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ON THE FORM OF CORRELATION FUNCTION
FOR A CLASS OF NONSTATIONARY
FIELD WITH A ZERO SPECTRUM

RAE’'D HATAMLEH

ABSTRACT. The present paper is devoted to the derivation
of an explicit form of linearly representable random fields in
the form h(z1,z2) = exp {i(z1A41 + x2A2)}h , where h € H,
H is a Hilbert space, operators A1, Ag are such that Aj Ag =
A9 A; and C3 = 0 where C = AJAx — A2 A7

The results obtained are the generalization of theorem
proved by Livshits and Yantsevitch [4] and Yantsevich and
Abbaui [6].

It is shown that a rank of nonstationary of field h(z1,z2)
depends not only on a degree of nonself conjugation of Ay, Ag
but on a degree of nilpotency of commutator C(C? = 0).

In the present paper an explicit form of correlation function
when the spectrum of A; and As lies in zero is derived.

1. Preliminary information.

1.1. Let us consider a vector field h(x) depending of two variables
x = (x1,22) € R? with values in the Hilbert space H.

In this paper we will suppose that h(z) depends on x as h(z) = Z,h
where Z, = expli(z1A1 + x2A42)]. In this case A; and As are such
operators in the Hilbert space H for which A1 Ay = AsA;. We shall
call an operator function Z, to be an two-parameter commutative
semigroup. The main tool of correlation theory for vector fields in
a Hilbert space H is a correlation function [4]:

(1) K(z,y) = (h(z), h(y)),

where z,y € R?. For twice permutational classes of linear operators
{Al,AQ}, (AlAQ = A2A1,ATA2 = AQAT) Generalizing the results
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given by Livshits and Jantsevich [4], Yantsevich and Abbaui [6] have
introduced partial infinitesimal correlation functions (ICF) by relations
(under the assumption that K(z1,x2,y1,y2) is a twice differentiable
function):

(2)

0K (x1 + 71,22, y1 + T1,Y2)

Wi(z1, 22,y1,92) = —

8T1 ‘Tl:o
OK (x1, T2 + T2, Y1, Y2 + T2
Wa(z1, 22,y1,¥2) = — (@ P ) |l72=0
T2
O?K (21 + 71,22 + T2, Y1 + T1, Y2 + T2)
W(xl,l'Qaylva) = - : 87’187’2 : |‘r17'2:0
W1, Wy and W are not independent.
Indeed:
—Y1

W (x1 + 71,22 + 72,41 + T1, Y2 + 72) d7y

o

0 0
= | 7= K(x1—y1,02+72,0,y2+72) — =— K (21, 22+ 72, y1, Y2 +72)
(97'2 872

= —Wa(x1 —y1, w2 4+ 72,0, 92 + 72) + Wa(x1, 22 + T2, Y1, Y2 + T2).
Similarly it is easy to get:
—Y2

W (xym1, 22 + T2, y1 + 71, Y2 + T2) dT2

o

= —Wi(21 4+ 71,22 — Y2, y471,0) + Wi(21 + 71, 22, Y1 + 71, 92)-
(3) —Y1 —Y2
/ W(x1 4+ 11,22 + T2, y1 + 71, Y2 + 72) d71 dT2
0 0

= K(J?l - ylax27y25070) - K(xl - ylax270ay2)
- K(xluxZ - y27y170) - K($17$27y17y2)~
Let us remember that the field h(z) in H is called dissipative if

(A1)r > 0. As in the one-dimension case it is easy to establish [4,
6] that:

TlliinooK(m + 71, @2, y1 + T, y2) = Ko (31— g1, w2, 2);
(4) lim K (21,29 4+ 71,41,92 + 71) = K3 (22 — y2, 71, 91);
Ty —00
lim K(z4+1y+7)=Ko(z—1y).

T1,T2—0Q
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If the correlation function depends only on a difference in arguments
then a field is called a stationary field [4] (in just this way a stationary
was defined by Kolmogorov).

Then the formula (3) may be presented in the form:

K(m,y):/ / W(x+ 71,y +7)dr dr
o Jo

+ KL (z1 — y1, 2, y2) + K2 (22 — Y2, 71, y1)

(5)

K (z—1y) is a Hermitian-positive function which may be considered as
a stationary field correlation function, K1 (z1 — y1, z2,y2) (as well as
K2 (z2—1y2,21,y1)) in variable 21 —y; is a Hermitian-positive function
for each xs,ys2, and , as a function of xs,ys, is a dissipative curve of
one variable in H. Thus, essentially everything is determined by the
infinitesimal correlation function Wz, y).

1.2. Let us introduce as in [4, 6] a rank of nonstationarity.

We recall that the rank of nonstationary of function h(z) of twice
permutational system of linear operators Ay, As is the greatest rank of
quadratic form

Z W (2o, 75)Cals,  7a €ER?, (0 €C, n<oo.
a,B=1

It is not difficult to show that the rank of nonstationarity for the
present case coincides with the dimension of space Hy where Hy =
(A1)rH((A2)rH (here as usual (Ag)r = (Ar — A})/(24) [4]) and in
addition

(6) W(z,y) = 4((A1)1(A2)1 h(x), h(y)).
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The derivation of formula (6): From formula (2) it follows that

OK(x + 11,22, y1 + 71, Y2)

W1($1,$2,y1,y2) = - 87’1 ‘7’1:0
0 0
—_— 2K
<8x1 + ay1> ('T17x27y1ay2)
15} 0
=~ (o, * gy ) et )
— (1A Zzh, Zyh) — (Zyh, 1A Zyh)
A — AF
= (Z ZehZyh) = 2((A)1h(x). h(y).
Similarly,
Wa(x1, x2, 41, 42) = 2((A2)rh(x), h(y)).
Therefore,
0 0
W(z1,z2,y1,Y2) = — 3—:E2 + 8_y2 W1($173727y1ay2)~
Then we get that
0
W1, 22,y1,12) = (g 8_y2> (2(A1)1h(x), h(y))

— (2(A1)1iAzh(x), h(y)) — (2(A1)1h(x), iA2h(y))
_ 2<( 1)r Az — A5(A)r h(z), h(y)>

1

As A; and A, are twice permutable then,

A

W (2) = 2( (40 222 h(a), h(y) ) = 4((AD) 1 (A2) h(), h(w)

For the case dim Hy = 1, i.e. when the rank of nonstationarity of vector
field h(x) is equal to one, we get

(7) W(z,y) = ®(x)2(y),

where ®(x) = (h(z), ho)
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2. Correlation functions and spectral representation for the
twice premutational fields of rank 1.

2.1. Let us consider a vector field h(xy,x2) = exp (ix1 A1 + ixe As)h,
where h € H,Hy = (A1);H N (As);H, dim Hy = 1 and operators A;
and Aj are twice permutable. As Hy = (A1) HN(A2);H is univariable
and the operator 4(A;)r(As)s is self-adjoint, then general theory gives

4(A1)1(A2)1h = (h, ho)ho
for any h € H. Therefore from formula (6) it follows that
W (x1,22,y1,92) = (4(A1)1(A2)1h(x), h(y))
((h(x1,22), hoYho, (Y1, y2))
= (h(z1,22), ho)(ho, h(y1,y2))
P (21, 22) - P(y1,y2)

where
(I)(Il,IQ) = <h($1,$2),h0> = <€‘Xp (ixlAl + i$2A2)h7h0>.

As it was shown in [6], then the ICF of vector field h(z1,z2) has the
form

W($17x27y1792> = ‘I)(l”l,l’z)q’(yl,yz),

where (I)(l‘l, LL'Q) = <€Xp (il‘lAl + i,’EQAQ)h, ho), ho € Hy, ||h0||
=1, 2Im A2 Im Ashg = Aohg and Ag is a real number.

Applying the well-known Risse-Danford representation for functions
of operators [4,5],

Using relation [4]

exp (tA) = — 2i exp (M) (A — AT) "L dA

™ Jr

where I' is a closed path that contains all the spectrum of operator A,
one can represent the function ®(zy, z3) in the form

1\? : ,
(8) (I)(xhx2) = (2_m) é‘l fi—‘z exp (Z)\lil,'l +Z)\2£L'2)
(A1 = MI) " (As = NoT) "B, ho) dAr, dha.



164 RAE'D HATAMLEH

Closed path I'y, includes the spectrum of operator A, k = 1,2. When
calculating integrals in (8) one can pass to any system of operators

L] L] L]
Ay, As, acting in Hilbert space H, which are unitary equivalent to the
original operators Ay, As:

(A1 =M D) (As=Ao) " ho)r = (A1 =M 1) (As—AoD) g, go)  ,

.
H

where AyU = UAg, k= 1,2, and U is a unitary operator acting from
H in L*(D),
D:[OXll] X [0,[2], Uhozgo.

Then the function ®(x1,x2) is presented in the form

1\? . .
O(x1,29) = (— %) j{ ]g exp (i\1@1 + idaws)

X <(A1 — All)il(AQ — )\21),1)9’90> dAl d)\g

2.2. Let us consider a case when the function h(z1,23) belongs
to class Kﬁ), i.e., the spectrum of each operator Ay, k = 1,2,

is contracted in zero. Then [7] the model space H coincides with
LQ(D),D = [0,11] X [0,[2],ll,l2 < 0.
The operators A; and Ay are defined in L?(D) as follows:

° l ° l2
A1f(37,y) =—1i f(tvy) dt; Agf(l',y) =—1 f(l’,T)dT,

x

where x and y are one dimensional. Due to the unitary equivalence
H, is mapped by operator U on Hy = 2Im Ay H N 2Im As H which is a
subspace of constant functions from L?(D), therefore hy(z,y) = 1, and
L]
hO = f(il?, y)

It is not difficult to show that

.* — .* — 1 X Zy
(Al - )\1[) 1(A2 - )\2[) 1/’L0($’y) = )\1)\2 exp <>\_1 _|_ )\_2>
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Then

1)’ ‘ ‘
D(x1,x2) = <— 2—7”) ﬁ 7? exp (IA121 + iAox2)
1 2

{ 3 /\ (ﬁ + &)f(Ch C2) dG dﬁz] dAy do
112

“C o) Lz ()

« L exp <M2x2 + f2> ny dxg} F(C1s o) G d
2

and finally

L pls
‘1’(351,!102):/ / Jo(2v/x1C1)Jo(2v/ x2C2 ) f(C1, C2) dC da,
o Jo
where

Jo(2v/101) i 3?1C1

3. Correlation functions for commutative systems of op-

erators in case of nilpotentness of the commutator C =
[A%, A5](C3 = 0).

3.1. Similar to the class of twice permutable system of linear operator
for the vector field

h(x)=Z.h, x=(21,20) €R? Zy=expli(z1A; +2245)], heH,
where the system of operators {41, A2} is such that

(9) [A1,A5] =0, C=[A}], 4], C*=0, C*#0

we introduce the correlation functions

(10)

Wiz, 22,91, 92) = — % K(z1+ 71,22, 51 + 71,92) |, =0

Wa(z1, 22, y1,92) = — % K(z1,22 + 72,91, Y2 + T2) |r=0
92

W(z1,22,y1,92) = — m K(z1+m, 20+ 72, y1+71, Y2+72) |1=r=0
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It is not difficult to see that for the case of vector field h(x) one can
obtain [3]

Wi(z1, 22, y1,92) = 2
(11) W2(x1ax27ylay2) =2 )
W($17$27y17y2) = <Dh(.’[]), h(y)>

Here operator D is self-adjoint and is of the form
(12) D = 2i(A5(A1); — (A1) 1Az) = 2i(A7(A2); — (A2)1Ar).

Let us show that D may be represented as (12). From formula (10)
using differentiation rules one can easily get

Wi(x1, e, y1,Y2) = — <% + aiyl)K(x,y)
= _<a%h(x), h(y)> — <h(x), a_ylh(y)>
= (= iAih(z),h(y)) + (h(z),iA1h(y))

- 2< (@)h@), h(y)>.

Then we can find W (z,y)

W(a,9) = = g 2 A, h) ~ o
= —(2i(A1) 1 A2h(x), h(y)) — (2(As

(2(A1)1h(z), h(y))
)1h(x),iAsh(y))

that is the proof (12). Elementary evaluations show that the operator
D in (12) can be reduced to

(13) D = C+ 4(A2)](A1)] = C* +4(A1)[(A2)[

In what follows,in order to render a concrete form of operator D we
confine ourselves to the systems of linear operators that satisfy the next
theorem proved in [7]. A system of operators Aq, A, is called a simple
system [4] if there is no subspace in H which, reducing the operators
Ay and As, a contraction on which is self-adjoint at least for one of
operator Ayg.
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Theorem 1. Let us assume that a simple commuting system of linear
operators A1, As is such that:

1.C3=0,dimCH =2
2. dll’nHO = 17 HQ = 1, HO = (Al)]Hm (AQ)]H
3. (4,);C*H C C*H, (A3);C*PH C C*PH, k,p=1,2.

Then the space H is decomposed into the orthogonal sum H =
H, ® Hy ® H3, where Hy, reduces A; and subspaces Hs and Hs @ Hjs
are invariant relative to As and the contractions of system {A;, A2} on
Hj, are twice permutable.

This theorem has been proved in [7]. In what follows we assume
that a system of linear operators {47, A5} satisfies the assumption of
Theorem 1. Let C?H = {\h3}, CH © C?H = {uhs} and C*?H =
{\g3}, C*H © C*?*H = {ugo}. It is obvious that hz L g3,9o and
g3 L hs3,hy. This readily follows from the condition C3 = C*3 = 0.
One can easily see that Hs N Hy = {Ah3}, Ho N Hy = {2h2}. Let us
denote by h; a vector such that {)\fn} = H; N Hy and introduce the
following vectors:

1
>

hi 1 = (h1,93)g3,
g1 = g1 = (g1, h3)hs,

where the vector g; is such that g1 + hs + g2 + g3 = hg, where hg is a
basis vector of space Hy.

Then it is easy to see that
DH = HD = Span {h37h27h17g17g27g35 }

Thus, the operator D, corresponding to the defect of being non-
stationary, maps H into a six-dimensional space.

Let us find an explicit form of self-adjoint operator D defined in Hp.
Really, it is easy to see that

Dhg = Ch3 + 4(A2)](A1)[h3 = 4(A2)]0[3h3,
where (A1)rhs = ashs. Therefore

(Dhs,g2) =0 and (Dhs,gs) =0.
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Similarly one can obtain
Dhy = Chy + 4(A2)1(A1)rha = phs + 4(Az)rashs,

where (A1)rhy = ashg. Thus (Dhg,g3) = 0. By repeating the same
arguments one can obtain

(Dhg,h1) =0, (Dgs,ha) =0, (Dga,hs)=0.

Hence, we have proved the following lemma.

Lemma 1. The matriz of the operator D in the basis
{h1, ha, h3, g1, 92,93} of the space Hp can be written in the form

dyy dig diz diy 0O 0
dia doa daz dos dos O
di3 daz d3z d3s d3s dsg
dig dog d3g dyg dys  dey
0 das d3s das dss  dse
0 0 d3 disc dse des

where di, s € R are real numbers.

Thus D is a generalization of Jacobian matriz, namely D is a semi-
diagonal matriz.

Consequently
6
(15) Dh= " (h1a)dasls,
a,B=1

where l1 = hs, lo = ha, I3 =h1, lu=g1, I5 = g2, l6 = g3.
Here as above we denote ||lx|| =1, k =1,...,6, and dog = (Dla, l3).

3.2. Now let us consider the infinitesimal correlation function
W(z,y) (11):
W(z,y) = (Dh(z), h(y)).
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Then by virtue of (15) one can obtain

W(a:,y) = Z (h(x),l@daﬁ(h(y),l@.

Denote ®,(x) = (h,exp [i(z1 AT + 2243)|la), « =1,2,... ,6, then

(16) W(z,y) = Z (I)a(x) 'da,ﬁq)ﬂ(y)‘
a,B=1

Let us find the form of functions ®,(z). Note, first of all, that the func-
tions @, (x) are invariant relatively under unitary equivalence and hence
we can use the model presentation which was derived in [7]. As is ob-
vious from these models the vector-functions exp [—i(z1 A} + z2A43)]la
generate subspaces L, which are invariant relative to the operators A}
and A3 where the contractions of the operators A} and A% on L, are
twice permutable. Let us denote images of vectors {l,} under unitary
equivalence (which is realized by the model construction) by {hs}, and
denote the image of h by f(x1,x2) which is a function in the space
Ly(D), where domain D has the form

X2 A
bs
b,
D
b,
>
=h =% ds Xy

Then [y is a function equal to zero outside domain [0, a1] X [ba, b3] and
is a constant in this domain. Similarly, I3 is a constant in [0, ag] X [by, ba],
lg is that in [O,a3] X [O,bl], l4 is that in [0,0,1] X [O,bg], l5 is that in
[a1, az] x [0,b2], and last lg is a constant in [az, as] X [0, by].

Since the spectrum of each operator Ap, Ay lies in zero and we are in
the frames of assumptions of Theorem 1, one obtains, in virtue of the
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formulas given in Section 2

a1 pbs

‘1’1(901,962)2/0 . J(C1,62)Jo(2v/21C1 ) Jo(2v/w2€2 ) dCy dCe
wr b

‘1’2(901,962):/0 /b J(C1,62)Jo(2v/21C1 ) Jo(2v/w2€2 ) dCy dCe

as by
‘1’3(901,962):/0 : J(C1,62)Jo(2v/21C1 ) Jo(24/w2€2 ) dCr dCe
(17) \
‘1’4(1’1’1’2):/0 /0 F(C1,¢2)Jo(2v/x1C1 ) Jo(24/@2(2 ) dCr dGz

az b2
(D5(x13x2):/ f(C1,¢2)Jo(2v/ 211 ) Jo(2v/ w22 ) dGy dCo
aq 0

as bl
‘56(%1,552):/ F(C1,¢2)Jo(2v/ 211 ) Jo(2v/ w2Ca ) dCy dCo
a 0

where Jy(z) is the Bessel function

> 22
Z /)

0

Thus, one can formulate the following theorem.

Theorem 2. Assume that a system of linear operators {Ai, Az}
satisfies the propositions of Theorem 1 where the spectrum of each
operator Ay lies in zero. Then the infinitesimal correlation function
W (x,y) (11) is represented in the form (16) where do g € R, and the
functions ®,(x) are defined in (17).

To evaluate dy s we represent [, graphically in the pictures
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X2 A X A
b bs
Iy

b, b,

| A
b, by ls

I3 le
» »
& = as X a & A Xq

where [; are normalized constants in indicated areas (||lx||z2(py = 1).
So that

l —
k o,

where Sp, is the characteristic function of the domain Dy, which is
shown in the pictures for I, and Gp, is the area.

For example,

= S[0,a1]% [b2,b3) - S10,a2]x [b1,b2]

\/(11(()3—62)7 2 \/CL2(1)2_b1)7

etc.

Let us evaluate Dl;:
Dl = (C -+ 4(A2)](A1)[)l1 = 4(A2)[(A1)[ll = 2(A2)1a1b1

(as 2( A1) realizes integration in variable x1). After the integration x
which is carried out by operator (As); one can get

—b
Dly = ‘o —b) S0.a1]x[0.65] = V@1 (bs — b2) V/aibs s
al(bB - 52)

to evaluate d; ; it is necessary to find
di1 = (Dli, 1)
S[0,a1]x [b2,b
- < a1 (bs — b2) S(0,a1)x (0,651 M>

ai(bs — ba)
= al(bg - bg)
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Then dy 2 = (Dly,l2) we can derive that

Sio,a
d172 = < ay (b3 - b2 )S[O,a1]><[0,b3]7 M>

az(by —by)
a1 b3 — bQ \/7
as(by —by)
b3 — ba
as '

= a1

Let us evaluate
di,3 = (Dly,13)

Si0,a
<\/mso¢11><[0b3]a . B]X[Obl]>

\/agbl
Voai(bs — b2) bz — by
) Jarh = ayy /B
© Vazb =@ as

Also

dyq = (D, la) = (\/ar(bg — b2 ) Varbsla, lu)
b3(bs — b2 ) .

Since DI} = a14/b3(bs —b2)ly and Iy L I5 and Iy L lg we derive that
d1,5 = dl,ﬁ =0. Finally

di,1 = a1(bs — b2)

bs — b
dio = a1 82
az
bs —b
di3z = ay SR
as
di4 = a1/ (b3 — b2)ba
di5=0
d176 =0
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