*. Since K is closed, it follows
that f € K. This proves that the set K is compact. ]

Proof of Theorem 5.1. By Lemma 5.2 the set {uC,f : f €
Bg, |Ifllze <1} has compact closure in Bg if and only if

(5.4) o sup{(1=|w[*)? |(uCy f)' ()| - f € B, || fllse < M} =0,

w|

for some M > 0. If (5.4) is satisfied, then it follows by the proof of
Theorem 2.1 and the fact that the functions given in (2.2) are in Bf
and have norms bounded independently of w, that

oy
e

Similarly, it is shown that the other conditions in Theorem 5.1 are
necessary. It remains to show that the conditions are also sufficient.
We will first prove this for « > 1. Suppose that f € B is such that
Ifllze < 1 and that u and ¢ satisfy the conditions in (iii). Then we
have

(1= 2P (uCo f)'(2)] < (1= [2*)7 [u'(2)] | (12(2))]
+ (1= 121%)7 [u() | (9())] ' (2)]
< (1= 2P |u'(2)]

Q

(1= [p(z)2)t

(1= ) fu(2)] sz)\,
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thus

sup{|(1 — [2*)?(uCpf)'(2)| : f € B, | fllso <1}

o
—Zzﬁu/z —
< (- PP WO e
2V () 1
+(1 ||) ‘ ()'(1_|<p(z)‘2)a|(p()|7

and it follows that

e sup{|(1 = [2*)" (uCo f)' ()| : f € Bg, |If s« <1} =0,

so that uC, is compact on Bf. The proof is complete in the case o > 1.

The case o = 1 has a similar proof. Suppose 0 < a < 1, u € Bf, and

im |u(w —(1_|w‘2)ﬁ
W O T e

If f € BY is such that ||f||ge <1, then

(L= )7 [(uCp f) ()] < (1= |21%)7 [/ (2) f (0(2))]
+ (1= [2)7 Ju(2) ' (0(2)) ' (2)-

| (w)] < o0.

Note that
(1= 127 [u(2) £ (#(2))# (2))]
OB e
= e W) (1= ) I (e()
A= EPPICN
T (1= fe(x)P)e '
Also,

(L= =) [/ ()] 11 fllo
(1= [=)7 [’ (2)-

(1= [2[)7 ' (2) f (9 ()]

<
<

It follows that

lim_sup{(1 — |2[*)” |(uCyf) ()| : f € BF, | flls= <1} =0,

|z|—1
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and by Lemma 5.2, uC,, : B — Bg is compact. O

6. Examples. In this final section we give some examples of func-
tions v and ¢ for which the weighted composition operator uC, between
the various spaces considered is bounded, compact or noncompact.

We first give some examples of bounded weighted composition oper-
ators uCl,.

Example 6.1. Let o and ( be positive real numbers such that
a < . First we consider the case that a > 1. Then the composition
operator Cy, is bounded on B*. If u € BB+l then the multiplication
operator M, maps B* boundedly into B and thus uCy, = M, C, maps
B® boundedly into B? too.

We will give examples of analytic self mappings ¢ on the unit disk
and analytic functions u on the unit disk not belonging to B~**! such
that C, is bounded on B*, but not from B¢ into B?, for any 0 < v < «,
and such that uC, maps B* boundedly into B”.

Let o(z) = (1 — 2z)/2 and let u(z) = 1/(1 — 2)" for z € D where
B—a < T < -1 Ttis easy to check that u ¢ B~ Using
1—Jp(2)]? > (1 —|z|?)/4, we see that

€ o S N € e ) s

[/ (2)] TS s < o
(1= Jp(z)2)a=1 = do=1 |1 — z[7+1 qo—1

for all z € D with |z — 1| > 1. If z € D is such that |z — 1| < 1, then
lo(2)| < 1/2, so that 1 — |¢(2)|?> > 3/4, and thus

RN S OO £ A S ¢ S ) L Y A
MO e <7(s) e <2(5)

Hence

(1 — [42)°
sup /()] 0"
sup I T oy
Similarly it is shown that
1—|2?)P
sup [u(2)] -V 1)) < oo

€D (1 —=[e(2)]?)"
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By Theorem 2.1 the operator uCy, maps B* boundedly into BP (in fact
compactly if a < f3).

For ae = 1 a similar example was given in [7].

Next suppose a < 8 < 1. Take any number 7 such that max{3,1 —
B} < 7 <1, and consider ¢(z) = ((1 —2)/2)1"7 and u(z) = (1 — 2)".
Then it can be checked that u € B,

N L
Sl @I o Ee — >
and
o
sup () &l T o <o

Thus the weighted composition operator uC, maps B* boundedly into
B? (in fact compactly if o < 3), while the composition operator C,,
does not map B boundedly into B°.

Our second example shows that the condition in Theorem 3.1 that
uCl, is bounded is necessary.

Example 6.2. Let o and § be positive real numbers with 3 > a. In
this example we will show that there exist analytic functions ¢ : D — D
and v on D such that the conditions (i), (ii) or (iii) in Theorem 3.1
are satisfied while uC, does not map B* compactly into B”. Let
w(z) = (1-2)/2 for z € D.

First suppose that 0 < a < 1. Consider the function u(z) =
(1+2)/(1 - 2)1*P for z € D. Since

(1= |w]?)?
(1 = lp(w)[)

and |u(w)] — 0 as |p(w)| — 17, condition (i) in Theorem 3.1 is
satisfied. For w = x, where 0 < x < 1, we have

' (w)] < 4% Ju(w)] (1 = |w]?)?~

Ju(w)]

(1 —|w[?)? , 1 (1+2)1—2) 11+
[u(w)| = Je(@) ¢ (w)] > 3 (=28 =351-2’
so that . o
sup fu(w)] - ) = o,

weD (1 = [e(w)]?)
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By Theorem 2.1 the weighted composition operator uC, does not map
B* boundedly into B?, so uC, cannot be compact.

In the case that o > 1, consider the function u(z) = (1 + 2)/(1 —
2)1+e+8 for z € D. That the second condition of (ii) or (iii) in
Theorem 3.1 is satisfied is shown as before. Using

— lwl2)8
T T S 4 = et

and |u'(w)| — 1/2179%8 as |p(w)| — 17, we see that also the first
condition of (iii) in Theorem 3.1 is satisfied. If w =  where 0 < < 1,
then

[/ (w)]

(1= Tfp(w))e=t = (1 —z)>teth
2+a+f
> Toame

This is clearly unbounded, so

sup (1 — [w]?)? [u' (w)|/(1 = |p(w)?)* ™" = cc.
weD

If @ = 1 it can be shown that sup,cp(l — |w|?)?|u’(w)|log(1/(1 —
lo(w)[?)) = oo. By Theorem 2.1, the weighted composition operator
uC, does not map B boundedly into BB, so uC, cannot be compact.
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