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CONJUGACY SEPARABILITY OF CERTAIN
HNN EXTENSIONS OF GROUPS

GOANSU KIM AND C.Y. TANG

ABSTRACT. In this paper we improve a criterion for the
conjugacy separability of HNN extensions of conjugacy sepa-
rable groups with cyclic associated subgroups. Using this re-
sult, we characterize the conjugacy separability of such HNN
extensions of finitely generated nilpotent groups.

1. Introduction. A group G is said to be conjugacy separable if,
for each pair x,y € G such that z and y are not conjugate in G, there
exists a finite homomorphic image G of G such that the images of z
and y in G are not conjugate in G. Conjugacy separability is related
to the conjugacy problem for groups as observed by Mal’cev [11] and
Mostowski [13]. In this paper we consider the conjugacy separability of
HNN extensions of a conjugacy separable group A with cyclic associated
subgroups (h) and (k):

G=(At:t7'ht =k).

In general, residual and separability properties of HNN extensions
depend very much on the choice of the associated subgroups. Meskin
[12] showed that the Baumslag-Solitar group, (a,t : t~ta“t = aP), is
residually finite if and only if [o| = 1 or |8] =1 or @+ 3 = 0. In this
paper we show that this is also true for conjugacy separability. Baum-
slag and Tretkoff [3] showed that HNN extensions of residually finite
groups with finite associated subgroups are residually finite. Collins
[4] proved a similar result for HNN extensions of conjugacy separable
groups. We will make use of these results in our paper. Shirvani [18],
Andreadakis, Raptis and Varsos [1, 17], considered residual finiteness

Received by the editors on April 17, 2001, and in revised form on July 17, 2003.
1991 AMS Mathematics Subject Classification. Primary 20E26, 20E06, 20F10.
Key words and phrases. HNN-extension, conjugacy separable, residually finite.
The first author was partly supported by KOSEF through the GARC at S.N.U.

and KOSEF 985-0100-002-2.
The second author gratefully acknowledges the partial support by the Natural
Science and Engineering Research Council of Canada, Grant No. A-4064.

Copyright ©2005 Rocky Mountain Mathematics Consortium

587



588 G. KIM AND C.Y. TANG

of HNN extensions of residually finite groups. Raptis, Talelli and Var-
sos [16] proved an interesting result that if G is an HNN extension
of a finitely generated abelian group then G is conjugacy separable if
and only if G is residually finite. In this paper we obtain a similar
result for HNN extensions of finitely generated nilpotent groups with
cyclic associated subgroups. In [7], Kim and Tang characterized the
conjugacy separability of HNN extensions of finitely generated abelian
groups with cyclic associated subgroups. In this paper we improve the
criterion given by [8, Theorem 4.5] for the conjugacy separability of
HNN extensions with cyclic associated subgroups, Theorem 3.9. Using
this we characterize the conjugacy separability of HNN extensions of
finitely generated nilpotent groups with nontrivially intersecting cyclic
associated subgroups, Theorem 3.15. It turns out that the result is sim-
ilar to the case of finitely generated abelian groups. If the associated
subgroups intersect nontrivially, a similar result cannot be obtained
because Example 1 [9] shows that such HNN extensions need not be
residually finite. However Corollary 3.12 gives a similar characteriza-
tion if the associated subgroups are in the center of the base group.

2. Preliminaries. Throughout this paper we use standard notations
and terminology for this topic. The letter G always denotes a group.
In addition:

N <y G means that N is a normal subgroup of finite index in G;

Let S be a subset of G. Then =z ~g y means x is conjugate to y by
an element of .S

We use ||z|| to denote the length of z in HNN-extensions.

We shall make extensive use of the following two results by Collins.

Theorem 2.1 [5, Theorem 3]. Let x and y be cyclically reduced
elements of the HNN-extension G = (B,t : t "' Ht = K). Suppose that
x ~gy. Then ||z|| = ||yll, and one of the following holds.

(1) lz|l = llyll = 0 and there is a finite sequence z1, 22, ... ,2m of
elements in HUK such thatx ~p 21 ~p 4+ 22 ~B* =+ ~Bt* Zm ~B Y,
where u ~p = v means one of:

(i) u ~p v, or

(ii) u € H and v =t~ tut(€ K), or
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(iii) u € K and v = tut~'(€ H).

(2) ||zl = lyll = 1 and y ~guK «* where * is a cyclic permutation
of x.

Let S be a subset of a group G. Then G is said to be S-separable if
for each € G'\ S there exists N <y G such that = ¢ N.S. In particular,
G is residually finite if G is {1}-separable. A group G is said to be
cyclic subgroup separable, if G is (x)-separable for each z € G. Such a
group is also called 7, by Stebe [19].

A group G is conjugacy separable if, for each z € G, G is {x}C-
separable, where {2} is the set of all conjugates of  in G.

Theorem 2.2 [5, Theorem 13]. If A is conjugacy separable and H, K
are finite, then the HNN-extension (A,t : t " Ht = K) is conjugacy
separable.

In [14], Niblo introduced the concept of regular quotient at {h, k}.
For our purpose, we define the following which is the same as “quasi-
regular” in [8] and [9].

Definition 2.3. Let A be a group, and let h, k € A be of infinite
order. Then A is said to be regular at {h, k} if, for each given integer
e > 0, there exist an integer A > 0 and N, <y A, depending on ¢, such
that N. N (h) = (<) and N, N (k) = (kA<).

Remark 2.4. Let G = (A,t : t7'ht = k). For N <y A such that
NN (h) = (h*) and N N (k) = (k*), there is a natural homomorphism

an (At it ht = k) — (A, 77 hr = k),

where A = A/N, anry = a for a € A and try = 7. Then, by
Theorem 2.2, the homomorphic image Gy of G is conjugacy separable.

Regularity plays an important role in the study of HNN extensions
as seen in the next result.
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Theorem 2.5 [9]. Let A be cyclic subgroup separable, and let h, k € A
be of infinite order. Then G = (A,t : t=*ht = k) is cyclic subgroup
separable if and only if A is regular at {h,k}.

Definition 2.6 [8]. A group A is said to be double coset separable
at {h, k} if, for each u € A and for each integer € > 0, A is (h®)u(h®)-
separable, (h®)u(k®)-separable and (k®)u(k®)-separable.

Lemma 2.7 [8]. Let G be (a®)x(b°)-separable, where x,a,b € G and
a,b are of infinite order. If (x~"ax) N (b) = 1, then there exists N <5 G
such that z7'a'z = b/ only if e | 4,7, where G = G/N.

Lemma 2.8 [8]. Let A be regular at {h,k} and double coset separable
at {h,k}. Then G = (A,t : t7'ht = k) is double coset separable at

(R, k}.

3. A criterion. In this section we consider the conjugacy separa-
bility of HNN extensions of the type

G=(At:t7'ht =k),

where A is conjugacy separable. In [8, Theorem 4.5] we proved a
criterion for the conjugacy separability of G when (k) N (k) = 1. In
this section we prove our main result Theorem 3.9 which generalizes
the criterion to include the case (h) N (k) # 1. Applying this result
we characterize the conjugacy separability of G of finitely generated
nilpotent groups A when (h) N (k) # 1. If |h| = |k| is finite then, by
Theorem 2.2, the above G is conjugacy separable. Thus, throughout
this section, we assume that h, k are of infinite order and if A" = k*"
for some n > 0 then we assume that n is the smallest such integer. In
this case, we have (h) N (k) = (h™) = (k™).

Lemma 3.1. Let A be double coset separable at (h, k) and h™ = k*"
for some n > 0. Let G = (At :t"'ht = k) and let x € G be reduced.
Then, for each M <y A and for each s > 0, there exist Ny <y A and
s > 0 such that Ny C M, Ny N (k) = (h**s), Ny (k) = (k*s),
(h) N (k) = (h"), and |[z]| = [lz]| in G = G7w, .
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Proof. Let © = uqt®tust®? - - - t*muy,11 € G be reduced where u; € A
and e; = £1. Since z is reduced, we have u; 11 ¢ (h)ife; = —g;41 = —1
and u; 1 ¢ (k) if &, = —e;41 = 1. By double coset separability, A is
(h®)-separable and (k®)-separable for any ¢ > 0. Thus we can find
Ni <y A such that, for each i, if &, = —¢;41 = —1 then w41 ¢ Ni(h),
or if &; = —&;41 = 1 then u;41 ¢ Ni(k). Since n is the smallest
integer such that h" = k™" we have h'k™7 ¢ (h") = (k") for all
0 <4, < nexcept ¢ = j = 0. Thus there exists Ny <y A such
that hik=7 ¢ No(h™) for all 0 < 4,5 < n except i = j = 0. Let
N1 N N2 NnMN <h> = <h51> and N1 n N2 NMN <l€> = <k52>. Let
€ = ns1828, where s > 0 is a given integer. Since A is (h®)-separable
and (k°)-separable, there exists N3 <y A such that h' ¢ N3(h®) and
k' ¢ N3(k?) for all 1 < i < e. This implies N3 N (h) = (h*¢) and
N3N (k) = (k*2¢) for some A\j, Ay > 0. Since h” = k™ and n | &, we
have N3 n <h> = N3 n <h> N <hn> = N3 n <hn> = N3 n <I<in> = N3 n <k3>,
hence )\1 = )\2. Let NS = N1 ﬂNgﬂNgﬂM and As = ﬂ5152>\1. Clearly
Ng<pAand Ny C M. Also, we have NyN(h) = (h**s), NyN(k) = (k**s),
(hy N (k) = (™), and ||Z|| = ||z|| in G = G7y.. o

Lemmas 3.1 and 2.8 imply the following:

Corollary 3.2. Let A be double coset separable at {h,k} and
" = kT for some n > 0. Then A is regular at {h,k}, hence
G = (A, t:t7tht = k) is double coset separable at {h,k}.

For convenience, we say N € N if N <y A such that N N (h) = (h*)
and N N (k) = (k**). In this case, for each N € N we can construct
G = Gmy as in Remark 2.4.

Theorem 3.3. Let A be double coset separable at {h,k} and
R" = k*" for somen > 0. Let x € G = (A, t:t7 ht = k) be cyclically
reduced. If ||z|| > 1 then, for each y € G such that x ¢ y, there exists
N <y A such that T #z iy, where G = Gry.

Proof. The proof is similar to [8, Theorem 3.7]. Instead of using [8,
Lemma 4.3], we use Lemma 3.1. O
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Niblo [14] introduced the concept of regular quotient at X = {a;;¢ €
I} to prove the subgroup separability of HNN extensions of free groups.
However to prove the conjugacy separability of HNN extensions we need
certain conjugacy conditions to be satisfied by the images of h and k.
We introduce the concept of conjugacy-regular at {h, k}.

Definition 3.4. Let A be a group, and let h,k € A be of infinite
order. Then A is said to be conjugacy-regular at {h,k} if, for each
integer € > 0, there exist an integer A\, > 0 and N. <y A such that
(1) N. N (k) = (h¥*) and N. N (k) = (k%) and, in A = A/N,,
(2) (hyn (k) = (h) N (k), (3) if A’ ~ h7, then b/ = h*? (4) if k? ~7 k7,
then k/ = k%', and (5) if (h) N (k) =1 and h ~5 k7 then h! = k7 =1
and if (h) N (k) # 1 and h® ~5 k7 then h' = h*J.

Remark 3.5. (1) Since |h| = |k| = e)., in (5), h* = h*J implies
ki = k*.

(2) If A is conjugacy-regular at {h,k} and (h) N (k) = 1 then A is
c-quasi regular at {h, k} in [8, Definition 4.1].

(3) Suppose A is conjugacy-regular at {h,k}. Then clearly A is
regular at {h, k}. Hence, as observed in [9, Remark 4], if (h) N (k) # 1,
then h® = kT for some a > 0.

Theorem 3.6. Let A be residually finite and regular at {h,k}. If
A is (h)-separable and (k)-separable, then G = (A, t:t"'ht =k) is
residually finite.

Proof. Let 1 #£ g € G.

Case 1. g € A. Since A is residually finite, there exists N; <y A
such that g ¢ Ny. Let Ny N (k) = (h*') and Ny N (k) = (k®2). Since
A is regular at {h,k}, there exist an integer A and Ny <y A such that
No N (h) = (h**152) and Np N (k) = (k**1%2). Let N = N; N Ny. Then
N<yAand g ¢ N. Moreover NN(h) = (h**152) and NN (k) = (k*s152),
Hence g # 1in G = Gry. Since G is residually finite, there exists qué
such that § ¢ L. Let L be the preimage of L in G. Then L Ay G and

g¢ L.
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Case 2. ||g|| > 1. Since A is (h)-separable, (k)-separable and regular
at {h,k}, as in the proof of Lemma 3.1, we can find N < A such that
9l = llgll in G = Grn. Hence g # 1. Since G is residually finite, as
before we can find L<y G and g ¢ L.

This completes the proof. ]

Definition 3.7. A group G is said to be cyclic conjugacy separable
for (h) if, whenever x € G and {z}“ N (h) = @, there exists N <y G

such that, in G = G/N, {f}aﬂ (h) = @.
The following is a slight modification of [8, Theorem 4.5].

Theorem 3.8. Let A be conjugacy separable, conjugacy-reqular and
double coset separable at {h,k}, where (h) N (k) = 1. If A is cyclic
conjugacy separable for (h) and (k), then G = (A,t:t " ht =k) is
conjugacy separable.

Proof. By Remark 3.5 (2), A is c-quasi regular at {h,k}. By
Theorem 3.6, G is residually finite. Thus the proof is the same as
the proof of [8, Theorem 4.5]. O

We can now improve the criterion given by [8, Theorem 4.5]. We
note that it is difficult to relax the conditions in Theorem 3.9 because
of the Baumslag-Solitar group [2] (a,t: t~1a’t = a®) satisfies all the
conditions of the theorem except conjugacy regularity and it is not
even residually finite.

Theorem 3.9. Let A be conjugacy separable, conjugacy-regqular and
double coset separable at {h,k}. If A is cyclic conjugacy separable for
(h) and (k), then G = (A,t : t~1ht = k) is conjugacy separable.

Proof. As we mentioned in Remark 3.5 (3), since A is conjugacy-
regular at {h,k}, we have either (h) N (k) = 1 or h® = kT for some
a > 0. If (h)N (k) =1 then, by Theorem 3.8, G is conjugacy separable.
So we assume h® = k*% where a > 0 is the smallest such integer.
We shall show that G is conjugacy separable. Let z,y € G be such
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that x %g y and that z,y are of minimal lengths in their respective
conjugacy classes. Since A is conjugacy-regular at {h,k}, A is regular
at {h,k}. Thus, by Theorem 3.6, G is residually finite. Therefore we
may assume x # 1 £ y. Because of Theorem 3.3, we need only consider
the case ||z|| = ||y|| = 0, that is, z,y € A. By Theorem 2.2, G = Grn
is conjugacy separable for each N € A. Hence, throughout the proof,
we shall find a suitable N € N such that, in G = Gry, T % y for the
following cases:

Case 1. z,y € (h) (similarly z,y € (k)).

(a) z = h™ and y = A", where m # +n.

(b) x =h™ and y = h™™.

Case 2. z € (h) and y € (k) (similarly = € (k) and y € (h)).
Case 3. x € A and {z}4 N (h) = @ (or {z}* N (k) = 2).

We shall only prove Case 1 (b) since the proofs for the other cases are
similar to the proofs in [8, Theorem 4.5]. To prove Case 1 (b), we
note that = g y implies h'™ g4 ™" K™ oo k7™ and "™ L4 kK.
By double coset separability and conjugacy separability of A, there
exists Ny <y A such that hik™7 ¢ Ny (h*)(k*) = Ny(h®) for all 0 < i,
j < a,except i =0 =75, N\h™ '7(’A/N1 Nih™™, N{E™ 7614/1\]1 Npk—™
and N1h™ oba/n, Nik™™. Since h' ¢ Ny(h*) for all 1 < i < a,
Ny N (h) = (h*) for some s > 0. Similarly, Ny N (k) = (k**') for
some s; > 0. Since h® = kT ko1 = presi ¢ Ny 0 (h) = (ho®).
Hence as divides asy. Similarly as; divides as. Therefore s = +s;
and N1 N (h) = (h*°) = Ny N (k). Since A is conjugacy-regular at
{h,k}, there exist N2 <y A and A such that (1) Ny (h) = (h***) and
Nan (k) = (k**) and, in A= A/Na, (2) jﬁ) N (k) = (710‘2 = (k), (3) if
hi ~; hi, then hi = h*? (4) if k* ~; k7, then k7 = kT, and (5) if
hi ~; k7, then hy = h*". Let N = Ny N Na. Then N N (h) = (h**)
and N N (k) = (k***). Let G = Gmy as in Remark 2.4. Then we shall
show that T 7tz y. For, if Z ~z ¥ then, by Theorem 2.1, there exist

21, %2, ... , % of elements in (h) U (k) such that

m —m
W™ ~g 21 g e 22 g e g e 2 g T

If z; = h* € (h), then K™ ~7 71 implies hm ~i hi. Thus, by (3) above,
hi = h*™, whence h'¥™ € Ny N (h) C N1 N (h). Thus h'¥™ € N, that
is, 21 = h* = h*™. Similarly, if z; = k' € (k), then h™ ~= 21 implies
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h™ ~; k'. Hence, by (5) above, h* = h*™ and k' = k=™ by (1) in
Remark 3.5. Hence z; = k% = k*™ as before. Now, by the choice of
N1, since A™ s h=™ and A™ *x k=™, we have either z; = h™ or
z1 =k™. Similarly, since z; =h" or z; = k™, 21 ~+ Ao 22 implies either
29 = h™ or zy = k™. Repeating this process, we have either z, = A"
or z, = k™. Since z, ~T h~™, both cases z, = A" and z, = k™
contradict to the choice of V;. Hence T A=Y O

Lemma 3.10. (1) Let h, k € Z(A) be of infinite order such that A is
(h®)(k®)-separable for any e > 0. Then A is conjugacy regular at {h,k}
if and only if (h) N (k) =1 or h™ = k*™ for some n > 0.

(2) Let A be a finitely generated nilpotent or free group. Let h,k € A
be of infinite order such that h™ = k*™ for some n > 0. Then A is
conjugacy regular at {h, k}.

Remark. In (2) one might suspect whether A is conjugacy-regular at
{h, k} if A is finitely generated nilpotent and (h) N (k) = 1. But this is
not true in general, see [9, Example 1].

Proof. (1) As we mentioned in Remark 3.5, if A is conjugacy regular
at {h,k}, then (h) N (k) =1 or h™ = k*™ for some n > 0.

Conversely, suppose (h) N (k) = 1. Let ¢ > 0 be a given integer.
Since h,k € Z(A), we consider A = A/(h%)(k°). Then |h| = |k| = ¢
and (h) N (k) = 1. Since A is (h*)(k®)-separable, Ais residually finite.
Hence there exists N <y A such that hik=7 ¢ N for all hik™7 # 1. Let
N be the preimage of N in A. Then N < A such that N N (h) = (k%)
and N N (k) = (k). In A = A/N, we have (h) N (k) = 1 = (h) N (k).
Moreover, since h,k € Z(A), if hl ~% h7, then h' = hJ and if k' ~ 4 k7
then k% = k7. Also if h' ~g kI then hZ =k’ € (h)yn (k) = 1. This
shows that A is conjugacy—regular at {h,k}.

We now show that A is conjugacy-regular at {h,k} if h» = k*" for
n > 0. Without loss of generality, we assume that n is the smallest
positive integer such that h™ = k*". Thus (h) N (k) = (k™). Let € >0
be a given integer. Consider A = A/(h"¢). Then |h| = |k| = ne and
(hyn (k) = <h") = (k") Since A is residually finite, there exists N<1f A
such that hik~7 ¢ N for all hik—J # 1. Let N be the preimage of N in
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A. Then N «ay A with N N (h) = (h"*) and N N (k) = (k). Moreover,
in A= A/N, we have (h) N (k) = (k") = (h) N (k). Since h,k € Z(A),
(3) and (4) in Definition 3.4 trivially hold. For (5), if h’ ~= k7, then
ht = ki € (h) N (k) = (h™) = (k™). Hence n|j and k/ = h*J. Thus
ht = h*J. Therefore A is conjugacy-regular at {h, k}.

(2) Suppose A is finitely generated nilpotent and h™ = k*". Let ¢ > 0
be a given integer. Since A is (h™)-separable [10], there exists Ny <y A
such that hik=7 ¢ Ny(h™) for all 0 < 4,5 < n except i = 0 = j. Then,
as in the proof of Theorem 3.9, Ny N(h) = (h™**) and Ny N (k) = (k")
for some s; > 0. Since A is nilpotent, let ¢ be the largest integer such
that (h) N Z, (A) =1and (R)NZep1(A) = (W) # 1. Let A = A/Z,(A).
Then |h| = k| = oo and A"} =k*"A € Z(A). Let A = A/(h?), where
d =nlsie. Then |h| = d = |k|. Now, if h? ~— k7, then h'*t% = a~1hia
for some a € A and some integer s. Since A is finitely generated
nilpotent and |h| = oo, i + ds = j. Hence h/ = hiT4s = pi. Similarly,
if k" ~— k7, then k' = k7. If h' ~— k7, then hitds — g=1kig for some
a € A and some integer s. Then A™(i+ds) — g=1knig = g~ h*"ig, thus

n(i +ds) = £nj which implies i + ds = £j. Hence hti = pitds = p,
Since A is conjugacy separable and \h| |k| < oo, there exists N2 ap A
such that k=7h? ¢ N for all k=7h* # 1, Nyh! 76A/N Nohi for all
h oz hi, Nok' AN, Nok? for all k' o= k7, and Noh' * AN Nok?
for all h! *x k7. Let Ny be the preimage of NQ in Aand N = Ny N Ns.
Then N <5 A and N N (h) = (h?) = (k%) = NN (k) and, in A = A/N,
we have (h) N <k> (hm) by the choice of N1 Moreover, by the choice
of Ny, if h? ~ 4 7, then ht = I/, if k' ~4 k7, then k' = k7, and if
hi ~ k‘J, then hi = h*i. This proves that A is conjugacy-regular at
{h, k}

Suppose A is a free group and h® = k*". Then h = k*'. Let
h € T;_1(A)\TI';(A), where I';(A) denotes the ith term of the lower
central series of A. Let A = A/T;(A). Clearly A is a finitely generated
torsion-free nilpotent group and h and k are of infinite order with
h = k*! € Z(A). By (1) above 4 is conjugacy-regular at {h, k}. Hence
A is conjugacy-regular at {h, k}. o

We apply Theorem 3.9 to prove the following:
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Theorem 3.11. Let A be conjugacy separable, and let h,k € Z(A)
be of infinite order. Suppose A is (h®){k®)-separable for any e > 0. Let
G=(At:t7tht =k).

(1) If A= (b) and h = b*, k = b°, then G is conjugacy separable if
and only if |a| =1 or |B] =1 or ax£ = 0.

(2) If A is not cyclic, then G is conjugacy separable if and only if
(hy N (k) =1 or h™ = k=" for some n > 0.

Proof. (1) This follows from [7, Theorem 3.6].

To prove (2), suppose A is not cyclic. If G is conjugacy separable
then G is residually finite. Let C = (h,k). Then C is abelian. If
C is cyclic, say C = (w), then (C,t) = (w,t:t 1wt = w’), where
h = w® and k = w?® for some «, . Since (C,t) is residually finite,
by [9, Theorem 2.16] we have |a| = 1 or |[f] = 1 or a £ 8 = 0.
Consider G = (A, t:t7'w® = w”). By [9, Lemma 2.14], it is easy
to see |a| = |B, that is, h = k*'. If C is not cyclic, then consider
(C,t)y = (C,t:t"*ht = k). By [9, Theorem 2.16], (h) N (k) = 1 or
h"™ = k%" for some n > 0.

Conversely, we shall show that if (h) N (k) = 1 or h™ = k*™ for some
n > 0 then G is conjugacy separable. Since h,k € Z(A), g ¢ (h)u(k*)
if and only if gu™' ¢ (h®)(k®) for all u € A. By assumption, A is
(h®)(k®)-separable for any € > 0. Hence A is (h®)u(k®)-separable for
all u € A. Similarly, A is (h®)u(h®)-separable and (k®)u(k®)-separable
for all u € A. Thus A is double coset separable at {h, k}. Also, since A
is (h)-separable and h € Z(A), A is cyclic conjugacy separable for (h).
Similarly A is cyclic conjugacy separable for (k). By Lemma 3.10, A
is conjugacy-regular at {h, k}. Hence by Theorem 3.9, G is conjugacy
separable. a

By the above result we can easily prove the following generalization
of [7, Theorem 3.6] and [8, Corollary 4.6].

Corollary 3.12. Let A be polycyclic-by-finite and let h,k € Z(A) be
of infinite order. Let G = (A, t :t~'ht = k).

(1) If A= (b) and h = b*, k = b°, then G is conjugacy separable if
and only if || =1 or |8 =1 or a5 =0.
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(2) If A is not cyclic, then G is conjugacy separable if and only if
(hy N (k) =1 or h™ = k" for some n > 0.

Proof. 1t is well known that polycyclic-by-finite groups are conjugacy
separable [6], whence residually finite. Since homomorphic images
of polycyclic-by-finite groups are polycyclic-by-finite, A/(h®)(k®) is
residually finite for any € > 0. Hence A is (h®)(k®)-separable for any
€ > 0. Thus the corollary follows directly from Theorem 3.11. O

It is well known that free groups are residually finite. But even
infinitely generated abelian groups need not be residually finite, for
example, the Priifer group Z(p) is not residually finite. Because of
this situation, in the study of residual properties of groups, we usually
assume that the groups involved are finitely generated.

Theorem 3.13. Let A be a free group or a finitely generated torsion-
free milpotent group. Let h,k € T;_1(A)\I':(A) and A = A/T;(A).
(1) If (h)y N (k) = 1 or (2) if (h) N (k) # 1 and h™ = k™ for some
n >0, then G = (A, t: t71ht = k) is conjugacy separable.

Proof. Free groups and finitely generated nilpotent groups are dou-
ble coset separable [10, 15], conjugacy separable [6, 20] and cyclic
conjugacy separable [5]. To apply Theorem 3.9, we shall prove that A
is conjugacy-regular at {h,k}. We note that in the case of infinitely
generated free groups we need only consider the finitely generated case.
This is because if A is infinitely generated and h, k are reduced words
on the free generators of A, then A = B % C, where B is the finitely
generated free factor of A generated by the free generators of A in-
volved in h and k, and C' is the free factor generated by the rest of the
free generators of A. Clearly B is finitely generated. Therefore we can
consider the corresponding HNN extension of B.

(1) Suppose (h) N (k) = 1. Clearly (h) N (k) = 1. Since h,k € Z(A)
and h, k are of infinite order, by Lemma 3.10 (1), A is conjugacy-regular
at {h,k}. Since (h) N (k) = 1, this implies that A is conjugacy-regular
at {h,k}.

(2) Let h* = k*. Then h* = k*. Since A" = k*", hA" = kHn = pFun,
Thus A = Fu. Hence b = k¥, Since A is free or finitely generated
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torsion-free nilpotent, h = k*!. By Lemma 3.10 (2), A is conjugacy-
regular at {h, k}.

Thus, by Theorem 3.9, G is conjugacy separable. O

As shown in the examples in [9], HNN extensions (A,t: ¢t 1ht = k)
of a free nilpotent group A may not be residually finite, whence not

conjugacy separable, if (h) N (k) = 1. However, we can derive some
results if (h) N (k) # 1.

In a free group or a finitely generated torsion-free nilpotent group A,
if h, k € A such that h™ = k*" for some n > 0, then h = k*'. Thus we
have the following:

Corollary 3.14. Let A be a free group or a finitely generated torsion-
free nilpotent group. Then (A, t:t ht =h) and (A, t:t " 1ht =h~1)
are conjugacy separable.

Finally, we have the following characterization of conjugacy separa-
bility of HNN extensions of finitely generated nilpotent groups when

(h) N (k) # 1:

Theorem 3.15. Let A be a finitely generated nilpotent group.
Let h,k € A be of infinite order such that (h) N (k) # 1. Let
G=(At:t7tht =k).

(1) If A= (b) and h = b*, k = b7, then G is conjugacy separable if
and only if |a| =1 or |8 =1 or a+ 5 =0.

(2) If A is not cyclic, then G is conjugacy separable if and only if
R = k" for some n > 0.

Proof. By [7, Theorem 3.6], (1) holds.

For (2), suppose A is not cyclic. If G is conjugacy separable, then G
is residually finite. Hence h™ = k*™ for some n > 0 by [9, Theorem
2.15].

For the converse of (2), suppose h™ for some n > 0, where
n is the smallest such integer. Then A is conjugacy-regular at {h, k}
by Lemma 3.10 (2). Since A is a finitely generated nilpotent, as we
mentioned in the proof of Theorem 3.13, A is conjugacy separable,

— kin
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double coset separable and cyclic conjugacy separable. Hence, by
Theorem 3.9, G is conjugacy separable. u]

Remark. In general if (h) N (k) = 1 then the above HNN extension
G need not be residually finite whence not conjugacy separable, [9,
Example 1]. However, if h,k € Z(A) then, by Corollary 3.12, G is
conjugacy separable.

Applying [9, Theorem 2.15] and Theorem 3.15 we obtain a result
similar to Theorem A [16] for HNN extensions of finitely generated
nilpotent groups with cyclic associated subgroups.

Theorem 3.16. Let A be a finitely generated nilpotent group. Let
h,k € A be of infinite order such that (h) N (k) # 1. Then G =
(A,t :t7Yht = k) is conjugacy separable if and only if G is residually
finite.

Acknowledgments. We would like to thank the referee for sug-
gesting part (2) of Lemma 3.10, which simplifies some of the proofs
subsequent to Lemma 3.10.
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