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THE HARNACK ESTIMATE FOR THE MODIFIED
RICCI FLOW ON COMPLETE R?

SHU-CHENG CHANG, SHI-KUO HONG AND CHIN-TUNG WU

ABSTRACT. In this paper we prove the Harnack estimate
for the evolved curvature R of the modified Ricci flow on
complete R2.

1. Introduction. The Ricci flow is a second-order parabolic
equation which deforms metric g(¢) in the direction of minus the Ricci
curvature tensor Ric(g). That is, due to Hamilton ([3]), a family of
Riemannian metrics ¢(t), t € [0,7], is called a solution to the Ricci
flow if

& g1) = ~2Ric(q).

In particular, for a surface (3, go), the Ricci flow is given by

9(0) = go-

In [4], Hamilton studied the Ricci flow (1.1) on a compact Riemann
surface S. He proved, among other results, that if the Riemann surface
S is diffeomorphic to 2-sphere and the initial metric gy has positive
curvature, that the solution of the normalized Ricci flow:

0
&g—(T—R)-g,
9(0) = go,

converges to the limiting metric of positive constant curvature. Here r
is the average value of the scalar curvature R. On the other hand, in
[7], L.-F. Wu considered the Ricci flow (1.1) on a complete noncompact
R2. She proved, if the covariant derivative of ug and the curvature of
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the initial metric go = e“°grz are bounded, that the Ricci flow (1.1) has
modified subsequence convergence at time infinity to a limiting metric.
Furthermore, in the case when the curvature is positive at time zero,
the limiting metric is a flat metric if the aperture A(gg) > 0 (see [7] for
details). Among their works, one of the important ingredients is the
Harnack inequality for the evolved curvature R ([5]).

In this paper, we will consider (R?, e“ggr2) as a complete noncompact
surface. Instead of the Ricci flow, we will consider the so-called modified
Ricci flow on (R?, e%gg2) as follows:

o R

a?" "1+rR Y

g(t) = e"Vgga,

9(0) = go = " gRa,

where R is the curvature of the metric ¢ and gr= is the standard
Euclidean metric on R%2. We will assume that the solutions of (1.2)

exist for ¢ € [0,T], for some T > 0. Our goal is to do the Harnack
estimate for R under the modified Ricci flow (1.2).

(1.2)

Remark 1.1. (i) The modified Ricci flow (1.2) is proposed by S.-T.
Yau. It leads to understanding the uniformization theorem on complete
noncompact surfaces.

(ii) For the short time existence of solution of the Ricci flow (1.1)
on (R? e“grz), one needs the curvature of the initial metric gy to
be bounded. However, in the case of the modified Ricci flow (1.2)
on (R? e%gr:), we do not need this assumption. We expect that
the solution of the modified Ricci flow (1.2) exists for all time when
the initial metric has positive curvature ([2]), and are interested in
the asymptotic behavior of the solution of (1.2). Furthermore, we
conjecture that the solution converges to a flat metric when the initial
metric has positive aperture. We believe that the Harnack inequality
will play an important role in understanding this problem as in [4] and
[7].

The first step is to obtain a geometric quantity, usually called the
Harnack quantity. Following the method of Hamilton in [5], we can
derive the Harnack quantity:

o 1 R
Z(g,X) = o R+ (VR, X) + 1 R(1+ R X|*+ 7
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in which X is a vector field. Then we have the following differential
Harnack inequality for the modified Ricci flow:

Theorem 1.1. Let g(t) be a complete solution of the modified Ricci
flow (1.2) with curvature positive at t = 0 and bounded on (0,T]. Then
for any vector field X, we have

d 1 R
2(9,X) = 7, R+ (VR X) + ZR(1+R)2|X\2+ — =0

Corollary 1.2. Let g(t) be a complete solution of the modified Ricci
flow (1.2) with curvature positive at t = 0 and bounded on (0,T]. Then
for any two points 1,2 € R? and any two times with 0 < t; < to, we
have

t 1
R(.’[Q,tg) 2 —1 exp (— —Q>R(£C1,t1),
to 4

where
2

dt
g(t)
and the infimum is taken over all paths v whose graphs (y(t),t) joining
(1‘1, tl) to (Ig,tg).

il

to
Q=inf [ R*(1+R)?
m/ (1+R) o

Y t1

Furthermore, based on Theorem 1.1, we have the following matrix
Harnack inequality:

Theorem 1.3. Let g(t) be a complete solution of the modified Ricci
flow (1.2) with curvature positive at t = 0 and bounded on (0,T], which
also bounds on the covariant derivatives of R on (0,T]. Then for any
vector field X, we have

V.,V.:R 2 1
Zij(9,X) = (R+1)2 e ViR ViR 5 (ViR X;+V; R X))
1 1 R 1
- 12X, X, + =Rl ——=+=)gi; > 0.
+4R(R+) j+2R(1+R+t>g]_0

In Section 2, we describe some basic properties of the modified Ricci
flow (1.2). In Section 3, we follow the method in [5] to obtain the
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so-called Harnack quantity. In Sections 4 and 5, we prove the trace
Harnack and the matrix Harnack by using the methods in [1] and [5].

2. Basic properties of the modified Ricci flow. In this section,
we will derive some properties of the modified Ricci flow.

Lemma 2.1. Under the modified Ricci flow (1.2), the evolution

equations for the scalar curvature R and f are

R2
1+ R’

d AR 2 )
o= (1+R)?2 (1+R)? IVRI"+

and 9
SF= (- PAf (- D)
where f = R/(1+ R).

Proof. For g = e*gr2, the scalar curvature of g is given by

(2.1) Ry=—-Agu=— e_“AgR2u.

Then, from (1.2), we have

o 9., . . 0
—fg—ag—a(e 9R2)—g§w

This implies that

From (2.1), we compute

0 —u 0 —u 0
ERZ-@ (5“)(_A9R2u)_e A9R2<5u)

= f-R+A,f.
Thus,

9 AR 2 R?
2.2 —R= - 2 :
(2:2) all =z axms VTR
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Moreover, since (9/0t)f = (1/(1 + R)?)(0/0t)R and 1/(1 + R)? =
(1 — £)2, we have

0

(2.3) o f =

(1-fPAf+(1-Pf% o

Now we show that the positivity of the scalar curvature R is preserved
under the modified Ricci flow (1.2). By using the local technique, which
is exactly the same as the one used in the compact case, we only need
to prove the following lemma:

Lemma 2.2. If R >0 at t =0, under the modified Ricci flow (1.2),
we have R > 0 for all t € [0,T].

Proof. Tt is equivalent to show f = R/(1+ R) > 0 for all t € [0,T].
Let B(0,7) be the open ball of radius r centered at the origin. For any
integer n > 0, let D,, = B(0,n). Then we get a family of open sets,
{D.}, such that

oo
D, C Dy41, D, is a compact subset of R2, and R? = U D,,.
n=1

Choose a cut-off function X, (z) € C*°(R?), such that

Xn(x)=1 ifz € D,,
0<Xp(z)<1 ifz€Dyy1\ Dy

and

Xn(z) =0 ifz e R?*\ D,y
Now we consider the local modified Ricci flow,

0 :
59=—Xf -9

then

X2(z) - f(2,0) >0 if x € Dyps
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and

X2(z)- f(z,t) =0 ifz € R*\ Dyyy, t€]0,T],
and the evolution equation of X2 f is given by

D02 = (- HPCAS + (1 NI

ot
> (1= HDGANGT).
Define h = e~ (X2 f), then

h(z,0) >0 if x € Dyyy,

h(z,t)=0 ifz € R*\ Dy, t€]0,T],

and
Ah = e "A(X f),

and

% h= e_t% OCf) —e'(X2f) = e ' (1 — f)*XEANLS) — h

= (1 - f)*X2Ah — h.

Let (wo,t9) be a point where h assumes its minimum. If X2f is
negative somewhere, then h(zo,t) < 0. We will show that this leads
to a contradiction. We must have x¢g ¢ R?\ D,,11. In local coordinates,
h is smooth at (xg, %) and

oh 0%h .
D (zo,t0) =0, Er (zo,t0) > 0 as a matrix,
and
oh
E(.’I]O, t()) S 0.

Moreover, at (g, to),

oh aval i 07 O
EZ(I_JC) Xn[g 8ati6xjh _FijWh —h20.
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This implies h(zg,tp) > 0, which is a contradiction.

Hence X2 f > 0 for all t € [0,T]. Let n approach to infinity, then we
have f >0 for all ¢ € [0, 7. o

3. The Harnack quantity. In this section, we apply Hamilton’s
general method to obtain the Harnack quantity for the modified Ricci
flow (1.2).

We first need to know what the gradient soliton equation is supposed
to be for our flow (1.2). A solution g(¢) to the modified Ricci flow is
a soliton if a one-parameter family of diffeomorphisms () exists such
that

Differentiating this equation with respect to time implies

0
—g=L_
ot g X9,
or equivalently
R
3.1 ——g=1L
(3.1) T 9= Lxo,

where {—X(t)} is the one-parameter family of vector fields generated
by ¢(t). In local coordinates, (3.1) becomes

R

If X = Vf is the gradient of some time independent function f, then
(3.2) implies
R
1+ R Vi

In this case, we say that g(t) is a gradient soliton.

Now we consider the equation for an expanding gradient soliton:

R 1
(3.3) (H—R + ;)gij = ViXj,
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where X is a vector field on R?. Taking the divergence of (3.3), we
have

R
(3.4) V; (H—R) +Rjp X" =0.

In R?, we have Rj; = Rgjx/2, and substitute this into (3.4). We get

V,R

(3.5) TP

1
+5 RX; =0.

Apply the covariant derivative V; to (3.5), and from (3.3) this implies

V,V.R 5
3.6 tJ — +R-V.R
GO mrnr " mre VY

1 1 R 1
SViR-X;+ = R(—— + =gy =0.
Ty Vil Xjt g <1+R+t)g]

We modify the expression (3.6) by adding the product of (3.5) with
(1+ R)2X,;/2, and define for any metric g and vector field X;:

V.V,R 2
AT X) = vYJ _ RV,
i(9,X) R+ 17 (R+1)3VR V,R
1 1
(3.7) +3 (ViR-X; +V;R-X;) + 1 R(R+1)*X,X;

Trace (3.7) and define

Z(g,X) = (li};)Q - (1+2R)3 IVR|> + (VR, X)

1 R 1
~R(1 21X|2 —— -
+4R( + R)”| |+R<1+R+t>

(3.8)

From (2.2), it follows that

R

0 1
(3.9) Z(QvX):§R+<VR,X>+ZR(1+R)2|X|2+?_
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This is the Harnack quantity for the modified Ricci flow (1.2). We
remark that (3.9) is equivalent to

b

| =

f
ﬁ|X|2+(1—f)f

B~ =

(3.10) Z(g,X):%f—F(Vf,X)—i-

where f = R/(1+ R).
By (3.5) and (3.7), if g is a gradient soliton flowing along X, then

(3.11) Z(g,X)=0.

Moreover, in this case, using (3.5) we find
0z

3.12 — (9, X)=0.

(3.12) %7 (9.%)

The vanishing of (3.11) and (3.12) for gradient solitons are necessary
for any Harnack quantity Z(g, X) which could possibly be nonnegative
for any solution g to the modified Ricci flow and any vector field X;,
and zero on solitons.

4. The trace Harnack estimate. In this section, following the
methods in [5] and [1], we will prove Theorem 1.1. It should be noticed
that Theorem 1.1 is equivalent to the following theorem:

Theorem 4.1. Let g(t) be a complete solution of the modified Ricci
flow (1.2) with curvature positive at t = 0 and bounded on (0,T]. Then,
for any vector field X, we have

f |
W\Xlﬂ(l—f)f;zo.

] =

(1) Z(9,X) = 5 f+(VF.X) +

The proof of Theorem 4.1 relies on the computation of the evolution
equation for Z(g, X), which we compute term by term. For conve-
nience, we define 0= (9/dt) — (1 — f)2A.

Lemma 4.2. Under the modified Ricci flow (1.2), we have the
following evolution equations:

(4.2)

u(% f) = f(l—f)QAf—[2(1—f)Af_(2_3f)f]%f,
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(4.3)
O(VF,X) = (V£ X)~ |201- DA~ £3-50)| (V5. %)
H{V/,X)-2(1- A(VVS, VX),
(4.4)
2
o3 TP ) = § 12 UIXP 200X+ 2 (722w
— 3 A= DIVXP =2 (95, VIXP),
(4.5)

1
t

o|1-1 7| = a-n|a-2nreea-pese-1 |

Proof. Equation (4.2) follows directly from (2.3), while (4.3) follows
from the equation

% (VI X) = f(Vf,X)+ <v(% f),X> + <Vf,%X>,

and the product formula
A(Vf,X)=(DVf,X)+(Vf,AX)+2(VV[,VX).

Similarly, (4.4) and (4.5) follow from a direct computation using (2.3)

and the above product formula. ]

By combining each term of Lemma 4.2, we find the evolution equation
for Z is given by

(4.6)
07 = [(1-£)(3/~2A1)Z ~ (1 f) 20~ VY1, VX)
(@ V4 5 LX) - 5 FA-DITXE + (94.X))
P31
-7
(1= |20-1Af - P+ +20-N91P- 1 1]

1 1
- 5 (VLVIXP)+ 3 |2ras +

2
- IV IR P

| =

_|_
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To simplify the equation above, we prescribe at a point the covariant
derivative of X and the heat operator o0 of X. This is always possible
by extending X suitably in space and time. At a point (z,t) where the
vector field X is extended to satisfy

(4.7 Vi X; = 2<f + %)gija

the evolution equation becomes

(4.8)

/
ﬁX>+f3(1—f)

| =

DZ:—[ﬂZJrf(l—kf) (1—f)}z+<uX,Vf+

+<Vf,x>{1f<3+f) 20-n-3 L e z]

< ) .
X|2[f2(3+f)_l f? 2 2 af }
o A X T VI e 2

(- f)[f2(2 F+20- NIV F- 2f>}

1
t

If at the same point (z,t), we also extend X in time such that

o 2 1 f
(4.9) e _[5f(3+f)+ 1D - X ﬁZ}X
' |IX|? Vf
Ty

then the equation for Z simplifies to

uz_—[%z+f(1+f)+%(1—f) Z 4+ f3(1-§)

+10-0)|£C-1) +20-NIVIP + § f0-20).

The idea of the proof of Theorem 4.1 is to perturb the expression Z
slightly to Z so as to make Z very positive if ¢ — 0, or if the point
z — 00, and wherever Z first acquires a zero it is strictly increasing. It
then follows that Z never could make it to zero after all. Since we can



80 S-C. CHANG, S-K. HONG AND C-T. WU

take Z as close to Z as we like on compact sets in space-time avoiding
t =0, we get Z > 0 as desired.

We also need the following lemma:

Lemma 4.3 [5, Lemma 5.2]. Given any constant L > 0, any n > 0
and any compact set K in space-time we can find a function ¢ = ¢(x,t)
depending on both space and time such that

(1) ¢ <m on the set K and ¢ > « for some a > 0,
(2)
(3) op > Lo,
(4)

o(z,t) — 00 as x — oo,

4) |Vy| < Cy for some constant C.

Proof of Theorem 4.1. Given € > 0, let Z(g,X) = Z(g, X) + eeFto,
where ¢ as in Lemma 4.3. First, we observe that f is always positive,
and for all X, Z(g,X) > Y (g) where

1 1—f
Vo) = (- Par+ - ni(seg) - v
Also, there exists a constant § > 0 such that Y(g) > 0 for ¢ < §. Hence
Z(g,X) > 0 for t < §. Furthermore, we can choose a compact set K
such that Z(g, X) is strictly positive outside the set K for ¢ > 0.

We show that Z(g,X) is strictly positive everywhere for ¢ > 0.
Suppose Z(g,X) < 0 at some space-time point for some X. Then
there exists a first time 7 > 0, a point £ € R? and a tangent vector X
at & such that at (&, 7),

Z(g,X) =0.

If X is extended in space and time satisfies (4.7) and (4.9), then the
evolution equation for Z is

O 7=a-pra —[ﬁZ—%ee’“wﬂw)éa—ﬁ]z
+ 5ekt{(k 12f€ekt<p+f(1+f) —-(1 f)><p+Dg0]
4100 PO-D420-NIIP+ F0-20)|+P0- 1)
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Since R is bounded on (0,T], we can choose constants L, k and 7 such
that kea > (2/62) and L > 2/(1— f)ee*Tn in Lemma 4.3. On the other
hand, since (£, 7) is contained in the compact set K, we have, at (£, 7),

2
Op > L(ﬂ > ﬁ Eekt<p2,
and

2
eef ko > t_2f2(1 - f).

Hence the maximum principle implies that, at (§,7),

0> eektgo{f(l +f)+ % (1- f)} + 21— f)

+1U= D] P2 DIV S|

which is a contradiction. Therefore, for all ¢ > 0, we have Z-+ee* ¢ > 0.

This implies that
Z >0,

which completes the proof of Theorem 4.1. u]

Taking X = —2f/(1 — f)Vf in Theorem 4.1 implies that

17

110) Yl =(-par+a-nr(s+ ) - S wre o
which is equivalent to
(4.11) Y(g) = 2BHLE—;WRJ2 > 0.

ot t  R(1+R)?

Integrating (4.11) over paths in M yields the following Harnack in-
equality:

Theorem 4.4. Let g(t) be a complete solution of the modified Ricci
flow (1.2) with curvature positive at t = 0 and bounded on (0,T]. Then,



82 S-C. CHANG, S-K. HONG AND C-T. WU

for any two points x1,xo € R? and any two times with 0 < t; < ty, we
have

t 1
R(l‘g,tz) 2 —1 exp (— — Q)R(wl,tl),
to 4

where

2
dt

ta
Q:inf/ R*(1+ R)? |—
g(t)

T Jt dt

and the infimum is taken over all paths v whose graphs (y(t),t) joins
(l‘l,tl) to (.Tz,tg).

Proof. Let z1, 25 € R? be any two points and t1,t; be two times. If
v : [t1,t2] — R? is a C'-path joining x; and x9, by the fundamental
theorem of calculus, we have

R({E27t2) ‘/t2
log ———== = — log R(~(t),t) dt
® R th) \ g R(v(1),t)

Define Q = Q(x1,t1, 22, t2) 1nff R*(1+R) \d’y/dt\2 dt where the

infimum is taken over all C'- paths vt [t1,t2] — R? joining z1 and 5.
Exponentiating the equation implies the theorem. u]

5. The matrix Harnack estimate. In this section, based on the
trace Harnack estimate in Theorem 4.1, we prove the matrix Harnack
estimate for the modified Ricci flow (1.2) as seen in Theorem 1.3. We
first assume that we have a complete solution to (1.2) with bounded
curvature and bounds on the covariant derivatives of f on (0,T].
We recall from Section 3 that we have the following matrix Harnack
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quantity:

V.V,R 2
Zii(g,X) = - V,R-V,R
(9, X) R+1)2 (R+1)3 Y

1 1
1 R 1
+§R<1+—R+¥)g”’

where X; is a vector field on R2, which is equivalent to

Zij(9,X) = (L= [)*ViVif + (Vif - X; + V[ - X))
5.1
51 +%Xin+%f(1_f)<f+%>gija

where f = R/(R + 1) (and replacing X by 2X). Then Theorem 1.3 is
equivalent to the following matrix Harnack estimate for the modified
Ricci flow:

Theorem 5.1. Let g(t) be a complete solution of the modified Ricci
flow (1.2) with curvature positive at t = 0 and bounded on (0,T], which
also bounds on the covariant derivatives of f on (0,T]. Then, for any
vector field X, we have

Zij(9.X) = (1= [*ViV,;f + (Vif - X; + Vi f - Xi)
f 1 1
+1_inXj+§f(1_f)<f+¥>gijZO~

The proof of Theorem 5.1 follows essentially from calculations plus
the perturbation method of Hamilton for strong maximum principle as
seen in [5].

First we compute the evolution equation for Z;;(g, X) term by term.
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Lemma 5.2. Under the modified Ricci flow (1.2), we have the
following evolution equations:

(5.2)
O[(1—f)2ViV, f] = —=2(1— f)3[Vif - V;Af+V, f - ViAf]

— (=)A= NHAF+3f2+2V [PV, f
+ f(1= )P Afgij+4(1=F)*Vif - ViViVif
+2(1=f)2[Af+(1=3/)]VifV, f,

(5.3)

oYL X4V, f X = |- 20-DAS+ 5 1350

x [Vif - X; +V,f - Xi]
+(Vif -oX,+V,f -0X;)
—2(1—f)?[ViVif - Vi X;+ ViV, f Vi X,

(5.4) u{— XZ-XJ-] - L (f*=2IVfP*)XiX;

—f
( )VkXZ . Vka
f

_|_

f(EIX X +0X; - X,)
— 2ka . (vakXi + Xikaj),

(5.5)
ol 3 £0-0) 1+ Jas| = a-n{ |5 a-3n -]

HA=PIVIR |7 = =30 - 58 o

Proof. In order to show the evolution equation (5.2) by using

0 1
e Iy = igkl(—vif 951 = Vif g0+ Vif - gij),
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we can compute the evolution equation for V;V; f:

0 v (2 (O
&vivjf—vzv](at f) <8t Pz]>ka

— V=127 0= D]+ (T V3519 P

= (1-f)*V,V,;Af=2(1—f)[Vif - V;Af + YV, f - ViAS]
+[=200=N)Af + (2=3/)fIViV;f
FAAFHA=SDIVV S + (V5 Vo= ).

Now, by using the equation

ViViAf = AViV; |~ % ViV, f
1 1
" W{b VP +10=1)]gi —vifvjf},

we have

DG, f = (1= AV, 20— f)Vif - VA4V, f - ViAS)

ot
—20=HAS + ViV f + F(1=)Afgi;
+2[Af+ (1=3/)VifV,f.
Thus,

Ol(1- FPViVif) = ~ 20— ) S ViV +(1- ) ViV
—(1=1)*A[A=1)*ViV; f]
== 2(1=f)’[Vif - V;Af + Vi f - ViAf]

—(1=f)?20-HAf + 32+ 2V ViV, f
+ f(L=fF)?Afgiy + 41— f)*Vif - ViViV,f
+2(1-f)’[Af + (1=3f)VifV, .

Equations (5.3), (5.4) and (5.5) follow from a direct computation and

using the evolution equation (2.3) of f. o
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By combining each term in the above Lemma 5.2, we find that the
evolution equation for Z;; is given by
(5.6)
0Zij = =2(1=[)*[Vif - V;Af + V, [ - ViAf]
— (=120~ F)Af + 32 +2[VfPIViV, f
+A(1=f)* Vi f - ViViV;f+2(1= )’ [Af + (1=3)]VifV,; f

s=p{sa-prarea-an|5 £ -0-nivse| o

1 1
- f)[(l—fﬂwﬁ—f?’—%f]gm

% (v it X<)+DXj-(Vif+%Xi>}

2(1- A+ F(3- 5f>} [vif-xjwjfxi}

—|—ﬁ( —2|Vf)X; X; — 2f(1—f)Vi X - Vi X

— Qka . (vale + XZVkXJ)

In order to eliminate the higher three-derivative terms, we substitute
the following equations into (5.6):

A=)’V f - ViViV; f
=4(1=f)ViZij - Vif +8(1=f)*|VfIPV:V, f— |Vf\ XiX;
—4(1=f)Vif- (VkvzfXj—i—Vijsz—i—szVkX +V,; fViX)

—A4fVif (X VX + X, ViX;) — 2f (1= ) (2=3)|V f|gi;

_% (1= (1=2H)|V fgij,

and

—2(1=f)3[Vif - V;Af +V;f - ViAf]
= — 2(1—f)[sz . VjY + V]f . VzY]

- ; (= P2Vt - V5V + Vi f - ViV 2

+4{— 2Y+(1—-f) {f(2—f) + % . 2f

} }vifvjﬁ
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where, from (4.10),

Vi) = (- pPar+fa- (s ) - e o
we yield
0Zij = 4(1=f)ViZij - Vi f —2(0=f)[Vif - V;Y + V;f - VY]
— (1= 1)?2(1=)Af + 31> =6|V 2]V, f
+2{(1-f)’[Af + (1=3f)] —4Y}V,ifV, f

HA0-D)|1-1) 4+ GOV

+(A=-HFA-1)>Af+5 (1 30 2= (1=3f) |V f*]gi;

100 |Gr-DrE - P - £

1
x [qu (v f+1ff )+DX (Vif+%xi)]
2

+ |—2(1—- fAf—i— f(3— 5f)} |:Vif'Xj+v]’f'Xi:|

(-2 | (Vaf 4115 %) - w1951

(o) s

(f2 = 6|V XiX; —2f(1—f)VeXi - Vi X;

t
f
1
+ ﬁ
= 2(14+2f)Vif - (XiVie X + X; Vi X5)

— 4(1—f)ka . (VikaXj + ijkai)
—2(1— ) (ViVifViX; + ViV Ve X))
To simplify the above equation, we prescribe at a point the covariant
derivative of X; and the heat operator 0 of X;. This is always possible

by extending X suitably in space and time. At a point (z, ) where the
vector field X; is extended to satisfy

1 1
(5.8) ViX; = 3 <f + ;)gkl,
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the evolution equation (5.7) becomes
(5.9)

0Zij = 41— f)ViZij - Vi f =2(0=f)[Vif - V;Y +V,f - VY]

=2 |01 - 20-Naf -3 -2(F + 7 ) |9

2{0=pPar+ a=3n]-20-D(F + 7)-a¥ poarv,s

12f

a1 p) [f(2—f) i1
QDA HAT 1 - IVfI I
Lo f)[f(l AT+ P(74+2) - |Vf|ﬂgz—j

]Vfo

f

s+ -2 (147 )00 1P| [0 49,5 X

+% (Vf+ X‘)+DXj.<Vif+1%Xi)}

1
2
f

—f
f

2 a-gp|(var+ L) v

SR

+{2fAf+ﬁ [f2(3f+1>+2f <f+%) —6(f+1)|Vf|2} }Xin.

(vt i

Now substituting

(1=f)* ViV, f

f

= Zij— (sz . Xj+ij . Xi)—F ﬂ

XXy 5= 1+ o
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we get

0Z;; = —[%Y+2(1 f)(f+ %) + 312+ ; (1—f)|Vf|2] Zi;

+ 4(1—f)VkZij Vif—=200=)[V.if- VY +V;f- V. Y]

+ {fY(l + %) - %fQ(l—f)<£ + 1)}%

+2 [(1—f)<1—2f> —sv-Laop

+ 5 (-pe- 3f)|Vf|2}vifvjf

<v f+1ff )—I—DX (Vif+%Xi>]

+ |5 £6-30) + 1 (=20)=619 1P| [ V5 - %+ V5 )]

f
—f
f

+

= 2a-gp| (v L x) v

SRR

Y P32 f) - (6f+4)|Vf2]XzXJ

(Vf+
N
- f[ y

If at the same point (x,t), we also extend X; in time such that

X = - | 1 v =N - 22 v e x
1 1 2
(5.11) [ Y- f>(——<1 2)- 55 2=3)IV] )}vlf

+§ (1- 1) VIV P,
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then the equation (5.10) for Z,; simplifies to

07 — —[%Y+2(1—f)(f+ %) +37+ 2 (1=DIVIP| 2,

+4(1=f)ViZij - Vif =2(0=f)[Vif - V;Y + V,f - VY]
1 1
(o) - o (e )

¥ E 13y + 2 <1—f>2} ViVt

In what follows we will let C' denote various constants which depend
only on the time interval T and bounds on the |f| and its derivatives
|[Vf| and |V2f|. The constants will vary from line to line, and to be
precise could be indexed by the order of occurrence.

Proof of Theorem 5.1. Given € > 0, let Zij(g,
eefpg;;, where ¢ as in Lemma 4.3. Since 0 <
Zij(g,X) > Qi;(g) where

X) = Zij(9,X) +
f < 1, we have

Qo) = =191 - L virvis 4 S ra-n (143 ) s

Then there exists a constant § > 0 such that @Q;;(g) > 0 for ¢ < &;
hence Zij(g, X) >0 fort <é. And, by Lemma 4.3, we can also choose
a compact set K such that Zij (g, X) is strictly positive outside K for
t>0.

Now suppose that Zij (g,X) < 0 at some point for some X;. Then
there exists a first time 7 > 0, a point £ € R? and a tangent vector X;
at & such that at (&, 7),

Zij(g;X):O and VXlZij(g,X):()'

If X, is extended in space and time to satisfy (5.8) and (5.11), then the
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evolution equation for Z-j is given by

(5.12)
o -
ot i ]
= (1—f)2AZij =+ 4(1—f)ka” . ka
2 1 2 -
- [ﬁ Y +2(1-f) <f+ ;) +3f7+ ?(1—3f) vf|2} Zij
—2(1=f)[Vif - V(Y +2ee") + V; f - Vi(Y + 2ee )]

+ { {k—k% Y+%(1—f)+f(1+f)+;(1—3f)|Vf|2] <,0+I:Igo}€ektgij

41 flee [(vif VotV Vig) — (VF, wm—j]

rv (13 )+ |08y + 3 0] varvss

1 1 1
- ZfQ(l—f)<§f+ ;)gij'

Since R is bounded and the covariant derivatives of f are also bounded
on (0,7]. Hence, we have

=7
f

for some constant C1, also depends on §. From Lemma 4.3, we have

Vo) = a-02ar+a-n (41 ) -9 <o on 1)

Vif -Vio+Vif-Vie—(Vf,Vo)gi; <3|V [flIIVplgi; < Copgij,

for some constant Cs. Now we can choose constants L,k and n as in
Lemma 4.3 such that k& > 6|V f|? +4Cs and Le > (1/6)[1 + (1/0)] +
6C1|V f]? on (8,T]. While the matrix maximum principle implies that,

at (¢,7),
%Zij é 0, AZ” Z 0 and VZ” = 0.

Since Vi, Zi; = 0 yields X; =—(1—f/f)V.f. Hence, at (¢,7), we have

V(Y +2eekt o) = V(9" Zij) = gV (Zij) = 0,
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for the special tangent vector X; =—1—f/f)V,f at £&. Combining all
of these we had done, at (£, 7), implies that

2 1 2
0> |:f(1+f)+¥(1—f):| Eekt@gij+fY<1+ z)gij+|:?
which is a contradiction. Therefore, for all ¢ > 0, we have Z;; +
eefpg;; > 0. This implies

V4L 02| Var V.

which completes the proof of Theorem 5.1. i
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