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SHARPENING HOLDER’S AND POPOVICIU’S
INEQUALITIES VIA FUNCTIONALS

S. ABRAMOVICH, J. PECARIC AND S. VAROSANEC

ABSTRACT. We prove some inequalities involving positive
isotonic linear functionals which generalize Holder’s inequality
and its reverse version. We also sharpen Jensen’s inequalities
for positive isotonic linear functionals.

1. Introduction. In the articles [1] and [2] sharpenings of the inte-
gral versions of Holder’s and Jensen’s inequalities were obtained. Here
we improve these results using a positive isotonic functional leading
to some new generalizations of Holder’s and Popoviciu’s inequalities.
The new results sharpen Holder’s and Popoviciu’s inequalities and their
reversed versions both in discrete and integral forms.

Let E be a nonempty set and L be a linear class of real-valued
functions f : F — R having the properties:

Ll1. f,ge L= (af +bg) € L for all a,b € R;
L2. 1eL,ie,if f(t)=1forallt € E, then f € L.

Let A be a positive isotonic linear functional on L. That is, we assume
that

Al. A(af +bg) = aA(f)+bA(g) for f,g € L, a,b € R (linearity);
A2. feL, f(t)>0on E= A(f) > 0 (positive isotonic).

Functional versions of well-known inequalities and related results
could be found in [10]. Here, we mention results related to Jensen’s
inequality.

Theorem A [10, p. 112] (Jensen’s inequality). Let L satisfy condi-
tions L1, L2 and A satisfy conditions Al and A2. Suppose that k € L
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with k >0 on E, A(k) > 0, and that ¢ is a continuous convex function
on an interval I C R. Then for an arbitrary function g : E — I such
that kg € L, k¢(g) € L and A(kg)/A(k) € I, we have

Alkg)\ _ Ako(g))
¢<A<k~>)§ Ak)

(1.1)

If ¢ is a concave function, then the reverse inequality in (1.1) holds.
Also in [10, p. 124] and [9] the following related result is proved.

Theorem B. Let E, L, A be defined as in Theorem A and assume that
peLwithp>0onE and0 < A(p) <u € R, (ua—A(pg))/(u—A(p)) €
I,a €1, pg €L and pp(g) € L. If ¢ is convex continuous on an
interval I, then

(1.2)

ua — A(pg) up(a) — A(po(g))
¢< u—A(p)>Z u—Alp)

If ¢ is a concave continuous function, then the reverse inequality in
(1.2) holds.

2. Generalized Hoélder’s and Popoviciu’s inequality. Here we
present some inequalities involving isotonic linear functionals, and con-
vex and concave functions, which generalize Holder’s and Popoviciu’s
inequalities. We extensively research the properties of the functions
G;,; which are defined as follows:

Definition 1. Let f;, i = 1,2,...,m — 1 be positive functions
on (0,00) and let z; > 0, ¢ = 1,...,m. For r < s, r,s €
{1,2,...,m — 1}, we denote

Lr41 Lyr42 Ts+1
G?"7S(x7"a'r7'+l7"' aIs-i-l)_xrfr( ; f7"+1( . fs(s_>>)

r Tr41

and
Gst1,s(x) = .

If any of the z; = 0, then we define that G, s(xy, Ty41,... ,2s41) = 0.
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Definition 2. Denote S to be a set of positive convex functions on
(0,00) and T a set of positive concave functions on (0, c0).

Theorem 1. Let L satisfy conditions L1, L2, and A satisfy condi-
tions Al and A2. Let a; € L, i =1,... ,m be positive functions on F,
Ala;)) >0,i=1,... ,m, and let f; € S,1=1,... ,m — 1 be such that
fi,---, fm—2 are increasing. Suppose that G;m—1(a;,...,am) € L.

Then
(21) A(GLm,l(al, NN ,am)) Z Glym,l(A(al), [N ,A(am))

If fieT,i=1,... m—1, and f1,..., fin—2 are increasing, then the
reverse of (2.1) holds.

Proof. Using m — 1 times Jensen’s inequality (1.1) for the convex
functions f; > 0, ¢ = 1,...,m — 1, as fi,..., fin_2 are positive
increasing and as A is positive isotonic, we obtain

A(Gl,m_l(al, e ,am))

_ A((llfl(Gg,m_l(aan,... ,am))>

> Ao (Al

2 Ao (Ao (At )

Z ..

> Alay) fr (jgg?%fz (jgzz; v fme (%)))

The proof of the second statement is similar and thus omitted. ]

The following are some examples of positive isotonic linear functionals
(10, p. 49], [6, p. 523], [15, p. 452]:

(a) The range of x is {1,2,... ,m} or {1,2,...}, so that f(z) is a
(finite or infinite) sequence {a,as,...}, A(f) = > cia;/d . ¢; where
¢ >0,and 0 < > ¢; < o00.
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(b) E is the interval (0,1), L is the class of all bounded functions on
E, A(f) is the Banach integral of f over (0,1).

(c) E is a set of all real numbers, L the class of all uniformly almost
periodic functions, A(f) is the mean value of f.

(d) More generally, F is any group, L is the class of all functions
almost periodic on E, and A(f) is von Neumann’s mean value of f.

() L ={g:1[0,1] — R such that lim, ,; g(x) is finite}, A: L — R,
A(g) = limg_1 g(x).

(f) Let (2,%, 1) be a space with positive finite measure. Let L =
Li1(9,%, u). For f € Ly define

Remark 1. The domain of definition and the range of the functions f;
can be changed, i.e., Theorem 1 still holds if f; are defined on different
intervals I; C R and if the positivity of the functions f;,i=1,... ,m—1
is omitted. In that case we must suppose a number of additional
assumptions as follows:

(*) fi are continuous on I, i=1,...m—1,

1
range (— Gi+17m_1(ai+1, .e ,am)> - Ii; 1= 1, Lo.mo— 17
a:

(3

Alas
range( /(;(l;-:)l)fwl) ClL, +1=12,... , m—2,

A(Giy1,m—1(aiz1, - am))
A(az)

€L, i=1,...,m—1.

For simplicity, without loss of generality, all our following results will
be stated for positive functions f;, i =1,... ,m — 1, defined on (0, ),
but their domain and range can be changed according to this remark.

Remark 2. Let Aq,..., A, be functionals satisfying A1 and A2 and

Al(f)ZAQ(f)ZZAm(f)a foralleL.
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Ifa;,i=1,... ,mand f;,i=1,... ,m — 1 satisfy the assumptions of
Theorem 1 and if f,,_1 is increasing, then the following holds

Al(GLm_l(al, - ,am)) Z GLm—l(Al (al), - ,Am(am))

Remark 3. The conditions of convexity and monotonocity of the
functions f1,..., fm—1 can be changed. If f1,..., f—1 satisfy (*) and

if f1,..., fi—1 are convex increasing functions, f; is decreasing convex,
fix1,- -+, fm—2 are increasing concave functions and f,,,_1 is concave,
then inequality (2.1) holds. Similarly, if f1,..., fm—1 satisfy (x) and if
f1,.-., fi_1 are concave increasing functions, f; is decreasing concave,
fi+1y- -+, fm—2 are increasing convex functions and f,,—1 is convex,

then the reverse of (2.1) holds.

Remark 4. If E = {1,2,... ,n} and A(f) = Y i, f(k) = > fx,
then inequality (2.1) transforms to inequality (2.1) from [3].

The next theorem is a consequence of Theorem 1 and it is a functional
version of Hélder’s inequality and its reverse.

Theorem 2. Let A and a;, i = 1,... ,m satisfy the assumptions of
Theorem 1. If p; > 0,4 =1,...,m are such that Y ;», 1/p; = 1, and

I, al? € L, then

(2.2) A( a}/m> <[] Atai)".
i=1 =1

Ifp1 >0 andp; <0, i=2,...,m are such that y .-, 1/p; =1, then a
reverse of (2.2) holds.

Proof. Let p;, 7 =1,...,m, m > 2, be positive numbers that satisfy
E;-nzl 1/p; = 1. Let us define the numbers ¢;, j =1,... ,m —1, as

23) —=1-—, —=1-{R G 9 -1

Q1 p’g pj
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It is easy to check, by induction, that

B R .
q192 - - G P11 P2 pj
and therefore, q1,q2, ... ,gn_1 are positive real numbers.
Let us define the functions f; as fi(x) = /%, i=1,... ,m—1. Then
fi,i=1,... ,m — 1, are concave increasing functions and the reverse

of (2.1) holds, i.e.,

A<a1<a_2<@...( am )1/qm1)1/qz)1/ql>
ap \ a2 Am—1
< A( )(A(a2) <A(a’3) < Alap,) >1/q’"—1)1/Q2>1/¢11
a DY
= VN A(ar) \ Aag) A(tm_1)
which, after a simple transformation, becomes (2.2). If p; > 0 and
pi <0,4=2,...,msuch that >./" | 1/p; = 1, then f; is a decreasing

convex function and the other functions are increasing concave and the
reverse of (2.2) holds. o

Remark 5. If A(f) = fE fdp, where p is a positive measure on F,
then (2.2) is the well-known integral Holder’s inequality. The second
part of Theorem 2 gives us an integral version of a result which is given
in [13] and [14] by Pecari¢ and Vasié, see also [8, p. 102], and in [12]
by Sun.

The following theorem is a generalization of Popoviciu’s inequality
[11].

Theorem 3. Let E,L, A be defined as in Theorem 1. Let c;,
1=1,2,...,m, be positive real numbers, a;, it =1,2,... ,m be positive
functions on E, A(a;) >0, fieS,i=1,... , m—1and f1,..., fr—2
are increasing.  Furthermore, suppose that c¢;—1 — A(a;—1) > 0,
Giﬂn_l(ai, . ,am) eL,t=1,...m, and Gi-‘rl,m—l(ci-i-lv R ,Cm) —
A(Gi+11m,1(ai+1, . ,am)) >0,i=1,... , m—1. Then

(24) G11m71(61 —A(al),... , Cm —A(am))
Z Gl,m—l(cla cee acm) - A(Gl,m—l(alv s 7a7n))~
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If fieT,i=1,... ,m—1, then a reverse of (2.4) holds.

Proof. The proof is similar to the previous one, only instead of
Theorem A, we use Theorem B. O

Remark 6. If the functions f; are defined as in the proof of Theorem 2
and satisfy the assumptions of Theorem 3, then if p; > 0,i=1,... ,m,
> 1/p; = 1, the Popoviciu inequality in a functional form holds, i.e.,

25) AP elfr e Al a7 o) > T e Ao
i=1

and we can easily derive its integral version

(2.6)

m 1/pi
C}/;ché/m ”,C}T{pm _/E a}/pla;/pi’ - a,ln/p’”d/i > H (ci—/Eai du) .
i=1

The functional form (2.5) of the Popoviciu inequality was derived by
Pecari¢ in [9]. The discrete version of inequality (2.6) was proved by
Losonczi and Péles in [5].

But, if py > 0 and p; <0,7=2,... ,m with >/, 1/p; = 1, then we
get the reverse inequalities of (2.5) and (2.6). These are new inequalities
of Popoviciu’s type.

Theorem 4. If f1,..., fin—2 are positive convex (concave) increasing
functions and f,—1 is a positive convex (concave) function on (0,00),
then G1,m—1 is a positively homogeneous convex (concave) function.

Proof. Suppose that fi,..., fi,—1 are convex and let o and [ be
nonnegative real numbers, a + 8 = 1, a; = (a;,1,a:2), @i1,02 > 0,
i=1,2,...,m.

Define the functional A on L = (0,00)? as

A(f) =afi +Bfa, if f=(f1,f2)
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Then using Theorem 1 we have
Gim-1(aai1 + Bai g, ... ,qa;,1 + Bam2)
=Gim-1(A(a1),... , Alam)) < A(G1m-1(a1,... ,am))
=aG1m-1(a1,--. ,am)1 + BG1m-1(a1,... ,am)2
=aGim-1(a1,1,--- sam1) +BG1m-1(a1,1,. .. ,0m,2),
i.e., G1,m—1 is a convex function.

The proof of the concave case is similar. Finally, the homogeneity
statement is obvious according to Definition 1, and thus the proof is
complete. u]

3. Sharpening inequalities via functionals.

Theorem 5. Let E and F' be functionals on L satisfying A1, and let
D be a positive isotonic linear functional such that F — E = D.

If fie S, i=1,... . m—1, fi,..., fm_2 are increasing functions
anda; >0,1=1,... ,m, then fors=1,... ,m

D(Gim—-1(a1, ... ,am))
(3.1) > G s—1(F(a1),... , F(as—1), F(Gsm-1(Gs, ... ;am)))
— Gy s-1(E(a1),... ,E(as-1), E(Gs,m-1(s, ... yam)))
and the function
w:5+— Gis_1(D(a1),... ,D(as—1), D(Gsm-1(as,... ,am)))
s decreasing.

If fieT,i=1,... ., m—1and f1,..., fin_2 are increasing, then a
reversed inequality holds in (3.1) and the function ¢ is increasing. (We
assume that all above-mentioned terms are well-defined.)

Proof. Let us prove (3.1). First, we consider 2 < s <m — 1. Denote
z2=Gsm-1(s, ... ,am).
Using Theorem 1 we get

D(GLm,l(al, e ,(Zm)) = D(Glys,l(al, cee g1, Z))

(32) > Gl,s—l(D(al)a"' 7D(a8—1)’D(Z))'
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As f;,i=1,...,m—2, are increasing using discrete Jensen’s inequality
several times, we get
(3.3)

Grs-1(D(a1),..., D(as-1), D(2)) + G1s-1(E(ar), ..., E(as-1), E(2))
— DGl D)

D(ay)
+E(a1)f1<G2’51(Eg(23;5" ’E(Z))>
> F(a1>f1<G2,sl(D(a2),... ,D(z);;;IC)?Q,Sl(E(aQ),... ,E(z)))
ZF(al)f1<§Eai; f2<G3,s—1(D(a3),. .. D(ZZ)2(~¥C;2C§3,S—1(E(G3),. .. E(z))))

> 2 Gt (Plag) .. Flas1), F(2)).

From (3.2) and (3.3) we obtain (3.1), for 2 < s <m — 1.

The result follows also easily for s = m. For s = 1 we get in (3.1)
equalities by using Definition 1. In this case Gy s—1(F(a1), ..., F(as—1),
F(Gsm-1(as,--. ,am))) becomes G1 m—1(a1,... ,am) and Gy s_1(E(a1),

.y E(as—1), E(Gsm=1(as, - .- ,am))) becomes G1 m—1(ai, ... ,am) too.

To prove the second statement, denote

z = Gs-l—l,m—l(as-i-l; v aam)-

fs is a convex function; therefore, applying Jensen’s inequality we get

D(Grmr(as,- . 1)) = D<asfs (f)) > D(a,)/f, ( 5&)

Each of f;, ¢ = 1,...,m — 2 is increasing; therefore, we have the
following
(34) Gl,s—l( (al) aD(as 1 7 sm 1(a57--- am)))
D(a2) sm la/87"'7am))
= D s— D
(a1)f1(D (2] oy (PGt
)

>D<a1>f1(D<Zf) f<plz() (<()>>))
= G1,5(D(ar), - ), D().
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The proof of the statement for the concave case is completely similar
and thus omitted. ]

Theorem 6. Let P and QQ be positive isotonic linear functionals. If

fieS,i=1,... m—1anda;, i =1,... ,m satisfy the assumptions
of Theorem 5, then
(3.5)

Gis-1(R(a1),... ,R(as—1), R(Gs m-1(as, ... ,am)))
< P(Gim-1(a1,... ,am))
+G1s-1(Qa1), .. ,Q(as—1), Q(Gsm-1(as, ... ,am)))
< R(Gim-1(a1,.-.,am)),

where R=P+Q. If f,eT,i=1,... ,m—1, then a reverse inequality
of (3.5) holds.

Proof. Let 0 be a null-functional. Inserting in Theorem 5 D = R— P,
F = @ and F = 0, we have the second inequality in (3.5). Applying
Theorem 5 with D = P, F'= R and F = Q we get the first inequality
of (3.5).

When s =m and f; € S,i=1,...,m — 1, inequality (3.5) becomes

GLm_l(R(al), . ,R(am)) S P(GLm_l(al, e ,am))
(3.6) +G1m-1(Q(a1),. .., Qam))
S R(Glym,l(al, N ,am)),

which is a sharpening of inequality (2.1). If f; e T,i=1,... ,m—1
we get the reverse signs of inequalities in (3.6). i

In the next section we show how applications of Theorems 5 and 6
give some known and some new results.

4. Sharpening of Holder’s and Jensen’s and its reverse
inequalities. The next theorem is a result of an application of
Theorem 6 to some special functions.
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Theorem 7. Let P and Q be positive isotonic linear functionals and
R=P+Q. Ifp, >0,i=1,...,m are such that Y .~ 1/p; = 1,

a’Pie

111

<Ha1/pl) < P(Hal/p‘> +HQ )P < HR )P

Ifpr >0 and p; < 0,4 =2,...,m are such that .-, 1/p; = 1, then
the reverse of (4.1) holds.

a; € L, i =1,...,m are positive functwns such that [];*
then

Proof. If we define the functions f; as fi(z) = z%/%, i=1,... ,m—1,
where ¢;, i = 1,... ;m — 1 are defined as in (2.3), then applying (3.6)
we get (4.1). O

Corollary 1. Ifp; >0, i=1,...,m are such that >~ 1/p; =1,
and ifa;, i =1,... ,m and Hl 1 Zl/pi are positive integrable functions,

W is a positive measure on |a,b], P(g) = facgd,u, Qlg) = fcbgdu,
:fbgd,u, a<c<b, then

cm m b 1/p:
/ Hal/m dp < / Ha;/m dp + H (/ a; du) ’
a =1 i=1 \V¢

m b 1/p;
IT([ )
i=1 a

Ifp1 >0 and p; <0, i=2,...m are such that 3", 1/p; = 1, then a
reverse of (4.2) holds.

(4.2)

Inequality (4.2) was obtained in [1], and it is a sharpening of Holder’s
inequality. Here, we get also a similar result for reversed Holder’s
inequality.

Corollary 2. Let (2,2, 1) be a space with positive finite measure.
Let L = Li(Q,5, ). If Q1,0 C Q, pu(1), 1(Q2) € (0,00), then for
f € L define

P(f) = — !

W) Jo, f(@) dp(z), Q(f)Zu(%)

f(@) dp(z)
Qo
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and R(f) = P(f) + Q(f)-

From the second part of inequality (4.1), the following new inequality
is obtained:

/ ﬁl )P dp(x) + u(slzz) ﬁ (/Qz ai() du(x)y/m

i=1

<11 (s >ww+ﬁ54;mmmﬁw

Corollary 3. Let E = {1,2} and functionals P and Q be defined by

P(f)=f1), Q) =rQ2).

Ifp; >0,i=1,...m are such that >, 1/p; =1 and a; : E — R are
positive functions, then inequality (4.1) gives

(4.3) [T + 1w’ < LG+ w)'/™
=1 =1 =1

1:13

where x; = a;(1), y; = a;(2).

Inequality (4.3) is a generalization of the following inequality given
in [7].

Let ax >0,k =1,... ,n. Then

ﬁ(1+ak) > (1+ v

i=1

On the other hand, this inequality is a special case of a result given
in [4, pp. 31-32], (see also [8, p. 109]). Namely, replacing in (4.3)

a(l):(l‘lv--- ,.’L’m), a/(2):(y15"' ’ym)v
agy =i +yi, i=1,...m,

11
p:(pla"' apm)a w = 555
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we obtain
1 1 1
MMM (0D; p);w) < MO (MY (agy; w); p)

where MJﬂ (z;p) is the r-ordered weighted mean of n-tuple x =
(x1,...,2,) with weights p = (p1,...,pn). The general case, which
is given in [4], deals with means of order r and s.

The following result is a sharpening of Jensen’s inequality, and it is
a simple consequence of Theorem 6.

Theorem 8. Let P and @ be positive isotonic linear functionals and
R=P+Q. Let ke L withk >0, Q(k) >0, R(k) >0, f € S. For
any function g : E — (0,00) such that kg € L, kf(g) € L we get

(4.4) R(k)f(%) < P(kf(g)) + Q(k)f(%) < R(k/(g)).

If f € T, then a reverse inequality of (4.4) holds.

Proof. Setting m =2, ay =k, as = kg, fi = [ in inequality (3.6) we
obtain (4.4). mi

Remark 7. If we specify that P(f) = [ fdp and Q(f) = fcbfdu,
¢ € (a,b), we get a sharpening of the integral version of Jensen’s
inequality [2] when p is a positive measure on [a, b].

In the next theorem we show a result related to Theorems 5 and 6
when the functionals D, E and F' are integrals.

Let us define A(d, s) as

d
A(d, s) :/ Gim—1(a1, ... ,am)dp
b

b b
+G1,s—1</ aldﬂw . ~7/ as—ld,uv/ Gs,m—l (afn- oD am)d,uf)v
d d d
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where d € [a,b] and s =1,2,... ,m.
When s = 1 the second addend is equal to f; Gim—1(ai,...,an)du.
If d = b we define A(b,s) = f; Gim-1(a1,...,am)du.

Here we suppose that all the integrals are well defined.

Theorem 9. If f; € S,i=1,... ,m—1, f1,..., fm_2 are increasing
functions, a; > 0,i=1,... ,m, and if a < c < d <b, then
(4.5) Ala, s) < A(c, s) < A(d, s) < A(b, s)

foralls=1,2,... ,m.

For any d € [a,b] and s = 1,2,... ,m — 1, the following
(4.6) A(d,s) > A(d,s+1).
holds.

If f,eS,i=1,... , m—1, are replaced by f; € T,i=1,... ,m—1,
then the reverse inequalities of (4.5) and (4.6) hold.

Proof. Denoting D(f) = [ fdp = [ fdp— [¢ fdp, B(f) = [} f dp
and F(f) = fcbfd,u and, applying Theorem 5, we get (4.5) and (4.6).
O

5. Sharpening of Popoviciu’s and related inequalities.

Theorem 10. Let E and F' be functionals satisfying A1 and D be a
positive isotonic linear functional on L such that FF — E = D.

a) If ¢;, a;, i =1,...,m, satisfy the assumptions of Theorem 3, and
if fieS,i=1,... m—1,and f1,..., fm_2 are increasing functions,
then

—D(G1m-1(a1,... ,am))
< Gis—1(c1 = F(a1),...,co-1 — Fas—1),
(5.1) Gsm-1(Csy- .. yem) — F(Gsm—1(asy - yam)))
- G1,sf1(01 - E(al), cee 5 Cs—1 — E(as—l),
Gsm—1(Csy...,em) — E(Gsm—-1(as,... ,am))).
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b) The function s — G m—1(c1,... ,cm) —G1,s-1(D(a1),... ,D(as-1),
D(Gsm—1(as, ... ,am))) is increasing. (We assume that all the above-
mentioned terms are well-defined.)

¢) If P and Q are isotonic positive functional with R = P 4+ Q, then
Gl,mfl(clu oo ,Cm) - R(Gmel(al, R 7am))
é Gl,mfl(cl - Q(al)a ooy Cm — Q(am))
— P(Gl)m_l(al, . ,am))
< Gl,mfl(cl - R(al)u cee 5 Cm — R(am))

(5.2)

If fieT,i=1,... ,m—1, then the reverse inequalities of (5.1) and
(5.2) hold and the above-defined function is decreasing.

The proof is similar to the proof of Theorem 5 and is based on the
application of Theorems B, 1, 3 and 6.

If in (5.2) we specify: f;(z) = 2'/% where ¢; is defined as in (2.3),
then for p; >0,i=1,...,m, >.I", 1/p; = 1 we have

ﬁc;/m _ R(ﬁag/pi) > ﬁ(cl — Q(ai))l/pi _ p(ﬁal}/m)
=1 =1 i=1

i=1

(5.3)
(ci — R(a))"/7",

Y
_ES

s
I
—

which is a sharpening of the functional version of Popoviciu’s inequality.
Ifp1 >0,p; <0,i=2,...,m, y i~ 1/p; =1, then we get a reverse of
(5.3).

If we choose the functionals P and @ as follow:

P(f>=/:fdu, Q(f)=/cbfdu

where p is a positive measure, ¢ € (a,b) then we have the following
theorem.

Theorem 11. Let ¢; > 0 and a;, © = 1,2,... ,m, be positive pu-
integrable functions such that

b
ci—/ a;dp >0, 1=1,...,m.
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Ifp;>0,i=1,...,m, Y.;" 1/p; =1, then

m

b m m b
ch}/m _/ Ha;/pi dp > H (Ci_/ a; du)
i=1 a j=1 i=1 ¢

m b 1/p;
ZH(ci—/aidu) .

i=1

1/pi

_/Cﬁai/Pi d‘LL

=1

Ifpr >0, and p; < 0,1 =2,...,m, Yy .= 1/p; = 1, then the reverse
inequality holds.

This is a sharpening of well-known integral Popoviciu’s inequality and
its reverse inequality with only one positive weight.

If we specify the functionals D, F and F as in the proof of Theorem 9,
we have the following results.

Theorem 12. Let ¢;, a;, i = 1,... ,m, satisfy the assumptions of
Theorem 3, let f; € S, i=1,... m—1, fi,..., fm—2 be increasing
functions. Denote

d
B(d75) = _/ Gl,m—l(a/la v 7am) d/j/

b b
+G17S_1(Cl —/ Cle,U,,. c ey Cs—l_/ as_ld,u,
d d

b
Gs,mfl (Csa- LRS) cm) - / Gs,mfl(a& e 7am) d/,L),
d

when a <c<d<b. Then

(5.4) B(a,s) > B(c,s) > B(d,s) > B(b, s),

and, for any d € [a,b] and s =1,2,... ,m — 1, the following holds
(5.5) B(d,s) < B(d, s+ 1).

If f; € T,i=1,...,m— 1, then the reverse inequalities in (5.4) and
(5.5) hold.
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And, finally, let us state a result which is a sharpening of inequality
(1.2) given in Theorem B.

Theorem 13. If P,Q,k,a,g satisfy the assumptions of Theorem 8
and w € R, u—Q(k) > 0, u— R(k) > 0, (ua — Q(kg))/(u — Q(k)),
(ua — R(kg))/(u— R(k)) € (0,00), then for f € S the following holds

uf(a) — R(kf(kg)) < (u— Q(k))f(M

< (u-— R(k — =7
< tu- R (M=
If f € T, then a reverse inequality holds.

Proof. Setting m =2, a1 =k, a2 =kg, fi = f c1 =u, c2 = ua in
inequality (5.2), we obtain the result. o

Remark 8. If u is a counting measure, then we have discrete results.
This remark is applicable for each result in the paper.
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