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CONJUGACY SEPARABILITY OF CERTAIN
HNN EXTENSIONS OF GROUPS

GOANSU KIM AND C.Y. TANG

ABSTRACT. In this paper we improve a criterion for the
conjugacy separability of HNN extensions of conjugacy sepa-
rable groups with cyclic associated subgroups. Using this re-
sult, we characterize the conjugacy separability of such HNN
extensions of finitely generated nilpotent groups.

1. Introduction. A group G is said to be conjugacy separable if,
for each pair x, y ∈ G such that x and y are not conjugate in G, there
exists a finite homomorphic image G of G such that the images of x
and y in G are not conjugate in G. Conjugacy separability is related
to the conjugacy problem for groups as observed by Mal’cev [11] and
Mostowski [13]. In this paper we consider the conjugacy separability of
HNN extensions of a conjugacy separable group A with cyclic associated
subgroups 〈h〉 and 〈k〉:

G = 〈A, t : t−1ht = k〉.

In general, residual and separability properties of HNN extensions
depend very much on the choice of the associated subgroups. Meskin
[12] showed that the Baumslag-Solitar group, 〈a, t : t−1aαt = aβ〉, is
residually finite if and only if |α| = 1 or |β| = 1 or α ± β = 0. In this
paper we show that this is also true for conjugacy separability. Baum-
slag and Tretkoff [3] showed that HNN extensions of residually finite
groups with finite associated subgroups are residually finite. Collins
[4] proved a similar result for HNN extensions of conjugacy separable
groups. We will make use of these results in our paper. Shirvani [18],
Andreadakis, Raptis and Varsos [1, 17], considered residual finiteness
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of HNN extensions of residually finite groups. Raptis, Talelli and Var-
sos [16] proved an interesting result that if G is an HNN extension
of a finitely generated abelian group then G is conjugacy separable if
and only if G is residually finite. In this paper we obtain a similar
result for HNN extensions of finitely generated nilpotent groups with
cyclic associated subgroups. In [7], Kim and Tang characterized the
conjugacy separability of HNN extensions of finitely generated abelian
groups with cyclic associated subgroups. In this paper we improve the
criterion given by [8, Theorem 4.5] for the conjugacy separability of
HNN extensions with cyclic associated subgroups, Theorem 3.9. Using
this we characterize the conjugacy separability of HNN extensions of
finitely generated nilpotent groups with nontrivially intersecting cyclic
associated subgroups, Theorem 3.15. It turns out that the result is sim-
ilar to the case of finitely generated abelian groups. If the associated
subgroups intersect nontrivially, a similar result cannot be obtained
because Example 1 [9] shows that such HNN extensions need not be
residually finite. However Corollary 3.12 gives a similar characteriza-
tion if the associated subgroups are in the center of the base group.

2. Preliminaries. Throughout this paper we use standard notations
and terminology for this topic. The letter G always denotes a group.
In addition:

N �f G means that N is a normal subgroup of finite index in G;

Let S be a subset of G. Then x ∼S y means x is conjugate to y by
an element of S;

We use ‖x‖ to denote the length of x in HNN-extensions.

We shall make extensive use of the following two results by Collins.

Theorem 2.1 [5, Theorem 3]. Let x and y be cyclically reduced
elements of the HNN-extension G = 〈B, t : t−1Ht = K〉. Suppose that
x ∼G y. Then ‖x‖ = ‖y‖, and one of the following holds.

(1) ‖x‖ = ‖y‖ = 0 and there is a finite sequence z1, z2, . . . , zm of
elements in H∪K such that x ∼B z1 ∼B,t∗ z2 ∼B,t∗ · · · ∼B,t∗ zm ∼B y,
where u ∼B,t∗ v means one of:

(i) u ∼B v, or

(ii) u ∈ H and v = t−1ut(∈ K), or
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(iii) u ∈ K and v = tut−1(∈ H).

(2) ‖x‖ = ‖y‖ ≥ 1 and y ∼H∪K x∗ where x∗ is a cyclic permutation
of x.

Let S be a subset of a group G. Then G is said to be S-separable if
for each x ∈ G\S there exists N �f G such that x /∈ NS. In particular,
G is residually finite if G is {1}-separable. A group G is said to be
cyclic subgroup separable, if G is 〈x〉-separable for each x ∈ G. Such a
group is also called πc by Stebe [19].

A group G is conjugacy separable if, for each x ∈ G, G is {x}G-
separable, where {x}G is the set of all conjugates of x in G.

Theorem 2.2 [5, Theorem 13]. If A is conjugacy separable and H, K
are finite, then the HNN-extension 〈A, t : t−1Ht = K〉 is conjugacy
separable.

In [14], Niblo introduced the concept of regular quotient at {h, k}.
For our purpose, we define the following which is the same as “quasi-
regular” in [8] and [9].

Definition 2.3. Let A be a group, and let h, k ∈ A be of infinite
order. Then A is said to be regular at {h, k} if, for each given integer
ε > 0, there exist an integer λε > 0 and Nε �f A, depending on ε, such
that Nε ∩ 〈h〉 = 〈hελε〉 and Nε ∩ 〈k〉 = 〈kελε〉.

Remark 2.4. Let G = 〈A, t : t−1ht = k〉. For N �f A such that
N ∩ 〈h〉 = 〈hs〉 and N ∩ 〈k〉 = 〈ks〉, there is a natural homomorphism

πN : 〈A, t : t−1ht = k〉 −→ 〈A, τ : τ−1h̄τ = k̄〉,

where A = A/N , aπN = ā for a ∈ A and tπN = τ . Then, by
Theorem 2.2, the homomorphic image GπN of G is conjugacy separable.

Regularity plays an important role in the study of HNN extensions
as seen in the next result.
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Theorem 2.5 [9]. Let A be cyclic subgroup separable, and let h, k ∈ A
be of infinite order. Then G = 〈A, t : t−1ht = k〉 is cyclic subgroup
separable if and only if A is regular at {h, k}.

Definition 2.6 [8]. A group A is said to be double coset separable
at {h, k} if, for each u ∈ A and for each integer ε > 0, A is 〈hε〉u〈hε〉-
separable, 〈hε〉u〈kε〉-separable and 〈kε〉u〈kε〉-separable.

Lemma 2.7 [8]. Let G be 〈aε〉x〈bε〉-separable, where x, a, b ∈ G and
a, b are of infinite order. If 〈x−1ax〉 ∩ 〈b〉 = 1, then there exists N �f G
such that x̄−1āix̄ = b̄j only if ε | i, j, where G = G/N .

Lemma 2.8 [8]. Let A be regular at {h, k} and double coset separable
at {h, k}. Then G = 〈A, t : t−1ht = k〉 is double coset separable at
{h, k}.

3. A criterion. In this section we consider the conjugacy separa-
bility of HNN extensions of the type

G = 〈A, t : t−1ht = k〉,

where A is conjugacy separable. In [8, Theorem 4.5] we proved a
criterion for the conjugacy separability of G when 〈h〉 ∩ 〈k〉 = 1. In
this section we prove our main result Theorem 3.9 which generalizes
the criterion to include the case 〈h〉 ∩ 〈k〉 
= 1. Applying this result
we characterize the conjugacy separability of G of finitely generated
nilpotent groups A when 〈h〉 ∩ 〈k〉 
= 1. If |h| = |k| is finite then, by
Theorem 2.2, the above G is conjugacy separable. Thus, throughout
this section, we assume that h, k are of infinite order and if hn = k±n

for some n > 0 then we assume that n is the smallest such integer. In
this case, we have 〈h〉 ∩ 〈k〉 = 〈hn〉 = 〈kn〉.

Lemma 3.1. Let A be double coset separable at 〈h, k〉 and hn = k±n

for some n > 0. Let G = 〈A, t : t−1ht = k〉 and let x ∈ G be reduced.
Then, for each M �f A and for each s > 0, there exist Ns �f A and
λs > 0 such that Ns ⊂ M , Ns ∩ 〈h〉 = 〈hsλs〉, Ns ∩ 〈k〉 = 〈ksλs〉,
〈h̄〉 ∩ 〈k̄〉 = 〈h̄n〉, and ‖x̄‖ = ‖x‖ in G = GπNs

.
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Proof. Let x = u1t
ε1u2t

ε2 · · · tεmum+1 ∈ G be reduced where ui ∈ A
and εi = ±1. Since x is reduced, we have ui+1 /∈ 〈h〉 if εi = −εi+1 = −1
and ui+1 /∈ 〈k〉 if εi = −εi+1 = 1. By double coset separability, A is
〈hε〉-separable and 〈kε〉-separable for any ε > 0. Thus we can find
N1 �f A such that, for each i, if εi = −εi+1 = −1 then ui+1 /∈ N1〈h〉,
or if εi = −εi+1 = 1 then ui+1 /∈ N1〈k〉. Since n is the smallest
integer such that hn = k±n, we have hik−j /∈ 〈hn〉 = 〈kn〉 for all
0 ≤ i, j < n except i = j = 0. Thus there exists N2 �f A such
that hik−j /∈ N2〈hn〉 for all 0 ≤ i, j < n except i = j = 0. Let
N1 ∩ N2 ∩ M ∩ 〈h〉 = 〈hs1〉 and N1 ∩ N2 ∩ M ∩ 〈k〉 = 〈ks2〉. Let
ε = ns1s2s, where s > 0 is a given integer. Since A is 〈hε〉-separable
and 〈kε〉-separable, there exists N3 �f A such that hi /∈ N3〈hε〉 and
ki /∈ N3〈kε〉 for all 1 ≤ i < ε. This implies N3 ∩ 〈h〉 = 〈hλ1ε〉 and
N3 ∩ 〈k〉 = 〈kλ2ε〉 for some λ1, λ2 > 0. Since hn = k±n and n | ε, we
have N3 ∩ 〈h〉 = N3 ∩ 〈h〉 ∩ 〈hn〉 = N3 ∩ 〈hn〉 = N3 ∩ 〈kn〉 = N3 ∩ 〈k〉,
hence λ1 = λ2. Let Ns = N1 ∩N2∩N3∩M and λs = ns1s2λ1. Clearly
Ns�fA and Ns ⊂ M . Also, we have Ns∩〈h〉 = 〈hsλs〉, Ns∩〈k〉 = 〈ksλs〉,
〈h̄〉 ∩ 〈k̄〉 = 〈h̄n〉, and ‖x̄‖ = ‖x‖ in G = GπNs

.

Lemmas 3.1 and 2.8 imply the following:

Corollary 3.2. Let A be double coset separable at {h, k} and
hn = k±n for some n > 0. Then A is regular at {h, k}, hence
G = 〈A, t : t−1ht = k〉 is double coset separable at {h, k}.

For convenience, we say N ∈ N if N �f A such that N ∩ 〈h〉 = 〈hελ〉
and N ∩ 〈k〉 = 〈kελ〉. In this case, for each N ∈ N we can construct
G = GπN as in Remark 2.4.

Theorem 3.3. Let A be double coset separable at {h, k} and
hn = k±n for some n > 0. Let x ∈ G = 〈A, t : t−1ht = k〉 be cyclically
reduced. If ‖x‖ ≥ 1 then, for each y ∈ G such that x 
∼G y, there exists
N �f A such that x̄ 
∼G ȳ, where G = GπN .

Proof. The proof is similar to [8, Theorem 3.7]. Instead of using [8,
Lemma 4.3], we use Lemma 3.1.
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Niblo [14] introduced the concept of regular quotient at X = {ai; i ∈
I} to prove the subgroup separability of HNN extensions of free groups.
However to prove the conjugacy separability of HNN extensions we need
certain conjugacy conditions to be satisfied by the images of h and k.
We introduce the concept of conjugacy-regular at {h, k}.

Definition 3.4. Let A be a group, and let h, k ∈ A be of infinite
order. Then A is said to be conjugacy-regular at {h, k} if, for each
integer ε > 0, there exist an integer λε > 0 and Nε �f A such that
(1) Nε ∩ 〈h〉 = 〈hελε〉 and Nε ∩ 〈k〉 = 〈kελε〉 and, in A = A/Nε,
(2) 〈h̄〉∩〈k̄〉 = 〈h〉 ∩ 〈k〉, (3) if h̄i ∼A h̄j , then h̄j = h̄±i, (4) if k̄i ∼A k̄j ,
then k̄j = k̄±i, and (5) if 〈h〉 ∩ 〈k〉 = 1 and h̄i ∼A k̄j then h̄i = k̄j = 1
and if 〈h〉 ∩ 〈k〉 
= 1 and h̄i ∼A k̄j then h̄i = h̄±j .

Remark 3.5. (1) Since |h̄| = |k̄| = ελε, in (5), h̄i = h̄±j implies
k̄i = k̄±j .

(2) If A is conjugacy-regular at {h, k} and 〈h〉 ∩ 〈k〉 = 1 then A is
c-quasi regular at {h, k} in [8, Definition 4.1].

(3) Suppose A is conjugacy-regular at {h, k}. Then clearly A is
regular at {h, k}. Hence, as observed in [9, Remark 4], if 〈h〉 ∩ 〈k〉 
= 1,
then hα = k±α for some α > 0.

Theorem 3.6. Let A be residually finite and regular at {h, k}. If
A is 〈h〉-separable and 〈k〉-separable, then G = 〈A, t : t−1ht = k〉 is
residually finite.

Proof. Let 1 
= g ∈ G.

Case 1. g ∈ A. Since A is residually finite, there exists N1 �f A
such that g /∈ N1. Let N1 ∩ 〈h〉 = 〈hs1〉 and N1 ∩ 〈k〉 = 〈ks2〉. Since
A is regular at {h, k}, there exist an integer λ and N2 �f A such that
N2 ∩ 〈h〉 = 〈hλs1s2〉 and N2 ∩ 〈k〉 = 〈kλs1s2〉. Let N = N1 ∩ N2. Then
N �f A and g /∈ N . Moreover N∩〈h〉 = 〈hλs1s2〉 and N∩〈k〉 = 〈kλs1s2〉.
Hence ḡ 
= 1 in G = GπN . Since G is residually finite, there exists L�f G
such that g /∈ L. Let L be the preimage of L in G. Then L �f G and
g /∈ L.
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Case 2. ‖g‖ ≥ 1. Since A is 〈h〉-separable, 〈k〉-separable and regular
at {h, k}, as in the proof of Lemma 3.1, we can find N �f A such that
‖g‖ = ‖g‖ in G = GπN . Hence ḡ 
= 1. Since G is residually finite, as
before we can find L �f G and g /∈ L.

This completes the proof.

Definition 3.7. A group G is said to be cyclic conjugacy separable
for 〈h〉 if, whenever x ∈ G and {x}G ∩ 〈h〉 = ∅, there exists N �f G

such that, in G = G/N , {x̄}G ∩ 〈h̄〉 = ∅.

The following is a slight modification of [8, Theorem 4.5].

Theorem 3.8. Let A be conjugacy separable, conjugacy-regular and
double coset separable at {h, k}, where 〈h〉 ∩ 〈k〉 = 1. If A is cyclic
conjugacy separable for 〈h〉 and 〈k〉, then G = 〈A, t : t−1ht = k〉 is
conjugacy separable.

Proof. By Remark 3.5 (2), A is c-quasi regular at {h, k}. By
Theorem 3.6, G is residually finite. Thus the proof is the same as
the proof of [8, Theorem 4.5].

We can now improve the criterion given by [8, Theorem 4.5]. We
note that it is difficult to relax the conditions in Theorem 3.9 because
of the Baumslag-Solitar group [2] 〈a, t : t−1a2t = a3〉 satisfies all the
conditions of the theorem except conjugacy regularity and it is not
even residually finite.

Theorem 3.9. Let A be conjugacy separable, conjugacy-regular and
double coset separable at {h, k}. If A is cyclic conjugacy separable for
〈h〉 and 〈k〉, then G = 〈A, t : t−1ht = k〉 is conjugacy separable.

Proof. As we mentioned in Remark 3.5 (3), since A is conjugacy-
regular at {h, k}, we have either 〈h〉 ∩ 〈k〉 = 1 or hα = k±α for some
α > 0. If 〈h〉∩〈k〉 = 1 then, by Theorem 3.8, G is conjugacy separable.
So we assume hα = k±α, where α > 0 is the smallest such integer.
We shall show that G is conjugacy separable. Let x, y ∈ G be such
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that x 
∼G y and that x, y are of minimal lengths in their respective
conjugacy classes. Since A is conjugacy-regular at {h, k}, A is regular
at {h, k}. Thus, by Theorem 3.6, G is residually finite. Therefore we
may assume x 
= 1 
= y. Because of Theorem 3.3, we need only consider
the case ‖x‖ = ‖y‖ = 0, that is, x, y ∈ A. By Theorem 2.2, G = GπN

is conjugacy separable for each N ∈ N . Hence, throughout the proof,
we shall find a suitable N ∈ N such that, in G = GπN , x̄ 
∼G ȳ for the
following cases:

Case 1. x, y ∈ 〈h〉 (similarly x, y ∈ 〈k〉).
(a) x = hm and y = hn, where m 
= ±n.

(b) x = hm and y = h−m.

Case 2. x ∈ 〈h〉 and y ∈ 〈k〉 (similarly x ∈ 〈k〉 and y ∈ 〈h〉).
Case 3. x ∈ A and {x}A ∩ 〈h〉 = ∅ (or {x}A ∩ 〈k〉 = ∅).

We shall only prove Case 1 (b) since the proofs for the other cases are
similar to the proofs in [8, Theorem 4.5]. To prove Case 1 (b), we
note that x 
∼G y implies hm 
∼A h−m, km 
∼A k−m and hm 
∼A k−m.
By double coset separability and conjugacy separability of A, there
exists N1 �f A such that hik−j /∈ N1〈hα〉〈kα〉 = N1〈hα〉 for all 0 ≤ i,
j < α, except i = 0 = j, N1h

m 
∼A/N1 N1h
−m, N1k

m 
∼A/N1 N1k
−m

and N1h
m 
∼A/N1 N1k

−m. Since hi /∈ N1〈hα〉 for all 1 ≤ i < α,
N1 ∩ 〈h〉 = 〈hαs〉 for some s > 0. Similarly, N1 ∩ 〈k〉 = 〈kαs1〉 for
some s1 > 0. Since hα = k±α, kαs1 = h±αs1 ∈ N1 ∩ 〈h〉 = 〈hαs〉.
Hence αs divides αs1. Similarly αs1 divides αs. Therefore s = ±s1

and N1 ∩ 〈h〉 = 〈hαs〉 = N1 ∩ 〈k〉. Since A is conjugacy-regular at
{h, k}, there exist N2 �f A and λ such that (1) N2 ∩ 〈h〉 = 〈hλαs〉 and
N2∩〈k〉 = 〈kλαs〉 and, in Ã = A/N2, (2) 〈h̃〉∩〈k̃〉 = 〈h̃α〉 = 〈k̃α〉, (3) if
h̃i ∼Ã h̃j , then h̃j = h̃±i, (4) if k̃i ∼Ã k̃j , then k̃j = k̃±i, and (5) if
h̃i ∼Ã k̃j , then h̃j = h̃±i. Let N = N1 ∩ N2. Then N ∩ 〈h〉 = 〈hλαs〉
and N ∩ 〈k〉 = 〈kλαs〉. Let G = GπN as in Remark 2.4. Then we shall
show that x̄ 
∼G ȳ. For, if x̄ ∼G ȳ then, by Theorem 2.1, there exist
z1, z2, . . . , zr of elements in 〈h̄〉 ∪ 〈k̄〉 such that

h̄m ∼A z1 ∼A,τ∗ z2 ∼A,τ∗ · · · ∼A,τ∗ zr ∼A h̄−m.

If z1 = h̄i ∈ 〈h̄〉, then h̄m ∼A z1 implies h̃m ∼Ã h̃i. Thus, by (3) above,
h̃i = h̃±m, whence hi∓m ∈ N2 ∩ 〈h〉 ⊂ N1 ∩ 〈h〉. Thus hi∓m ∈ N , that
is, z1 = h̄i = h̄±m. Similarly, if z1 = k̄i ∈ 〈k̄〉, then h̄m ∼A z1 implies
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h̃m ∼Ã k̃i. Hence, by (5) above, h̃i = h̃±m and k̃i = k̃±m by (1) in
Remark 3.5. Hence z1 = k̄i = k̄±m as before. Now, by the choice of
N1, since h̄m 
∼A h̄−m and h̄m 
∼A k̄−m, we have either z1 = h̄m or
z1 = k̄m. Similarly, since z1 = h̄m or z1 = k̄m, z1 ∼A,τ∗ z2 implies either
z2 = h̄m or z2 = k̄m. Repeating this process, we have either zr = h̄m

or zr = k̄m. Since zr ∼A h̄−m, both cases zr = h̄m and zr = k̄m

contradict to the choice of N1. Hence x̄ 
∼G ȳ.

Lemma 3.10. (1) Let h, k ∈ Z(A) be of infinite order such that A is
〈hε〉〈kε〉-separable for any ε > 0. Then A is conjugacy regular at {h, k}
if and only if 〈h〉 ∩ 〈k〉 = 1 or hn = k±n for some n > 0.

(2) Let A be a finitely generated nilpotent or free group. Let h, k ∈ A
be of infinite order such that hn = k±n for some n > 0. Then A is
conjugacy regular at {h, k}.

Remark. In (2) one might suspect whether A is conjugacy-regular at
{h, k} if A is finitely generated nilpotent and 〈h〉 ∩ 〈k〉 = 1. But this is
not true in general, see [9, Example 1].

Proof. (1) As we mentioned in Remark 3.5, if A is conjugacy regular
at {h, k}, then 〈h〉 ∩ 〈k〉 = 1 or hn = k±n for some n > 0.

Conversely, suppose 〈h〉 ∩ 〈k〉 = 1. Let ε > 0 be a given integer.
Since h, k ∈ Z(A), we consider Ã = A/〈hε〉〈kε〉. Then |h̃| = |k̃| = ε
and 〈h̃〉 ∩ 〈k̃〉 = 1. Since A is 〈hε〉〈kε〉-separable, Ã is residually finite.
Hence there exists Ñ �f Ã such that h̃ik̃−j /∈ Ñ for all h̃ik̃−j 
= 1. Let
N be the preimage of Ñ in A. Then N �f A such that N ∩ 〈h〉 = 〈hε〉
and N ∩ 〈k〉 = 〈kε〉. In A = A/N , we have 〈h̄〉 ∩ 〈k̄〉 = 1 = 〈h〉 ∩ 〈k〉.
Moreover, since h, k ∈ Z(A), if h̄i ∼A h̄j , then h̄i = h̄j and if k̄i ∼Ā k̄j

then k̄i = k̄j . Also, if h̄i ∼A k̄j , then h̄i = k̄j ∈ 〈h̄〉 ∩ 〈k̄〉 = 1. This
shows that A is conjugacy-regular at {h, k}.

We now show that A is conjugacy-regular at {h, k} if hn = k±n for
n > 0. Without loss of generality, we assume that n is the smallest
positive integer such that hn = k±n. Thus 〈h〉 ∩ 〈k〉 = 〈hn〉. Let ε > 0
be a given integer. Consider Ã = A/〈hnε〉. Then |h̃| = |k̃| = nε and
〈h̃〉∩〈k̃〉 = 〈h̃n〉 = 〈k̃n〉. Since Ã is residually finite, there exists Ñ �f Ã

such that h̃ik̃−j /∈ Ñ for all h̃ik̃−j 
= 1. Let N be the preimage of Ñ in
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A. Then N �f A with N ∩ 〈h〉 = 〈hnε〉 and N ∩ 〈k〉 = 〈knε〉. Moreover,
in Ā = A/N , we have 〈h̄〉 ∩ 〈k̄〉 = 〈h̄n〉 = 〈h〉 ∩ 〈k〉. Since h, k ∈ Z(A),
(3) and (4) in Definition 3.4 trivially hold. For (5), if h̄i ∼A k̄j , then
h̄i = k̄j ∈ 〈h̄〉 ∩ 〈k̄〉 = 〈h̄n〉 = 〈k̄n〉. Hence n | j and kj = h±j . Thus
h̄i = h̄±j . Therefore A is conjugacy-regular at {h, k}.

(2) Suppose A is finitely generated nilpotent and hn = k±n. Let ε > 0
be a given integer. Since A is 〈hn〉-separable [10], there exists N1 �f A
such that hik−j /∈ N1〈hn〉 for all 0 ≤ i, j < n except i = 0 = j. Then,
as in the proof of Theorem 3.9, N1∩〈h〉 = 〈hns1〉 and N1∩〈k〉 = 〈kns1〉
for some s1 > 0. Since A is nilpotent, let c be the largest integer such
that 〈h〉∩Zc(A) = 1 and 〈h〉∩Zc+1(A) = 〈hλ〉 
= 1. Let Ã = A/Zc(A).
Then |h̃|= |k̃| = ∞ and h̃nλ = k̃±nλ ∈ Z(Ã). Let A = Ã/〈h̃d〉, where
d = nλs1ε. Then |h̄| = d = |k̄|. Now, if h̄i ∼A h̄j , then h̃i+ds = ã−1h̃j ã

for some a ∈ A and some integer s. Since Ã is finitely generated
nilpotent and |h̃| = ∞, i + ds = j. Hence h̄j = h̄i+ds = h̄i. Similarly,
if k̄i ∼A k̄j , then k̄i = k̄j . If h̄i ∼A k̄j , then h̃i+ds = ã−1k̃j ã for some
a ∈ A and some integer s. Then h̃n(i+ds) = ã−1k̃nj ã = ã−1h̃±nj ã, thus
n(i + ds) = ±nj which implies i + ds = ±j. Hence h̄±j = h̄i+ds = h̄i.
Since A is conjugacy separable and |h̄| = |k̄| < ∞, there exists N2 �f A
such that k̄−j h̄i /∈ N2 for all k̄−j h̄i 
= 1, N2h̄

i 
∼A/N2
N2h̄

j for all
h̄i 
∼A h̄j , N2k̄

i 
∼A/N2
N2k̄

j for all k̄i 
∼A k̄j , and N2h̄
i 
∼A/N2

N2k̄
j

for all h̄i 
∼A k̄j . Let N2 be the preimage of N2 in A and N = N1∩N2.
Then N �f A and N ∩ 〈h〉 = 〈hd〉 = 〈kd〉 = N ∩ 〈k〉 and, in Â = A/N ,
we have 〈ĥ〉 ∩ 〈k̂〉 = 〈ĥn〉 by the choice of N1. Moreover, by the choice
of N2, if ĥi ∼Â ĥj , then ĥi = ĥj , if k̂i ∼Â k̂j , then k̂i = k̂j , and if
ĥi ∼Â k̂j , then ĥi = ĥ±j . This proves that A is conjugacy-regular at
{h, k}.

Suppose A is a free group and hn = k±n. Then h = k±1. Let
h ∈ Γi−1(A)\Γi(A), where Γi(A) denotes the ith term of the lower
central series of A. Let A = A/Γi(A). Clearly A is a finitely generated
torsion-free nilpotent group and h̄ and k̄ are of infinite order with
h̄ = k̄±1 ∈ Z(A). By (1) above A is conjugacy-regular at {h̄, k̄}. Hence
A is conjugacy-regular at {h, k}.

We apply Theorem 3.9 to prove the following:



CONJUGACY SEPARABILITY 597

Theorem 3.11. Let A be conjugacy separable, and let h, k ∈ Z(A)
be of infinite order. Suppose A is 〈hε〉〈kε〉-separable for any ε > 0. Let
G = 〈A, t : t−1ht = k〉.

(1) If A = 〈b〉 and h = bα, k = bβ, then G is conjugacy separable if
and only if |α| = 1 or |β| = 1 or α ± β = 0.

(2) If A is not cyclic, then G is conjugacy separable if and only if
〈h〉 ∩ 〈k〉 = 1 or hn = k±n for some n > 0.

Proof. (1) This follows from [7, Theorem 3.6].

To prove (2), suppose A is not cyclic. If G is conjugacy separable
then G is residually finite. Let C = 〈h, k〉. Then C is abelian. If
C is cyclic, say C = 〈w〉, then 〈C, t〉 = 〈w, t : t−1wαt = wβ〉, where
h = wα and k = wβ for some α, β. Since 〈C, t〉 is residually finite,
by [9, Theorem 2.16] we have |α| = 1 or |β| = 1 or α ± β = 0.
Consider G = 〈A, t : t−1wαt = wβ〉. By [9, Lemma 2.14], it is easy
to see |α| = |β|, that is, h = k±1. If C is not cyclic, then consider
〈C, t〉 = 〈C, t : t−1ht = k〉. By [9, Theorem 2.16], 〈h〉 ∩ 〈k〉 = 1 or
hn = k±n for some n > 0.

Conversely, we shall show that if 〈h〉 ∩ 〈k〉 = 1 or hn = k±n for some
n > 0 then G is conjugacy separable. Since h, k ∈ Z(A), g /∈ 〈hε〉u〈kε〉
if and only if gu−1 /∈ 〈hε〉〈kε〉 for all u ∈ A. By assumption, A is
〈hε〉〈kε〉-separable for any ε > 0. Hence A is 〈hε〉u〈kε〉-separable for
all u ∈ A. Similarly, A is 〈hε〉u〈hε〉-separable and 〈kε〉u〈kε〉-separable
for all u ∈ A. Thus A is double coset separable at {h, k}. Also, since A
is 〈h〉-separable and h ∈ Z(A), A is cyclic conjugacy separable for 〈h〉.
Similarly A is cyclic conjugacy separable for 〈k〉. By Lemma 3.10, A
is conjugacy-regular at {h, k}. Hence by Theorem 3.9, G is conjugacy
separable.

By the above result we can easily prove the following generalization
of [7, Theorem 3.6] and [8, Corollary 4.6].

Corollary 3.12. Let A be polycyclic-by-finite and let h, k ∈ Z(A) be
of infinite order. Let G = 〈A, t : t−1ht = k〉.

(1) If A = 〈b〉 and h = bα, k = bβ, then G is conjugacy separable if
and only if |α| = 1 or |β| = 1 or α ± β = 0.
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(2) If A is not cyclic, then G is conjugacy separable if and only if
〈h〉 ∩ 〈k〉 = 1 or hn = k±n for some n > 0.

Proof. It is well known that polycyclic-by-finite groups are conjugacy
separable [6], whence residually finite. Since homomorphic images
of polycyclic-by-finite groups are polycyclic-by-finite, A/〈hε〉〈kε〉 is
residually finite for any ε > 0. Hence A is 〈hε〉〈kε〉-separable for any
ε > 0. Thus the corollary follows directly from Theorem 3.11.

It is well known that free groups are residually finite. But even
infinitely generated abelian groups need not be residually finite, for
example, the Prüfer group Z(p∞) is not residually finite. Because of
this situation, in the study of residual properties of groups, we usually
assume that the groups involved are finitely generated.

Theorem 3.13. Let A be a free group or a finitely generated torsion-
free nilpotent group. Let h, k ∈ Γi−1(A)\Γi(A) and A = A/Γi(A).
(1) If 〈h̄〉 ∩ 〈k̄〉 = 1 or (2) if 〈h〉 ∩ 〈k〉 
= 1 and h̄n = k̄±n for some
n > 0, then G = 〈A, t : t−1ht = k〉 is conjugacy separable.

Proof. Free groups and finitely generated nilpotent groups are dou-
ble coset separable [10, 15], conjugacy separable [6, 20] and cyclic
conjugacy separable [5]. To apply Theorem 3.9, we shall prove that A
is conjugacy-regular at {h, k}. We note that in the case of infinitely
generated free groups we need only consider the finitely generated case.
This is because if A is infinitely generated and h, k are reduced words
on the free generators of A, then A = B ∗ C, where B is the finitely
generated free factor of A generated by the free generators of A in-
volved in h and k, and C is the free factor generated by the rest of the
free generators of A. Clearly B is finitely generated. Therefore we can
consider the corresponding HNN extension of B.

(1) Suppose 〈h̄〉 ∩ 〈k̄〉 = 1. Clearly 〈h〉 ∩ 〈k〉 = 1. Since h̄, k̄ ∈ Z(A)
and h̄, k̄ are of infinite order, by Lemma 3.10 (1), A is conjugacy-regular
at {h̄, k̄}. Since 〈h〉 ∩ 〈k〉 = 1, this implies that A is conjugacy-regular
at {h, k}.

(2) Let hλ = kµ. Then h̄λ = k̄µ. Since h̄n = k̄±n, h̄λn = k̄µn = h̄∓µn.
Thus λ = ∓µ. Hence hλ = k∓λ. Since A is free or finitely generated
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torsion-free nilpotent, h = k±1. By Lemma 3.10 (2), A is conjugacy-
regular at {h, k}.

Thus, by Theorem 3.9, G is conjugacy separable.

As shown in the examples in [9], HNN extensions 〈A, t : t−1ht = k〉
of a free nilpotent group A may not be residually finite, whence not
conjugacy separable, if 〈h〉 ∩ 〈k〉 = 1. However, we can derive some
results if 〈h〉 ∩ 〈k〉 
= 1.

In a free group or a finitely generated torsion-free nilpotent group A,
if h, k ∈ A such that hn = k±n for some n > 0, then h = k±1. Thus we
have the following:

Corollary 3.14. Let A be a free group or a finitely generated torsion-
free nilpotent group. Then 〈A, t : t−1ht = h〉 and 〈A, t : t−1ht = h−1〉
are conjugacy separable.

Finally, we have the following characterization of conjugacy separa-
bility of HNN extensions of finitely generated nilpotent groups when
〈h〉 ∩ 〈k〉 
= 1:

Theorem 3.15. Let A be a finitely generated nilpotent group.
Let h, k ∈ A be of infinite order such that 〈h〉 ∩ 〈k〉 
= 1. Let
G = 〈A, t : t−1ht = k〉.

(1) If A = 〈b〉 and h = bα, k = bβ, then G is conjugacy separable if
and only if |α| = 1 or |β| = 1 or α ± β = 0.

(2) If A is not cyclic, then G is conjugacy separable if and only if
hn = k±n for some n > 0.

Proof. By [7, Theorem 3.6], (1) holds.

For (2), suppose A is not cyclic. If G is conjugacy separable, then G
is residually finite. Hence hn = k±n for some n > 0 by [9, Theorem
2.15].

For the converse of (2), suppose hn = k±n for some n > 0, where
n is the smallest such integer. Then A is conjugacy-regular at {h, k}
by Lemma 3.10 (2). Since A is a finitely generated nilpotent, as we
mentioned in the proof of Theorem 3.13, A is conjugacy separable,
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double coset separable and cyclic conjugacy separable. Hence, by
Theorem 3.9, G is conjugacy separable.

Remark. In general if 〈h〉 ∩ 〈k〉 = 1 then the above HNN extension
G need not be residually finite whence not conjugacy separable, [9,
Example 1]. However, if h, k ∈ Z(A) then, by Corollary 3.12, G is
conjugacy separable.

Applying [9, Theorem 2.15] and Theorem 3.15 we obtain a result
similar to Theorem A [16] for HNN extensions of finitely generated
nilpotent groups with cyclic associated subgroups.

Theorem 3.16. Let A be a finitely generated nilpotent group. Let
h, k ∈ A be of infinite order such that 〈h〉 ∩ 〈k〉 
= 1. Then G =
〈A, t : t−1ht = k〉 is conjugacy separable if and only if G is residually
finite.

Acknowledgments. We would like to thank the referee for sug-
gesting part (2) of Lemma 3.10, which simplifies some of the proofs
subsequent to Lemma 3.10.
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