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INTERPOLATION SPACES FOR
PDE-PRESERVING PROJECTORS ON
HILBERT-SCHMIDT ENTIRE FUNCTIONS

HENRIK PETERSSON

ABSTRACT. Let II be a projector on a vector space H
and I a set of functionals such that kerII = I+. Then ILf
interpolates f on I, in the sense that f — IIf € It for
all f € H. We say that I is an interpolation space (for
IT). We establish a one-to-one correspondence between the
PDE-preserving projectors and sequences of functionals on the
space of Hilbert-Schmidt entire functions on a Hilbert space.
In this way we characterize the PDE-preserving projectors and
the corresponding interpolation spaces. A PDE-preserving
projector is a projector that preserves homogeneous solutions
to homogeneous convolution equations.

1. Introduction. Let f € H(C™) be an entire function in
n variables and let pg,...,pq be points in C™. Then there is a
polynomial F' of degree < d that interpolates f at the points pj, i.e.,
F(p;) = f(p;) for all j. We may write this f — F € {6,,}* and this
suggests the following: Let H be a vector space and I C H™ a set
of linear functionals, we say that F' € H interpolates f € H on [ if
f — F € I'+. Thus the Taylor polynomial of order d at the point a for
f € H(C™) is the unique polynomial of degree < d that interpolates f
on I =Ila:d ={D}d,:j <d, yeC"}, where D} denotes the j:th
directional derivative along y.

Let I C H* be a set of functionals and assume we can find a projector
II: H — I1H such that kerII = I. Then IIf interpolates f on I for
every f € H. We say that I is an interpolation space if such a projector
exists and that it is an interpolation space for II. In particular, every
finite-dimensional subspace is an interpolation space. Since a projector
is uniquely determined by its image and kernel (H = kerIl & ImII),
a set of functionals I can be an interpolation space for at most one
projector onto a given space. For example, the Taylor projector on
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H(C™) of order d and at the point a, obtained by mapping a function
onto the corresponding Taylor polynomial, is the unique projector onto
the set of polynomials of degree at most d for which I[a : d] is an
interpolation space.

In [4] and [8, Paper II], the PDE-preserving projectors on H(C™),
and the corresponding interpolation spaces, are characterized. A
PDE-preserving projector is a continuous projector onto polynomial
spaces that preserves homogeneous solutions to homogeneous convolu-
tion equations, i.e., P(D)f = 0 implies P(D)IIf = 0 for every homo-
geneous polynomial P. It turns out that the interpolation spaces are
finite-dimensional.

In this note we make a similar study for the space of entire functions
of Hilbert-Schmidt holomorphy type Hy(E) on a (separable) Hilbert
space E. A similar, but different, type of holomorphy is studied in [6].
We establish one-to-one correspondence between the PDE-preserving
projectors and sequences of functionals on Hy(FE). In this way we
characterize the PDE-preserving projectors and the corresponding in-
terpolation spaces. The entire functionals, Hy (E), can be identified
with the exponential type functions of Hilbert-Schmidt type by virtue
of the Fourier-Borel transform (Proposition (2)). Our results imply
that we can define the derivative of a projector in the way suggested by
Calvi and Filipsson [4] when F is finite-dimensional. For example, the
derivative of the Taylor projector of order d and at the point a is the
corresponding Taylor projector of order d — 1. The Kergin projector is
PDE-preserving and acts very naturally on holomorphic functions. For
more on the Kergin operator we refer to [1, 2, 8, 10, 11]. We derive
an error formula for approximating a function with its Kergin polyno-
mial (Theorem (7)). The result shows, in particular, that given any
f € Hu(F) and bounded sequence of points in F, the corresponding
sequence of Kergin polynomials converges to f (see [3, 8] for more on
such type of results).

The article is organized as follows. In Section 2 we introduce the
space Hy(E). We characterize the continuous convolution operators
on Hy(E) and the entire functionals. We recall that a convolution
operator is an operator that commutes with all translation operators.
In Section 3 we prove our main results Theorems 5 and 6. In the
last section we derive the error formula for the PDE-preserving Kergin
projector.
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Most of the results that we obtain in Section 3 for Hy (E), can pre-
sumably be extended to other types of holomorphy, such as holomorphy
of nuclear type on a Banach space (see [9] or [5, Section 4]) and holo-
morphy on nuclear sequence spaces (see [11]), where we have a similar
characterization of the convolution operators and the entire functionals.

2. Entire functions of Hilbert-Schmidt type. In this section
we introduce the Hilbert-Schmidt entire functions. We shall be quite
brief and a more comprehensive presentation can be found in [12]. We
also refer to [6] where a similar type of holomorphy is studied.

We denote by He(X) the space of complex-valued Gateaux holomor-
phic functions on a complex vector space X. If f € Hg(X), we denote
by Dy f(z) the n:th directional derivative at z along y. Throughout
this paper, E denotes a separable complex Hilbert space. We denote by
Pr("F) the space of n-homogeneous polynomials on E of finite type.
That is, Pr(™E) is the subspace of the space of n-homogeneous poly-
nomials P(" E) on E, spanned by the elements (-,y)", y € E, where
(+,-) denotes the inner product on E. We endow P ("F) with the inner
product defined by ((-,4)™, (-,2)")n = nl(z,y)" (we can identify the
space of symmetric tensors ®,, sE with Pr("E) and (-,-), is the in-
ner product induced from the inner product space ®,, sE in this way).
The space of n-homogeneous Hilbert-Schmidt polynomials, denoted by
Pu (™ E), is the completion of P ("E) with respect to the inner product
(*s*)n. We use the symbol | - ||, for the corresponding norm. In view
of our purposes, it is convenient to note that

and, by the symmetrization formula, [9, Lemma 1, page 9],

(2) 1Coyn) - Coyn)lln < Val(er)™,  y; € B, |ly;]| <7

Let (e;) be an orthonormal basis in E. For a given multi-index
@ € Noo = @ N, let eq = [[ppalhe) € Py (°IE).  Here
suppa = {j : o # 0}, |a| = Y «; and we shall also use the notation
l(a) = max{j : oj # 0}. The elements e,, |a| = n, form an orthogonal
basis in Py (" E) and |leq||2 = ! = a;! -+ (see [6, Lemma 1]). Thus
P (™ E) can be identified with the space of all sequences (P,) such
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that -, _, |Po|?a! < 0o and in this way we have

(3) IPI5 = Y [Pal?al, P e Pr("E).

|a]=n

Py (™ E) is continuously embedded into the Banach space P (" E),
of the n-homogeneous continuous polynomials, with norm not greater

than 1/v/n!.

Lemma 1. Let E be a Hilbert space and let P € Py("E), Q €
Pu(™E). Then PQ € Pg("*™FE) and

(4) 1Pl [1@lln < 1PQlln+m < 2" ™ [[Pllm /| Qlln-

Thus, multiplication by P defines a continuous operator with closed
range between Py (™ E) and Py ("T™E).

Proof. The left hand side inequality in (4) follows by [6, Lemma 3]
and the rest of the lemma is established in [12]. u]

We denote by (g (F) the space of all formal power series f =" f,
fn € Pu("E), ie., An(E) =[[,2 Pu("E) (Pu(°E) =C). A (E) is a
ring by virtue of Lemma 1. The space of Hilbert-Schmidt polynomials,
denoted by Py (FE), is the subring &2 Py (™ E), or alternatively, the
space spanned by U, Py (" E) in He(E). The polynomials of degree less
than or equal to d, is the space P%(E) = Hi Pu("E) (~ Zi Pu("E)).

If E is a Hilbert space, the space of entire functions of Hilbert-Schmidt
type on E, denoted by Hy (E), is the space defined as follows. Hy (F)
is the space of all f =3 f,, € Ay (F) such that

(5) Hf”HTEZTn”ann/m<OQ> r>0,

endowed with the semi-norms thus defined. Hy(E) is a Fréchet
space, a subring of Ay (F) and, in particular, Hy(C™) is the space
of entire functions endowed with the compact-open topology. The
series Y f, converges absolutely in Hy(F) and, by our discussion
on the injection Py ("E) — Pe("E), uniformly on bounded sets for
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every f = > fn € Hy(E). Thus, Hy(F) is separable and every
element in Hy(F) defines an entire function of bounded type, and
so Hp(F) can also be described as the space of all f € Hg(E) such
that f, = D(,)f(O)/n! € Py("E),n=0,...,and (5) holds.

Given r > 0 we denote by EXP,(FE) the (Banach) space of all
© =3 ¢, € Ay (E) such that for some M > 0, ||@n|ln < Mr™/v/nl,
n=0,... equipped with the norm |||¢||| zz. = sup,, V2!r ~"|/¢n||ln. The
symbol EXP g (F) denotes the union U,~cEXP,(F) equipped with the
corresponding inductive locally convex topology. Thus EXPy(E) is
given by all ¢ = 3" ¢, € Ay (F) such that lim(vn!||@,][»)"™ < co and
is a subring of Ay (E). Every ¢ € EXPy(F) defines an exponential
type function, i.e. a Gateaux holomorphic function with |¢(y)|| <
Me ¥l for some M, r > 0, and its power series converges in EXP y (F).

If y € E we put e, = ¢¥) € EXPy(E) C Hy(E). We note that,
for any n, the topology on Py ("E) is the topology induced by Hy (E)
as well as by EXPy(E). Based on this, one can prove the following
(details are given in [12]).

Proposition 2. Hpy(FE) is reflevive and the map F : X — FA,
FXy) = Ney), defines an anti-linear isomorphism between H'y(E)
(strong topology) and EXPy(FE).

We put Hy(F) and EXPy(F) into duality by the sesqui-linear
form (f,¢) = F'o(f) = > n(fas@n)n.  Multiplication ¢ — i
is continuous on EXPp(FE) for every ¢ € EXPg(FE). Thus, by
Proposition 2, the transpose ¢(D) = ¢ : Hg(E) — Hy(E) exists
for the duality between Hy(E) and EXP(E). For example, P(D) =
>a;Dy i P =3 a;(y;)" € Prp("E). Every operator ¢(D) is
continuous and, in particular, &,(D) is translation by a € E, i.e.,
€(D)f(z) = f(x 4+ a). Thus Hy(FE) is stable under translations
and every operator ¢(D) is a continuous convolution operator. It is
not difficult to prove that we obtain all the continuous convolution
operators in this way. The homogeneous convolution operators, P(D),
P € Py("E), will play a central role in the sequel and for such

operators we have:
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Theorem 3. Let 0 # P € Py("E). Then P(D)o P is a bijection
on Hu(E) and hence Hy(E) = ker P(D) @ Im P.

Proof. By Lemma 1, the multiplication operator P : Py ("E) —
Pr("T™E) is a continuous one-to-one map with closed image. Its
Hilbert adjoint is the restriction of P(D) to Py ("*™FE) and hence
P(D) o P is a bijection on Py ("E) for all n. By Lemma 1 we obtain

6) IPILIQIE < PRI+ = (Q. P(D)PQ)n < [|Qlnl|P(D)PQ]|,

for all @ € Py("E). Let g = > g, € Hu(E) be arbitrary. For every
n there is a unique f, € Py ("E) with P(D)Pf, = g, and, by (6),
I falln < llgnlln/lIP||2,- Hence f = > f, € Hu(E) and we deduce
that P(D)Pf = g. Thus P(D) o P maps Hy(E) onto Hy(E). If
P(D)Pf = 0, we deduce that P(D)Pf, = 0 for all n and hence
f =>f. =0. Thus P(D)o P is a bijection on Hy(E) and, as
an easy consequence, Hy(FE) = ker P(D) @ Im P. o

Theorem 3 shows that the (closed) ideal InP = {Py : ¢ €
EXPy(E)} in EXPg(FE) is an interpolation space for the projector
Hu(E) — Im P defined by the decomposition Hy(E) = ker P(D) &
Im P.

3. PDE-preserving projectors.

Definition 1. A PDE-preserving projector on Hy (E) is a continuous
projector II onto some space P%(E), d > 0, such that ker P(D) C
ker P(D)II for every homogeneous polynomial P € Py ("E),n =0,...,
compare [8, p. 51].

A sequence ® = (po,...,pdq), ¢; € EXPy(E), of length d + 1 is
nondegenerate if ¢;(0) # 0 for all j. Every nondegenerate sequence
can be normalized so that ¢;(0) = 1 for all j, and, in view of this,
it suffices to consider such normalized sequences. We let ¥; denote
the set of all normalized sequences in EXPg(FE) of length d + 1. If
D = (¢o,.-.,04) and ¥ = (g, ... ,1¥q) belong to T4, we say that ¥
is related to @ if for each j < d there are homogeneous polynomials
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P/ € Py(’E),i=1,...,d— j such that

(7) ¥ =@+ Ploj+- + Pl_ea.

We obtain an equivalence relation ~ on ¥; in this way. If & € X; we
denote by

I(®) = span {P;p; : P; € Pu(’E), j < d}
= {Popo + -+ Papa: Pj € Pu(’E)}.

Note that if & ~ ¥ then I(®) = I(¥). Below we prove that the converse
holds true, Theorem 6.

Lemma 4. For every ® = (po,...,0q) € X4 there is a sequence
U = (¢o,...,%q) ~ P such that

(8) =0, j=1,....d—i, i=0,...,d—1,

where P; =35 Pij, iy € Pu(E).

Proof. Put g = ¢4. For the general j:th step, we put ¢q_; =
®j + -+ ¢o where ¢; are defined recursively as follows:

;= Pd—j
¢j—1=—Hi(¢j)pa—j+1

do = —[H;j(¢;) + - + Hj(¢1)]pa-

Here H; denotes the projector of EXPy(E) onto the corresponding
homogeneous part, Y., &, — & € Pu(‘E). We see that ¥ ~ @ and it
is easily checked that U satisfies (8). O

A sequence ® € Y, is said to be a diagonal sequence when the
homogeneous parts vanish in the sense of (8). Thus every equivalence
class contains a diagonal sequence and it is easily checked that it is
unique.

When we establish the second part of the following theorem, we follow
a proof in [11, Section 9] quite closely.
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Theorem 5. Let & = (po,...,04) € Xq. Then there is a
(unique) PDE-preserving projector g of Hir (E) onto P (E) such that
ker [1g = I(®)*.

Conversely, if 11 is a PDE-preserving projector onto P%(E), then
there is a ® = (¢;) € X4 such that ker 11 = I(®)*, i.e. II = Ilg.

Proof. In view of Lemma 4 we can assume that ® is diagonal so that
(8) holds true for the elements ¢; = >_, ¢;;. Consider the map IT on
Hp(E) defined by

(9) IIf = Hopo(D)f + -+ Hapa(D)f € PH(E),

where H; denotes the projector of Hy(E) onto the corresponding
homogeneous part. The map H;p;(D) is continuous for all j and hence
IT is continuous.

We prove that II preserves homogeneous solutions. Let P € Py ("E).
We note that P(D)H; = H;_,P(D) for all j > n. Hence if P(D)f =0,
n <d,

(10) P(D)H;@;(D)f = Hj—nP(D)@;(D)f = Hj_n@;(D)P(D)f =0

for all j > n. From this we deduce that P(D)IIf = 0. Since
P(D) oIl =0 if n > d, II preserves homogeneous solutions.

We prove that kerIl = I(®)+. Assume f € kerlIl and consider
(,y)ip; € I1(®). We have

(11) (f, (o) ;) = Dy@i(D) f(0) = jLH;TIf ().

Hence (f,(-,y)?¢;) = 0 and, since the elements (-,y)’, y € E, form
a total set in Py(’E) we deduce that f € I(®)-. Conversely, if
f€1(®)*, (11) shows that H;@;(D) f = 0 for all j and hence f € kerIL.

Next we prove that II is a projector onto Pj‘fI(E). Since II is
continuous, it suffices, by totality, to prove that II(-,y)" = (-, y)",
n < d. But we note that

H,35(D) ()" = ’;.—f%(n_ﬂ(yx-,y)j
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if j <nand H;p;(D)(-,y)™ = 01if j > n. Since P is diagonal
pio=1, " @iy =0, j<m,

and hence II(-, y)" = (-, y)™.

Conversely, let IT be a PDE-preserving projector. Let (e;) be an
orthonormal basis in E and consider the functionals 7, € Hy(E)
defined by

If = Z Ta(f)ea,

lo|<d

ie., mo(f) = DIIf(0)/a! where D* denotes the directional derivative
along the vectors e; corresponding to the multi-index o € N. Since
IT is a projector, mq o Il = m, and ma(eg) = 63, |B] < d. It follows
that I, = Fr, € Ime,, i.e., by Theorem 3, I1,, € (ker DO‘)J— for all a.
Indeed, since IT is PDE-preserving, D f = 0 implies D*IIf = 0 and
hence (f,I,) = 7o (f) = 0. Thus there are (unique) ¢, € EXP g (FE),
|a] < d, such that

(12) apa = alll,, II, = Fr, € EXPy(E).
Further, we note that ¢, (0) = 74 (eq) = 1 and since 7, o Il = 7,

(13) (ILf, eapa) = alma (ILf) = alma (f) = (f, €atpa)-

We prove that

(14) CaPa = €aPa

if o] = |&/| < d. In view of (13) and since ¢,(0) = 1, this will
imply that for each j < d we may choose ¢; as any element ¢, with
|a] = j. Note that, by continuity, it suffices to show that (14) holds on
Y ={y=yje; € E:y; =0, j>n} for all n.

Let y € E and put u(y) = (-,y)? € Py(’E) and v(y) = H,lle, €
Pu(’E). Let P € Py (YE) and assume P € {u(y)}*. Then P(D)e, =0
and hence, since II is PDE-preserving, 0 = P(D)Ile, = (P,v(y));.
Thus {u(y)}*+ C {v(y)}* and hence there is a constant c(y) such that

cu = v. This means that

(15) Y paly) = c(y)y®, la| =7
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We note that ¢ is uniquely determined except for its value at the origin,
and y — c(y) is an analytic function on Y™ \ {0} ~ C™\ {0} for all
n. Indeed, (15) implies that, for given n, ¢ is analytic on C™ \ {y; = 0}
for all i < n and hence on the union C™ \ {0}. Now let |o| = |&/| = j
and y € Y™, If y* = 0 both sides in (14) vanish, hence we can
assume y® # 0. If m = max{l(«a),l(a’),n}, there is a sequence y(7)
in Y™ ~ C™ such that y(i) — y as i — oo and y(i)* # 0 for all 4.
Hence, by (15),

Par(y) = lim c(y(i)) = c(y) = valy).
This completes the proof. ]

Remark 1. Let ® € ¥, be any sequence, i.e., not necessarily diagonal.
The proof shows that the operator IT defined by (9) is a continuous
operator and that it preserves homogeneous solutions. Moreover,
kerIT = I(®)* and ImII NkerIT = {0}. However, II may fail to be
a projector onto P (E).

We have noted that ® ~ ¥ implies I(®) = I(¥) and by Theorem 5,
I(®) = I(V) implies IIg = IIy. We now prove that we have equivalen-
cies.

Theorem 6. Let @,V € ¥;. Then the following are equivalent:

(1) & ~ ¥
(2) I(®) = I(P)
(3) Il = Iy,

and every interpolation space I(®) is closed.

Proof. We only have to prove that (3) implies (1) and that I(®) is
closed.

Assume Iy = IIy. Then I(®)+ = I(¥)+ and hence I(®) = (V) for
the duality between EXPy (E) and Hy(E). We prove that ¥ = (¢;)
is related to ® = (p;). In view of Lemma 4 we may assume that ®
satisfies (8), i.e., @ is a diagonal sequence.
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By hypothesis
o = lim " =lim(Py'po + -+ + Pfa), Py € Pu(E),

for some net (¢*) in I(®). The objective is to prove that each term
¢§ = Pf*p; converges to some Pjp; where P; € Py(’E) and Py = 1.

Let us start with the first term ¢f = F'po. Since P§' are complex
numbers, it suffices to prove that P — 1in C. But since P{*(D)1 = 0,
j > 1, we have

1= (1,%) = lim(1, P§*¢g) = lim P§*¢o(0) = lim P*.

Next we prove that ¢f = P*p1 converges to 11, ¥ = Zj Vij,
Y;j € Pu(‘E). First we show that P converges to 11 in Py (E) for
the topology o (P (*E), Py (1E)). Let P € Py ('E) be arbitrary. Since
PJQ(D)P =0, j > 2 we deduce that (P, ¢$) for all j > 2. Moreover,
by our assumption that ® is diagonal, ¢g; = 0, and hence (P, ¢§) = 0.

Hence
(P,v01)1 = (P, o)
= lim(P, P{*¢1) = lim(g1 (D) P, P;*)
= lim(H, ¢, (D)P, P?); = lim(P, PY),

which proves the weak convergence in Py ('E). This implies that
¢ — o1p1 for the topology o(EXPy(E),Hy(E)). Indeed, let
f € Hu(FE) be arbitrary. Then

(f, Pl'p1) = (Hip1 (D) f, PP')1 — (Hi91(D) f, Yo1)1 = (f, Yo1p1)-

Continuing in this fashion we obtain that 1y = @g+1e11+" - +YodPd-
Our arguments also show that I(®) is closed. To prove that (7) holds
for j > 1 we take y # 0 arbitrary and repeat the arguments above for

Theorems 5 and 6 show that there is a one-to-one correspondence
between the PDE-preserving projectors onto ’P?I (F) and the equiva-
lence classes in ¥;. Hence, since every equivalence class contains a
unique diagonal sequence, we can identify PDE-preserving projectors
with diagonal sequences in a one to one way. Moreover, given the di-
agonal sequence, which we obtain from the procedure in the proof of
Lemma 4, the projector is given by (9).
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By virtue of Theorem 6, we can define the derivative of a PDE-
preserving projector, in the way suggested by Calvi and Filipsson [4]
when F is finite-dimensional. If ® = (¢g, ... ,¢q) € Zg and n < d, we
let @™ = (pn,...,¢4) € Bg_n. Let us note that if & ~ ¥ in Ty, then
) ~ W) for all n < d. If II = Il is a PDE-preserving projector,
we define the derivative D"II = II(") of order n by II(") = g if
n < d and otherwise II™ = 0. By formula (9) we have the identity
P(D)II = 1™ P(D) for any homogeneous polynomial P € Py ("E),
which indicates the PDE-preserving property of II.

Similarly, (¥, ®) ~ (¥, ®') in 344,41 whenever & ~ & and ¥ ~ ¥ in
¥4 and ¥ respectively. Here (U, ®) = (v, ... , %1, 00, .. ,¢4). Thus,
for any equivalence class [¥] in ¥;, we can define f[@] IT = Iy ¢), where

II = IIg, and note that (f[q/] H)(l+1) — 1L

Example 1. Let p = (po,...,pa) be a finite sequence in E. The
projector corresponding to the sequence ® = (ep,,...,€p,) € X4
is an Abel-Gontcharrof projector G[p]. Thus if f € Hy(F), then
P(D)(f — G[plf)(p;) = 0 for all j < d and every homogeneous
polynomial P € Py (‘E). If the points in p all are equal, p; = a,
we obtain the Taylor projector T'[a : dJ.

Example 2. Let p = (po,... ,pq) be a sequence of points in E. If
feHu(E) we let

(16) /Hfz/s F(po+ 51 (91— po) + -+ sa(pa — po)) ds,

where S; = {s = (s, > 0) € R?: Y s < 1} denotes the simplex in RY.
If p = (po), i.e., if p consists only of one point, we put f[p] f = f(po)-
The Kergin projector, with respect to p, is the projector K[p] = Ilg
where ® = (p;) € X4, ¢; = F\j, and where \; € Hy(E) is defined
by A\;(f) = j!f[pj] I, p" = (po,...,pj). If the points in p are distinct
we obtain the Lagrange projector L[p] and if they all are equal, K|[p]
is the Taylor projector for the corresponding point. The derivatives of
the Kergin projector are the so called Mean-Value projectors, studied
in [7] when FE is finite-dimensional.
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4. Kergin interpolation. In Example 2 we defined the Kergin
projector K|[p] for any sequence of points p = (pg,...,pq) in E. For
more on the Kergin operator we refer to [1, 2, 8, 10, 11]. The integral
(16) does not depend on the ordering of the points. From this we deduce
that K[p| is independent of the ordering of the points and I(®) = I
where

I =span{Pe,, : P € Py("E), n<|pl;, j<d}

and where |p|; denotes the number of repetitions of the point p; in
p. Hence I is an interpolation space for K[p] and K|[p] interpolates
function values in the sense that P(D)(f — K[p]f)(p;) = 0 for all j and
P ePu("E), n < |pl;.

One can show that the Kergin projector is given by the following
formula

(17)
K[p]f(as)E/ f+/ Dw—pof+"'+/ Dy—py - Dy—py -
[po] [po,p1] [Pos--- »Pd]

Theorem 7. Let f € Hy(FE). Then for any sequence of points
(po, . ..) in E we have for any j and p > 0,

I = Kp)f |, < Hf S5
n=0

H:pj

& WG+ )"
(—; 0L 1),

where p7 = (po,...,p;), rj = max{|p;il| : 0 < i < j} and p; =
4((3+¢€)r; + p).

Proof. Let j be arbitrary and put » = r;. Since the Kergin polynomial
for f, with respect to the points (p’, z), interpolates f at the point x,
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we deduce from formula (17)

(f—K[pj]f)(fE)—/[j ]D:c—po"'Dx—pjf

a9 D Sl R
n=j+1"[p7,7]
o
= 2 Pl
n=j+1

It is clear that F;, is a finite sum of terms of the form

(20) / D;ano'..Dijmf”H m§j+17
[p ]
where ¢; € {po,...,p;}. We shall derive an estimate for an arbitrary
such type of term F".
Now F™(z fs Dyy - Dy, fu(&(s) + sj412) ds where

§(s) =po+s1(pr —po) -+ -55(p; — po) + 5541(=po), 8 € Sjpa.
We note that ||£(s)]] < 3r and the Binomial formula gives
" -1
D Dl G E O UIE
i=0

In view of this and (1), the expression (20) for F/™ can be written

n—j—1 i
m m(7€(s)+s x)n it
=[5 (ot S
n—j—1 .
B n—j—1\ (m+1
_Zo( i )n]l/HlQ (5 D)fu(z) ds
n—j—1

Z ‘FWL’L'7

=0
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where
;m(sv ) = S§+1(', qo) - (.7 ijm)(w 5(8))n—j—l—i c PH(n_m_iE).

The integral for Q¢ (s, D)f, exists in Py (™ E) and by (2) and
Lemma 1 we deduce
Q5 (5 Mlm=m—i 2" 7" 7*1(-,q0) - (- Gj—rm) 41
15 €()" H  lnmjm1
< ey
xy/(n—j—1—4)(3r)" 97171

< 2mmTh f(n —m —4)!(er)? T (3p) I T
and

Q5 D)l = (s @l (5. )@i (5. D) ) <
< 21l Qin (5. el Qi (5. D) ol

and hence

n=j=D' (G + 1! ses;i,
LN

(%> z(37“)”*1*1*’-(e?“)jﬂwllln [ fn -

i n—j—1\ (m+1i)! 1 ~
I s < (7071 U @b, D)ol

X
Thus
n—j—1 m-+i
F L= Ny o )
Iy = 3 g Vs
4n n .
R 2\m j—m+1
< Tl ) o/
n—j—1 n ] 1
- - 3 nfjflf’i 2'L
S (e

74’”’

m”fn”n (] + 1) (p/2)m(€7‘)j7m+l(3r + p/z)n*jfl'
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Now, F}, is a finite sum anzlo F,,,, where each F,,, is a sum of (jj;ll)
terms of the form F)". In view of this the Binomial formula gives

Faln < Sl ()1 )6 o2y

Jj+1

> (j ;1) (er) =" (p/2)"

m=0

T n=i—1l(ep Jt+l
f||fn|n( )(3 /2" er 4 p/2)

j"_[<3+ &) + o) fulln-

This estimate and (19) completes the proof. O

<

The estimate (18) shows that for any bounded sequence of interpo-
lation points and f € Hy(E), the corresponding sequence of Kergin
polynomials converges to f. More generally, a sufficient condition for a
function f, in order that its sequence of Kergin polynomials converges,
is that the (increasing) sequence Y77 _o 7 0" fulln/ v/n! is bounded for
every p > 0, compare [8, Theorem 7.1].
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