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EXISTENCE RESULTS FOR SEMI-LINEAR
INTEGRODIFFERENTIAL INCLUSIONS
WITH NONLOCAL CONDITIONS

M. BENCHOHRA, E.P. GATSORI AND S.K. NTOUYAS

ABSTRACT. In this paper, we shall establish sufficient con-
ditions for the existence of solutions for semi-linear integrodif-
ferential inclusions in Banach spaces with nonlocal conditions.
By using suitable fixed point theorems we study the case when
the multi-valued map has convex as well as nonconvex values.

1. Introduction. In this paper, we shall prove existence results, for
the following semi-linear integrodifferential inclusions, with nonlocal
conditions, of the form

(1) o' (t)—Ay(t) €F<t,y(t),/0 k(t,s,y(s))ds), a.e. t €J:=[0,]

(2) y(0) + f(y) = o,

where A : D(A) C E — E is the infinitesimal generator of a strongly
continuous semigroup T'(t), t>0, F : J x Ex E — P(FE) a multi-valued
map, k : JXJxE — E acontinuous function, f : C(J,E) — E,yo € E,
P(E) is the family of all subsets of E and E is a real separable Banach
space with norm || - ||.

The work on nonlocal evolution initial value problems (IVP for short)
was initiated by Byszewski. In [9, 10] Byszewski using the method of
semigroups and the Banach fixed point theorem proved the existence
and uniqueness of mild, strong and classical solution of first order
IVP. For the importance of nonlocal conditions in different fields, the
interested reader is referred to [9, 10] and the references cited therein.

In [5] Benchohra and Ntouyas studied existence results for integrod-
ifferential inclusions on infinite intervals, in the case where the multi-
valued map has bounded, closed and convex values, by using the fixed
point theorem of Ma [18].
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Here we study existence results on compact intervals, when the multi-
valued F' has convex or nonconvex values. In the first case a fixed point
theorem due to Martelli [19] is used and in the latter a fixed point
theorem for contraction multi-valued maps, due to Covitz and Nadler
[12].

2. Preliminaries. In this section, we introduce notations, defini-
tions, and preliminary facts from multi-valued analysis which are used
throughout this paper.

C(J, E) is the Banach space of continuous functions from J into E
normed by

[Ylleo = sup{[ly(®)|| : t € J}.

B(E) denotes the Banach space of bounded linear operators from E
into E.

A measurable function y : J — FE is Bochner integrable if and only
if |y|| is Lebesgue integrable. (For properties of the Bochner integral,
see Yosida [21].)

L!(J, E) denotes the Banach space of measurable functionsy : J — E
which are Bochner integrable normed by

b
ol = [ l@lde tor ally € L'(J. ).
0

Let (X, || - ||) be a Banach space. A multi-valued map G : X — P(X)
is convex (closed) valued if G(x) is convex (closed) for all z € X. G
is bounded on bounded sets if G(B) = U,epG(z) is bounded in X for
any bounded set B of X, that is sup,cg{sup{|ly|l : y € G(2)}} < .
G is called upper semi-continuous (u.s.c.) on X if, for each zy € X,
the set G(zg) is a nonempty, closed subset of X, and if, for each open
set V of X containing G(xg), there exists an open neighborhood U
of xg such that G(U) C V. @G is said to be completely continuous if
G(B) is relatively compact for every bounded subset B C X. If the
multi-valued map G is completely continuous with nonempty compact
values, then G is u.s.c. if and only if G has a closed graph, i.e., x,, — xg,
Yn — Yo, Yn € G(x,,) Imply yo € G(x0). G has a fized point if there is
an ¢ € X such that x € G(z).

PX)={Y ¢ PX) :' Y # @}, Pgy(X) ={Y €¢ PX) : Y
closed}, Py(X) = {Y € P(X) : Y bounded}, P, = {Y € P(X): Y
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compact} and P.(X) ={Y € P(X) : Y convex}. A multi-valued map
G : J — P.(X) is said to be measurable if, for each z € X, the function
Y : J — Ry, defined by

Y(t) =d(z,G(t)) = inf{||z — z|| : z € G(¢)},

is measurable. For more details on multi-valued maps we refer to the
books of Deimling [13], Gorniewicz [15] and Hu and Papageorgiou [16].

An upper semi-continuous map G : X — P(X) is said to be
condensing if, for any bounded subset B C X with a(B) # 0, we
have a(G(B)) < «a(B), where a denotes the Kuratowski measure of
noncompactness. For properties of the Kuratowski measure, we refer
to Banas and Goebel [4]. We remark that a completely continuous
multi-valued map is the easiest example of a condensing map.

For properties of semi-groups theory, we refer the interested reader
to the books of Goldstein [14] and Pazy [20].

3. Existence result: The convex case. Assume in this section
that F': J x E x E — P(FE) is a bounded, closed and convex valued
multi-valued map.

Let us list the following hypotheses:

(H1) A is the infinitesimal generator of a semi-group of bounded linear
operators T'(t) in E such that ||T(t)||pg) < M, for some M > 0;

(H2) F: JXEXE — Py (E); (t,w,v) — F(t, w,v) is measurable
with respect to t for each w,v € F, and u.s.c. with respect to w, v for
each t € J and the set

SFW::{g cLY(J,E): g(t) EF(t,y(t),/Otk;(t, s,y(s))ds) for a.e. t EJ}

is nonempty;

(H3) f : C(J,E) — E is continuous and there exists a constant
L > 0 such that || f(y)|| < L for each y € C(J, E);

(H4) There exists a function o € C(J,R4) N L%(J,R,), such that

t
H / k(t,s,y)ds
0

< a(t)|ly|| foreachte J andye€ E;
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(H5) There exist 3 € L%(J,Ry) such that

1E(t,y, 2)|| = sup{llv]| : v € F(t,y,2)}
< B@®Y(lyll + 1|z]]) for a.e.t € Jand y,z € E,

where ¢ : Ry — (0,00) is a continuous and increasing function with
Pla®)yl) < a@y(llyll) for each t € J andy € E,

and

b oo du
M/o SO+ a@)ds< [ o= Ml + L)

(H6) For each bounded B C C(J, E) and ¢ € J the set

{r0m - 150)+ [ 10590615 € Srn

is relatively compact in E, where Sp g = U{Sp, : y € B}.

Definition 3.1. A function y € C(J, E) is called a mild solution
of (1)—(2) if there exists a function v € L'(J, E) such that v(t) €

F(t,y(t), fg k(t,s,y(s))ds) almost everywhere on J and

) = (0w = TOF )+ | Tt = s)ols)ds.

The following lemmas are crucial in the proof of our main theorem.

Lemma 3.1 [17]. Let I be a compact real interval and X a Banach
space. Let F be a multi-valued map satisfying (H2), and let T be a linear
continuous mapping from LY (I, X) to C(I,X). Then the operator

FoSp:C(I,X) — PyucC(I,X)),
y— (o Sp)(y) :==T'(Sry)
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is a closed graph operator in C(I,X) x C(I,X).

Lemma 3.2 [19]. Let X be a Banach space and N : X — Py ¢..(X)
an upper semi-continuous and condensing map. If the set

Q:={ye X :\ye N(y) for some A > 1}

1s bounded, then N has a fized point.
Now we are able to state and prove our main theorem in this section.

Theorem 3.1. Assume that hypotheses (H1)—(H6) are satisfied.
Then the problem (1)—(2) has at least one mild solution on J.

Proof. We transform the problem (1)—(2) into a fixed point problem.
Consider the multi-valued map, N : C(J, E) — P(C(J, E)) defined by

NG = {h € COE): 1O =Tl -~ £(0)
—I—/O T(t—s)g(s)ds:g¢€ Sp,y}
where

t
SRy_{geLl(J, E): g(t)eF(t,y(t),/ k(t, s, y(s)) ds) for a.e. t eJ}.
0
Remark 3.1. Tt is clear that the fixed points of N are mild solutions
to (1)—(2).

We shall show that N is completely continuous with bounded, closed,
convex values and it is upper semi-continuous. The proof will be given
in several steps.

Step 1. N(y) is convex for each y € C(J, E).
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Indeed, if hq, ho belong to N(y), then there exist g1, g2 € Sp,y such
that, for each ¢t € J, we have

() = T = f) + | Tt = s)auts) s, i=1.2
Let 0 < k < 1. Then for each t € J we have
(khi + (1 = k)h2)(t) = T(t)[yo — f(y)]

+ /0 T(t — 5)[kgr(s) + (1 — k)ga(s)] ds.

Since Sp,y is convex (because F' has convex values) then

khi + (1 — k)hg S N(y)
Step 2. N is bounded on bounded sets of C(J, E).
Indeed, it is enough to show that there exists a positive constant [
such that, for each h € N(y),y € B, ={y € C(J,E) : ||ylloo < r}, one

has ||hllc < 1. If h € N(y), then there exists g € Sg, such that for
each t € J we have

b0 = T~ S+ [ 70 - s)a(s) s
By (H1) and (H4)(H5) we have, for cach ¢ € J, that
IO < T sl + 17Ol 7)1+ [ 1T0-5)005)] ds
< Mol + 2401 [ Blute)] + o)l ds
< Mol + ML+ Msup vl [ 56)0 + a(o) ds
Then, for each h € N(y), we have

b
Moo < M|lyoll + ML+ Msupw(r)/ B(s)(1+ a(s))ds :=1.
ted 0
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Step 3. N sends bounded sets into equicontinuous sets of C'(J, E).

Let t1, to € J, t1 < to and B, be a bounded set in C(J, E). For each
y € B, and h € N(y), there exists g € Sp,, such that

h(t) =T(#)[yo — f(y)] + /Ot T(t—s)g(s)ds, telJ
Thus
1A (t2) = R(t)]]
< T (t2) = T()yoll + [IT(t2) = T(t2)1f (y

NI W))
‘y/h (f2=s) = “1—Sﬂ9@>ds-+H/f7ruy—$g@>ds
< (T (t2) = T(02)woll + T (t2) = T(0)1F W)

+thﬁﬁrﬂ>4ﬂu—ﬁm¢nw

As ty — t1 the righthand side of the above inequality tends to zero.

to

llg(s)ll ds.

ty

As a consequence of Step 2, Step 3 and (H6) together with the Arzela-
Ascoli theorem, we can conclude that N is completely continuous, and
therefore, a condensing map.

Step 4. N has a closed graph.

Let y, — y*, h, € N(y,), and h, — h*. We shall prove that
h* € N(y*).

hyn, € N(y,) means that there exists g, € Sg,, such that
t

hnlt) = T = T(O () + [ T = 9)gu() ds.
0

We have to prove that there exists g* € Sy~ such that

t
We(t) = T(t)yo — T(t)f(y") + / T(t—s)g*(s)ds, teJ.
0
Consider the linear continuous operator

LY(J,E) — C(J,E)
gr—T(g)(t) = ; T(t—s)g(s) ds.
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Clearly we have that

[(Fen =T () yo+T (£) f (yn)) = (A" =T () [yo—f (¥"))loc — 0, as n — oc.

From Lemma 3.1, it follows that I" o Sg is a closed graph operator.

Moreover, we have that
hn(t) = T(t)yo + T(t) f(yn) € T(Sry,)-
Since y, — y*, it follows from Lemma 3.1 that
t
B0 =T + TOS) = [ Tl 5)g"(s)ds
0
for some g* € Sg .
Step 5. The set

Q:={yeC(J,E): \y € N(y), for some \ > 1}

is bounded.

Let y € Q. Then \y € N(y) for some A > 1. Thus, there exists
g € Sk such that

y(t) = XT"T(t)yo — XIT() f(y) + A7 /O T(t—s)g(s)ds, te.J.

Consequently, by (H1) and (H3)—(H5), we have for each ¢ € J that

ly@)I < Mllyoll +ML+M/O Bs)d(ly(s)ll + als)llu(s)l)ds

SMWWMM+MAmmHﬂ@WM®mw

Let us take the righthand side of the above inequality as v(¢). Then we
obtain
v(0) = M(llyoll + L), ly(®) <w(t), te,

and

v'(t) = MBE)(L+ a®)d(ly@)l), teJ.
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Applying the nondecreasing character of ) we get
v'(t) < MB(E) (1 + a(t)v(v(t), te

The above inequality implies, for each ¢ € J, that

o0 gy b ~
/U(O) WSM/O 6(t)(1+a(t))ds</v(o)m.

Therefore, there exists a constant d such that v(t) < d, t € J, and
hence ||y||so < d, where d depends only on the functions p and . This
shows that € is bounded.

Set X := C(J,E). As a consequence of Lemma 3.2, we deduce that
N has a fixed point, which is a mild solution of (1)—(2).

4. Existence result: The nonconvex case. In this section we
consider the problems (1)—(2), with a nonconvex valued righthand side.

Let (X,d) be the metric space induced from the normed space
XD
Consider Hy : P(X) x P(X) — R4 U{oo}, given by

H;(A, B) = max {sup d(a, B),sup d(A, b)} )
a€A beB

where d(A,b) = inf,c 4 d(a,b), d(a, B) = infpe g d(a, b).
Then (P, (X), Hy) is a metric space and (P (X), Hy) is a general-

ized metric space.

Definition 4.1. A multi-valued operator N : X — P.(X) is called
a) v-Lipschitz if and only if there exists v > 0 such that

Hy(N(z), N(y)) < ~vd(z,y), foreachzx, ye X,

b) contraction if and only if it is y-Lipschitz with v < 1.

¢) N has a fized point if there is an x € X such that x € N(x).
The fixed point set of the multi-valued operator N will be denoted by
Fix N.
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Our considerations are based on the following fixed point theorem for
contraction multi-valued operators given by Covitz and Nadler in 1970
[12], see also Deimling [13, Theorem 11.1].

Lemma 4.1. Let (X,d) be a complete metric space. If N : X —
P, (X) is a contraction, then Fix N # &.

Theorem 4.1. Assume that:

(A1) F: J x Ex E — P.,(E) has the property that F(-,u,v) : J —
P.,(E) is measurable for each u,v € E;

(A2) There exists | € L'(J,R) such that
Ha(F(t,u,v), F(t,a,0)) <1(#)[lv—ul +[lv - ]]],
for eacht € J and u,u,v,v € E, and

d(0, F'(t,0,0)) <I(t), for almost each t € J.

(A3) lf () = fF@)II < clly = Ylle, for each y,y € C(J, E), where c is
a monnegative constant.

(A4) ||k(t, s, z) — k(t,s,2)|| < Ki||lz — Z||, for each t,s € J, z,Z € E,
where K1 is a nonnegative constant.

Then the IVP (1)—(2) has at least one solution on J.

Proof. Transform the problem (1)—(2) into a fixed point problem.
Consider the multi-valued operator, N : C([0,b], E) — P(C([0,b], E))
defined by:

N(y) = {h € C((0, 6], E) - h(t) = T(t)[yo—f(y)H/o T(t=s)g(s) dS},
where g € SFy.

Remark 4.1. (i) It is clear that the fixed points of N are solutions to
(1)-(2).

(ii) For each y € C([0,b], E) the set Sg,, is nonempty since, by (Al),
F has a measurable selection, see [11, Theorem III.6].
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Consider the following Bielecki-type norm, see [8], on C(J, E) defined
by
_ —7L(t)
Il = max{ly(1) e},

where L(t) = fot I(s)ds. Since

e ONyllss < lylls < yllos,

the norms ||y||p and ||y||c are equivalent.

We shall show that IV satisfies the assumptions of Lemma 4.1. The
proof will be given in two steps.

Step 1. N(y) € Py(C|0,b], E) for each y € C([0,b], E).

Indeed, let (y,)n>0 € N(y) be such that y,, — § in C|0,b], E). Then
g € C([0,b], E) and

yn(t) € T(t)[yo — f(y)]
t s
—|—/ T(t—s)F(s,y(s),/ k(s, w,y(w) dw) ds for each t €[0, ).
0 0
Using the closedness property of the values of F' and the second part

of (A2) we can prove that fot T(t — s)F(s,y(s), [y k(s,w,y(w)) dw) ds
is closed for each ¢ € [0,b]. Then

yn(t) — y(t) € T(H)[yo — f(y)]

+ /Ot Tt — s)F<s,y(s), ) k(s,w,y(w)) dw) ds, fort e [0,b].

0
So § € N(y).
Step 2. Ha(N(y1), N(y2)) < vlly1—y2| 5 for each y1, 4> € C((0, 8], E),

where v < 1.
Let y1,y2 € C([0,0], E) and hy € N(y1). Then there exists

m@eFme»A%m&m@»@>
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such that
ha(t) = T(t)lo — Fn)] + / T(t - s)gi(s)ds, ¢ € [0,b)].

From (A2) it follows that

Hd<F(t,y1(t),/Otk(t,s,yl(s))ds),F(t,yg(t),/O k(t,s,yg(s))ds)>
<Al () — y2 ()| + 0K |lyr () — y2(D)]]]-

t

Hence there is w € F(t, ya(t fo (t,s,y2(s)) ds) such that
lg1(#) = wl < UO[y2(E) = y2(OIl + 0K w1 (8) = g2}, ¢ € [0,0].
Consider U : [0,b] — P(E), given by

Ult)={weE:|g)—wl|
<UDy () — y2 ()| + bE [ly2 (t) — ya(B)[]]}-

Since the multi-valued operator V (t) = U (¢t)NF' (¢, y2(t fo (t,5,92(s))
ds) is measurable, see Proposition III.4 in [11], there exists go(t) a
measurable selection for V. So,

au(t) € (13000, [ bit5,0n(5) )
and

g1 (t) = g2(O)[| < L) [ly2(t) — y2(B)[] + bE [y () — w2(D)]]],

for each t € J.

Let us define for each t € J

ha(t) = T(t)lyo — Flya)] + / T(t - )gals) ds.
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Then we have

|71 —hal|
= maxe O |70 () 1)) + [ T-9)[o1(5) — ga(s)) s
0

t
< —TL(t)M _ M —TL(t) l _
< maxe clly1 =yelloo + M max e L)l () =p2(s)l

+ 0K [|y1(s) —y2(s) ] ds
< Mce™ O |ly1 — ||

t
+ Iglea}( e*TL(t)M(l + bK1)||y1 — y2||B / l(s)e‘rL(s) ds
0

1
< Mee™ Oy —yo | 5+ M (140K llys —ye | 5~ max e O (™0 —1)
T te

1
< Mee™ Oy —allp + M(1+K)lyn —allp—(1 = ¢ 7H0)

1
< MC@TL(b)”yl—WHB + M(1+bK1)Hy1—y2||B;.

Then

|h1 — he|lB < [MC@TL([’) + llyr — vzl B-

M(1+bKy)
T

By the analogous relation, obtained by interchanging the roles of y;

and ys, it follows that

HAN () M) < [Meert® o LRV

ly1 — 2l 5.
Let 7 and ¢ be such that y = Mce™® + (M (1 + bK;))/7 < 1. Then N

is a contraction and thus, by Lemma 4.1, it has a fixed point ¥, which
is the solution to (1)—(2).

5. Applications. As applications of our results, we shall give con-
trollability results for first order semi-linear integrodifferential inclu-
sions of the form

(3) y'(t)EAy(t)JrF(t,y(t),/o k(t,s,y(S))d8>+(BU)(t), teJ=[0,b],

(4) y(0) + f(¥) = vo,
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where the control function u(-) is given in L?(.J,U), a Banach space
of admissible control functions, with U as a Banach space and B a
bounded linear operator from U to E. For recent controllability results
of nonlinear ordinary, functional and neutral functional differential and
integrodifferential systems in Banach spaces, by using different tools
of fixed point arguments, we refer to the papers by Benchohra and
Ntouyas [6, 7] and Balachandran et al. [1, 2] and [3].

Definition 5.1. A function y € C(J, E) is called a mild solution
of (3)—(4) if there exists a function v € L(J, E) such that v(t) €
F(t,y(t), fot k(t,s,y(s)) ds) almost everywhere on J, and

y(t) =Tt)yo —T(t)f(y)+ /0 T(t—s)(Bu)(s)ds+ /0 T(t—s)v(s)ds.

Definition 5.2. The system (3)—(4) is said to be nonlocally con-
trollable on the interval J, if for every yg, 1 € E, there exists a con-
trol uw € L2(J,U), such that the mild solution y(¢) of (3)-(4) satisfies

y(b) + f(y) = =1

We will need the following additional assumption:
(H7) The linear operator W : L?(J,U) — E, defined by

b
Wu = /0 T (b — s)Bu(s)ds,

has an invertible operator W' which takes values in L2(.J,U)/ ker W
and there exist positive constants M; and M such that | B|| < M; and

W1 < Ms.

Theorem 5.1. Let F: J X E x E — P(FE) be a bounded, closed and
convex valued multi-valued map. Assume that hypotheses (H1)—(HT)
are satisfied. Then the problem (3)—(4) is nonlocally controllable on J.

Theorem 5.2. Let F: J X E x E — P(E) be a nonconvez valued
multi-valued map. Assume that hypotheses (A1)—(A4) and (HT) are
satisfied. Then the problem (3)—(4) is nonlocally controllable on J.
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Using hypothesis (H7), for an arbitrary function y(-), define the
control

— b
wy(t) = W [z  f(y) — T + TO) () — / T(b— s)g(s) ds | (1)

where g € Spy.

We shall now show that, when using this control, the operator N
defined by

N(y) = {h € C(LE) : h(t) = T(t)(yo — f(3))
—l—/o T(t—s)(Buy)(s)ds +/0 T(t—s)g(s)ds: g€ S’F,y}

has a fixed point. This fixed point is then a solution of the system
(3)—(4).
Clearly z1 — f(y) € N(y)(b).

We shall show that NV for Theorem 5.1 is completely continuous with
bounded closed convex values and it is upper semi-continuous and for
Theorem 5.2 that N has closed values and it is a contraction multi-
valued map. The steps for the proofs are parallel to that of Theorems
3.1 and 4.1. So we omit the details.
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