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ON THE PRESERVATION OF
DIRECTION CONVEXITY UNDER
DIFFERENTIATION AND INTEGRATION

FRODE RONNING

ABSTRACT. For functions which are convex in one direc-
tion, we investigate to what extent this property is preserved
under differentiation and integration.

1. Introduction. A domain M C C is said to be convex in the
direction e'? if for every a € C the set

Mﬁ{a—l—tew:tER}

is either connected or empty. We denote by C'(¢) the family of univalent
analytic functions f in the unit disk D with the property that f(0) =0
and f(D) is convex in the direction e’?. One of the interesting features
about functions that are convex in one direction is that it is not in
general so that f € C(p) implies that f(rz) € C(p), for r < 1. It was
conjectured by Goodman and Saff [2], and later proved by Ruscheweyh
and Salinas [9], that for 0 < r» < v/2 — 1 we have that f € C(y)
implies f(rz) € C(p), but for v/2—1 < r < 1 this is not necessarily the
case. In solving the Goodman-Saff conjecture, Ruscheweyh and Salinas
introduced the class DCP, direction convexity preserving functions [9].

Definition 1.1. A function g, analytic in D, is said to be direction
convexity preserving, DCP, if for every ¢ € R, and every f € C(y) we
have g * f € C(p). (* denotes the Hadamard product.)

The problem of finding the largest r for which f € C(y) implies
f(rz) € C(yp) can then be formulated as finding the largest r for
which the geometrical series 1/(1 — rz) is in DCP Since we have
2/(1 — 2)? % f(2) = 2f'(2) and log(1 — 2) = [S(f(Q)/Q)dc, it
is clear that if we can find the DCP- radlus of the Koebe function
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and the logarithm, we will get results about direction convexity for
the derivative and the integral of a given function in C'(¢). To check
whether a function belongs to DCP we shall use a criterion developed
in [9], but to state this criterion we need a definition.

Definition 1.2. Let u be a real, continuous, 27-periodic function.
The function u is said to be periodically monotone if there exist
numbers 0; < 0 < 601 + 27 such that u increases on (61,62) and
decreases on (62,6, + 27).

The following result was established in [9].

Theorem 1.1. (Ruscheweyh and Salinas). Let g be nonconstant
and analytic in D, continuous on D with u(f) = Reg(e?) three
times continuously differentiable. Then g € DCP if and only if u is
periodically monotone and satisfies

(1.1) u”(0)? — ' (0)u"'(0) >0, 6cR.

2. The main results. In [9] it was also shown that u,.(f) =
Re1/(1 —re') satisfies the condition (1.1) for 0 < r < /2 —1, and for
no larger value of r, which settled the Goodman-Saff conjecture. We
shall prove the following result.

Theorem 2.1. Let f € C(p). Then zf'(rz) € C(p) for 0 < r <
2 —/3=0.2679... , and the number 2 — /3 is best possible.

Proof. The result follows immediately from Lemma 3.1. o

There is one interesting observation to be made in connection with
this result. If we denote by C' and S* the classes of convex and starlike
univalent functions, respectively, it is well known that f € C if and
only if zf'(rz) € S* (Alexander’s theorem [1, Theorem 2.12]). The
radius of convexity in the whole class of normalized univalent functions
is known to be 2 — \/g, and since this is sharp for the Koebe function
the same number is also the radius of convexity in S*. This was proved
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by Nevanlinna in 1919 [6]. These two results together give that if f € C
then zf'(rz) e C for 0 <r <2 -— V/3, and the number 2 — v/3 is best
possible. Hence, we have the same number occurring as both radius
of convexity and radius of direction convexity for the derivative of a
function that is convex, respectively convex in one direction. However,
if we turn to the integral the situation becomes different. It is well
known that if f € C' then foz(f(g)/g)dg is also in C, but the same does
not hold for C(p). In [5], see also [8], it is established that the function
log(1 — r2) belongs to DCP for 0 < 7 < (4v/2 — /5)/(3v/3) and for no
larger value of r. This gives the following result which we include here
for completeness.

Theorem 2.2 (Eva-Maria Nash). Let f € C(yp). Then

[ ©/0dc e 0te) sor 0.< 7 < (1T - VE)/3VE) = 06553 ..
0

and the number (4v/2 — \/5)/(3v/3) is best possible.

A well-known class of univalent functions is the class of close-to-
convex functions which we shall denote by K. Geometrically close-
to-convexity of a function f means that the domain f(|z] < r < 1)
has the property that there are no parts of its boundary curve where
the tangent turns backward through an angle greater than or equal
to m. An equivalent characterization, due to Lewandowski [3, 4], is
that the domain is linearly accessible, meaning that every point on the
boundary can be reached from the outside by nonintersecting straight
lines. It is clear that domains that are convex in one direction also are
linearly accessible. Therefore the following result fits into the context
of this paper.

Theorem 2.3. Let f € K. Then z2f'(2) € C for 0 <r <5— /24 =
0.1010. ..., and the number 5 — /24 is best possible.

The proof of Theorem 2.3 is in Section 4.

Corollary 2.4. Let f € C(¢). Then zf'(2) € C for0 < r < 5—+/24,
and the number 5 — /24 is best possible.
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Proof. That the radius in this case is at least 5 — /24 follows from
Theorem 2.3 and the aforementioned relation between K and C(yp),
and the sharpness follows from Lemma 3.1, part (2). O

3. The Koebe function. For the rotated Koebe function

we get

cos a(—2r+ (1+72) cos p) — sin a(1—r?)sin ¢
(1472 —2rcosp)? '

ua(p) = Reka,r (ei‘P) =

In order to find the DCP-radius of k,, we should check that The-
orem 1.1 can be applied to the function wu,(y), compute u”(p)? —
ul, (p)ul(v) and find the largest » = r(«) for which this expression is
positive. This we are not able to do in general due to the fact that the
computations become too involved, so we shall only discuss two cases,
a =0 and a = 7/2. Even these two special cases will involve heavy

computation, and we will to a large extent omit the details.

Lemma 3.1. Letr(«) denote the largest r < 1 for which the function
ko, belongs to DCP. Then the following holds.

(1) 7(0) =2 — /3.
(2) r(n/2) =5 — /24

Proof. The case o = 0. We easily verify that for r < 2 — /3 the
function wug is periodically monotone, so Theorem 1.1 can be applied.
When we compute uf (¢)? — uf(p)uy’ (¢) we end up with an expression
which is positive if and only if a polynomial of degree six in x = cos ¢

is positive. This polynomial is

pi(r,x) = a6(r)x6+a5(r)x5+a4(r)x4+a3(r)x3+a2(r)x2+a1(r)x+ao(r),
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where

ag(r) = 12874 (1 +r%)?

(r) = 32r3(1 — 117% — 119* 4+ 1%)

as(r) = =16r%(1 + 72 + % +¢98)

az(r) = —8r(1 — 13r* + 12r* + 127° — 13¢% + 1'0)
(r)
(r)
(r)

as (1T

r

=16r*(1 — 14r® 4 347" — 147° + %)
8r(1 — 13r% + 207" +20r° — 13r% 4 7'0)
=1—18r% + 1757* — 380r° + 1757% — 1870 4 r'2.

ag\T

a\r

aop\r

We shall find the largest r for which py(r,z) > 0, z € [-1,1]. Our
strategy is to compare this polynomial with other polynomials in order
to successively obtain polynomials of lower degree which are easier to
analyze. We see that

pi(r,—1) = (1 4+7)3(1 — 4r 4 r%)?
p1(r, 1) = (14 7)3(1 + 4r + 1)

hence, p;(2 — /3, —1) = 0, so the DCP-radius is at most 2 — /3. Our
aim is to prove that p; (r,z) > 0 for all € [0,2—+/3] and all x € [-1, 1].
Define

x+1)?
Q1(7"7 .I) = pl(rv 1)%
Then ql(rv_l) =0, (h(rvl) = pl('rv 1) and Q1(Tax) >0,z € [_1,1]'
This means that

~ pi(r, ) —qu(r, x)
po(r z) = 1—2

will be a polynomial of degree five in . If we can show that pa(r,z) >0
for all 7 € [0,2 — /3] and all = € [-1, 1], we are done. The coefficients
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of py are listed below.

bs(r) = —12874(1 + 12)?

ba(r) = =32r3(1 + 4r — 117% + 8r% — 117 + 47° 4 19)

by(r) = 1672(1 — 2r — 7r? + 22r% — 16r* + 220" — 775 — 277 4 ¢8)
by(r) = 8r(1+2r — 17r% — 14r® + 56r* — 32r° + 56r° — 1417

— 1778 + 279 4 110)
bi(r) = (14 32r — 1872 — 5127 + 5117* + 150475 — 2780r° + 1504¢7
+ 51178 — 51272 — 18710 4+ 3211 4 112) /4
bo(r) = (3 — 54r% — 32r3 4 6377 + 288r° — 194070 + 2887
+637r% — 3279 — 54710 4 3p12) /4.
Here we see that
pa(r,—1) = (1 +7)3(1 — 4r +12)%/2
po(r,1) = (1 —r)2(1 + 4r +r3) (1 + 14r — 8% — 2383 + 2061
—238r° — 80 + 1477 4+ 1%).
A numerical calculation, using Mathematica, of the roots of pa(r,1)

shows that the smallest positive root is r = 0.277819--- > 2— V3. Now
we define 5
z+1

CI2(7”7 LE) = p2(7"7 1)%
Then QQ(T, _1) = Oa QQ(Ta 1) :p2(’l”, 1) and QQ(TaI) Z 07 S [_15 1] and
r < 2 — /3. This means that
p2(r,x) — g2(r,z)

1—=

will be a polynomial of degree four in z, and again it will be enough to
show that this is positive. The coefficients of p3 are listed below.

ca(r) = 128r%(1 + 12)?

c3(r) = 32r3(1 + 8r — 1172 + 16r° — 117* + 875 + 1)

ca(r) = (1 + 167 — 1147r% + 1767 + 2751r* — 4032r° + 3940r° — 403217
+ 275178 + 17677 — 114710 + 161 + 12)/8

ci(r) = (1 = 50r% + 6473 + 767r* — 704r° — 156r° — 70477 4 767r%
+ 647r° — 50710 4 112y /2

co(r) = (5 — 167 — 12272 + 27273 4+ 1467r* — 102475 — 1676r° — 102477
+ 14678 4 27279 — 122719 — 16011 + 5112)/8.

ps(r,z) =
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Numerical calculations show that the smallest positive root of cq(r)
is r = 0.73053--- > 2 — /3, and all the other polynomials c;(r) are
strictly positive for r between 0 and 1. Therefore we can conclude that
ps(r,xz) > 0 for x € [0,1], and the r-values in question. It remains to
investigate x € [—1,0).

Define
(z+1)*

qs(/r"x) :ps(/r?]‘) 16

Then g3(r,—1) =0, ¢3(r, 1) = p3(r,1) and ¢3(r,xz) > 0, x € [-1,1] and
r < 2 — /3. This means that

) _ pg(T,(E) - Q3(7’,(E)
1—=x

pa(r,x

will be a polynomial of degree three in x, and we shall proceed to
prove that this is greater or equal to zero for all r € [0,2 — /3] and all
€ [-1,0]. The coefficients of py are as follows.

ds(r) = (5 — 21872 + 48073 — 3013r* — 534475 — 12492r% — 534477
— 3013r® 4 480r° — 2187'% 4 5r12) /64
do(r) = (25 — 109072 4 35213 + 1319r* — 419215 — 2969270 — 419217
+ 13197® + 3527 — 10907 + 25r'%) /64
dy(r) = (47 — 128r — 148672 + 1824r> + 10385r* — 4000r° — 37860r°
— 40007" + 103857° + 18247% — 148670 — 128! + 47r'2) /64
do(r) = (35 — 1287 — 7582 + 16961 4 6557r* — 2848r° — 173007
— 2848r7 4 65577% + 169677 — 758710 — 12871 + 35r1%) /64

The smallest positive root of do(r) is seen to be 0.55922--- > 2 — /3.
Therefore py(r,0) > 0 for the r-values in question. Hence, if we define
the second degree polynomial p5(r, x) by

pa(r,z) — pa(r,0)(z +1)% = —64aps(r, )

our result will be established if we can prove that ps(r,z) > 0 for
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x € [~1,0] and 7 < 2 — v/3. The coefficients of ps(r, ) are

ea(r) = =5+ 218r% — 4807 + 30137 + 5344r* + 124927 + 534477
+3013r% — 4807 + 21810 — 5r12
e1(r) = 10 — 1287 + 332r% 4 1344r° 4 5238r% 4 134475 4 123927°
+ 134477 + 523818 + 13447 + 332,10 — 128711 + 10712
eo(r) = 23 — 128 — 302 + 156873 + 272971 — 16961° + 32607
— 169677 4 27297% 4+ 156817 — 30710 — 12871 4+ 23712,
We see that ps(r, —1) = 8(1 + r)3(1 — 47 + r2)? which is greater than
or equal to zero for r < 2 — V3. The derivative with respect to x of
ps(r, x) is
pe(r,x) = e1(r) + 2ea(r)x.

We see that
pe(r,—1) = 4(1 +7)*(1 — 4r +r*)U(r)
pe(r,0) = e1(r),
where
U(r) =5 — 22r — 40r% + 374r® + 262r* + 374r° — 40r° — 2207 + 5%,

Both U(r) and e;(r) can be seen to have no real roots. Therefore we
must have ps(r,z) > ps(r,—1) > 0for -1 <2 <0,0<r <2-— V3.

The case o = m/2. It is straightforward to verify that wu,/ is
periodically monotone, and we omit the details. The expression

ug/Q(go)Q — “;/2 ((p)uﬁ’/Q(go) gives rise to a polynomial of degree five,

pi(r,z) = as(r)a® + as(r)z* + az(r)z® + ao(r)2? + a1 (r)z + ap(r)

with
as(r) = 32r3(1 4 r?)
as(r) = 167%(1 — 7r% + %)
az(r) = 2r(4 — 12r% —r* + 49)
as(r) = —16r%(5 — 6r% + 5r1)
ay(r) = —4r(1 —29r2 — 29r* + %)
ao(r) = 1+ 2072 — 154r% 4 207 4 18,
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Here we get

p1(r,—1) = (1 +7)°(1 — 10r + %)
pi(r,1) = (1 —7)%(1 4 107 + r?)

which shows that the DCP-radius is at most 5—+/24. From Theorem 2.3
and the relation between K and C(y) we know that for f € C(y)
and 7 < 5 — /24 we have zf'(rz) € C and therefore in particular
izf'(rz) € C(p). Hence, ky o, € DCP for 0 <r <5 — /24. O

4. Proof of Theorem 2.3. Let f € K and set F(z) = zf'(z). We
shall find the largest r = |z| such that

(4.1) Re {1 + Zg;(;))} >0

with

1+ 2z2
T =1 D
{<1—z>3’ =1, =< }

and
V={f'|feK}.
it is well known [7, Theorem 1.9] that

T CVCdu(T),

where du(7) denotes the dual hull of 7. (Here we assume the additional
normalization f/(0) = 1.) Using the duality principle [7, Corollary 1.1]
we can therefore conclude that if (4.1) holds for F(z) = z2(1+z2)/(1—
2)3, it holds for the whole class K. With z = re?’ and x = ¢ we find,
after some computation that (4.1) holds for this particular F' if and
only if

14+ 1602 + 74 + 8r(1 + %) cos 0 + 1872 cos  + 217 cos 20

(4.2) ) )
+67(1 4 ) cos(p + 0) + 67 cos(p + 260) > 0,

0,0 € [0,2r). With r = 5 — /24 we have 1 + r?> = 10r and
1+ 2r2 4+ r* = 10072, in which case (4.2), after cancelling the factor
272, turns into

(4.3) 57+40cosf+9 cos @+ cos 20+ 30 cos(p +6) + 3 cos(p +26) > 0.
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Using calculus one can verify that, except for ¢ = 0 and 8 = 7 where
we have equality, strict inequality holds in (4.3). Hence, (4.2) holds for

r<5—+24. ]
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