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SUMS OF SIXTEEN AND TWENTY-FOUR
TRIANGULAR NUMBERS

JAMES G. HUARD AND KENNETH S. WILLIAMS

ABSTRACT. The triangular numbers are the integers
m(m+1)/2, m=0,1, 2, .... For a positive integer k, we let
0k (n) denote the number of representations of the nonnega-
tive integer n as the sum of k triangular numbers. In 1994,
using advanced methods, Kac and Wakimoto gave formulae
for d16(n) and d24(n). Using a recent elementary identity due
to Huard, Ou, Spearman and Williams, elementary proofs are
given of these formulae.

1. Introduction. Let N denote the set of natural numbers.
For kK € N and n € N U {0} we let dx(n) denote the number
of representations of n as the sum of k triangular numbers so that
05(0) = 1 and dx(1) = k. Arithmetic formulae for dz(n), d4(n), de(n)
and dg(n) are classical and well known. Elementary proofs of these
formulae have been given, see Huard, Ou, Spearman and Williams [2].
Kac and Wakimoto [3, p. 452] using the representation theory of affine
super-algebras have shown that

1
1.1 d16(n) = — ab(a? — b?)?
(11) W)=Y (2~ 1)
a,b,x,yeN
ax+by=2n+4
a=b=z=y=1 (mod 2)
a>b

and

1
1.2 doa(n) = — a’b®(a? — v?)2.
(12) NOEETEDY (a* ~ t?)
a,b,x,yeN
az+by=n+3
z=y=1 (mod 2)
a>b
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We show that these formulae can be proved by entirely elementary
means by making use of the following elementary identity proved
recently by Huard, Ou, Spearman and Williams [2]. This identity is a
generalization of an identity of Liouville.

Theorem. Let f: Z* — C be such that

f(a,b,x,y) - f(xa:%avb) = f(_a” —b,x,y) - f(xaya —a, _b)

for each (a,b,x,y) € Z*. Then, for each n € N, we have

Z (f(a,b,;z:,—y)—f(a,—b,;z:,y)+f(a,a—b,:z:+y,y)

ax+by=n
— fla,a+ by —x,y) + f(b—a,b,z,x+y) —f(a—i—b,b,x,x—y))

=35 (F(0,n/d,2,d) + f(n/d,0,d,z) + f(n/d,n/d,d — z,~z)

d|nxz<d
— f(z,z —d,n/d,n/d) — f(z,d,0,n/d) —f(d,x,n/d,O)),

where the sum on the lefthand side of the identity is over all (a,b, x,y) €
N* satisfying ax + by = n, the inner sum on the righthand side is
over all positive integers x satisfying v < d, and the outer sum on the
righthand side is over all positive integers d dividing n.

The proof of this identity involves only the manipulation of finite
sums.

2. The sums S, f(n). For m € N and n € N let 0,,(n) denote
the sum of the mth powers of the positive divisors of n. We set
on) = o1(n). Ml ¢ N we set 0,,(1) = 0. Fore € Nand f € N
we define

n—1
(2.1) Se.r(n) = oe(m)op(n —m).
m=1
Clearly
(2.2) Ser(n)= Y ab =Ss.(n).
a,b,x,yeN
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From this point on we write ZmH_by:n for > apzyeN-
ax+by=n

The sums S, ;(n) can be evaluated explicitly in an elementary manner
for e € N and f € N satisfying
e=f=1 (mod2), e+ f=2 4,68, 12,

by taking particular choices of f(a,b,x,y) in the Theorem, see [2]. In
Section 5 we need the values of 51 5(n) and Ss 3(n). The formula

1
(2.3) S15(n) = 501 (2007(n) + (21 — 42n)o5(n) + o(n))
is due to Ramanujan [5, Table IV] and the formula
1
(2.4) S33(n) = 155 (07(n) = 03(n))

to Glaisher [1, p. 35]. Formulae (2.3) and (2.4) follow from the Theorem
by choosing f(a,b,z,y) = zy® + 2%y — 202%y> and f(a,b,z,y) =
xy® + 25y — 2233, respectively, see [2].

The evaluation of the sums S 9(n), S37(n) and S5 5(n) requires the
Ramanujan tau function 7(n) and so cannot be considered elementary.
However, for our purposes, we do not require the evaluation of each
of these sums individually. We only need the linear combination
453 7(n)+5S85 5(n). We evaluate this linear combination and the related
linear combination 2557 9(n) + 4855 7(n) in an elementary way from
the Theorem. These evaluations can also be obtained from the work of
Lahiri [4, p. 34].

Corollary 1. For n € N we have

91 25 5
(a) 2551’9(1%) + 4853’7(1%) = % 0’11(TL) + (ﬂ - Z TL) 0'9(TL)

~ 2 or(n) — 25 3(n) + 5 o)
and
(b) 485 7(n) + 55.5(n) = —o= 011(n) — = o7(n) + —— o5(n)
’ ’ 2520 60 252

1
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Proof. (a) Choosing
fla,b,z,9) = a®b" — 21a°b°
in the Theorem we obtain

> (196a°b 4 350a7b° + 4184°b" + 204ab’)

ax+by=n

10
=-20) <g> (d=1)+> ) (202" — 9827 + 189254

d|n dln z<d
— 1762"d® + 702°d* 4 422°d° — 72*d"),

so that after some calculation

4
40051,9(70 + 7683377(77,) = i 0'11(?’7/) + <@ — 207’1) 0'9(’11)

95 3
16 8 50
-5 or(n) — R o3(n) + 33 o(n).

Dividing both sides by 16, we obtain (a).
(b) Choosing
fla,b,z,y) = a®b" — a®V®
in the Theorem we obtain
> (—4a% - 50a"b — 40a°b° + 18a°b" + 4ab”)
ax+by=n
=> ) (22°d — 1128d° + 2427d® — 3025d* 4 222°d° — Ta*d®),
dln x<d
so that after some calculation
13 2 10

315 011(")+E 07(”)—&

Dividing both sides by —8, we obtain (b).

05(n)—|—i

—32855,7(n)—40855(n) = — 15

o3(n).

3. The sums A, ;(n). For e, f, n € N we define

(3.1) A ¢(n) == Z oge(m)og(n —2m),

m<n/2
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where m runs through the positive integers satisfying m < n/2. We
note that

(3.2) Aes(n) =Y al.

2az+by=n

In [2, Theorem 15] the formulae

3A15(n) +8A33(n) = 8411—0 (2807(n) + (105 — 1051)05(n) — 2803(n)

(3.3) + 12807(n/2) — 2803(n/2) + 50(n/2))
and

2433(n) +3451(n) = 8411—0 (207(n) — To3(n) + 50(n) 4+ 11207(n/2)

(3.4) + (105 — 210n)05(n/2) — To3(n/2))
are deduced from the Theorem by choosing

fla,b,z,y) = (—ab® + 10a*b> — 12a*b?) Fy(x)
and

fla,b,z,y) = (ab® — 10a®b® + 12a*b* — 36a°) Fy(z),
respectively, where for x € Z

1 if2]x,

F(e) = {o if 2.

The next result is an elementary consequence of the Theorem. It
relates A3 7(n), As5(n) and Az 3(n), and is needed in Section 6.

Corollary 2. Forne N

253,7(70 — 555)5(7’7/) + 853)7(7’7//2) — 55&5(%/2) + 33373(77,) — 35&3(%/2)
+ 4A377(n) =+ 1014575(71) — 14A773(7’L> = O
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Proof. Choosing

4 1 2
fla,b,z,y) = (—g a®b’ + 3 a’b® — 3 a’b® — g agb) Fy(x)

in the Theorem, we obtain

2 ) (34a®7 + 700"V + 16ab%)

2az+by=n
14 256
+ > (5 a*7 +30a°° + == a7b3>
ax+by=n
=y (mod 2)

ZZ( 8d2 121 7d3 185x6d4_§x5d5
9 3

dln z<d
2|n/d

4 4 2
+ 39 24df — 3 22d7 + 3 xd9>

2 9 Loog 4 55 7 37
+ZZ<§xd+§xd—§xd —|—§acd .
dln z<d

Using the inclusion-exclusion principle on the second sum on the
lefthand side, we obtain after some calculation

30(5317(77/) + 25317(77,/2)) + 30(5515(71) + 25515(77,/2))
+ (4437(n) + 1045 5(n) — 14A7 5(n))

= grgp O1L(1/2) = 55 07(n/2) + 55 05(1/2) = 2 03(n/2)
13 17 5 1
+%Ull(n)_m0 ( )+%O'5( ) %03(71).

Hence

25377(71) - 55515(77/) + 85377(n/2) — 55575(71/2) + 35373(71) — 35373(71/2)
+ 4A377(n) + 1OA575(71) - 1414773(71)
= —7(453,7( ) + 555 5( )) - 13(453 7(n/2) + 53575(77,/2))

13 17

_ 2) 4 2 —

+ 393,3(n) — 353,3(n/2) + 360 o11(n) — 120
5 1

169
2 S 2
35 75(M) = 35 08(n) + 555 o0 (n/2)

B 1(n/2) + g o5(n/2) — = 03(n/2).

o7(n)
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Appealing to Corollary 1(b) for 4557 + 555 5 and to (2.4) for S5 3, we
find that the righthand side is 0, proving the asserted result.

4. Formulae for §16(n) and d24(n). First we determine d16(n) in
terms of the sums S5 3 and As 3. As

(4.1)  dg(m)=o03(m+1) —o3((m+1)/2), forall m e NU{0},

see [2, Theorem 12] for an elementary proof, we have

(516(n)= Z 58(7‘)(58(8)

r,s>0
r4+s=n

= Z (o3(r+1) —o3((r+1)/2)) (o3(s + 1) — o3((s +1)/2))
r,s>0
r4+s=n

= Y (o3(r) — 03(r/2))(os(s) — 03(5/2))
TJ:;‘;:anJrQ

= Z 0’3(7’)0’3(8) — Z 03(7”)0'3(8)
r4+s=n-+42 2r+s=n+2
= Y. os()os(s)+ > os(r)os(s);

r4+2s=n+2 2r4+2s=n+2

that is,

(42) 516(n) = 5373(71 + 2) + 5373((71 + 2)/2) - 2A373(n + 2)

Next we express d24(n) in terms of the sums S5 7, S35, A3 7 and A7 3.
Clearly

524(n) = E 58(r)68(8)58(t);
r,s,t>0
r+s+t=n

which, appealing to (4.1), becomes as in the derivation of (4.2)

d24(n) = Uy — 3Us + 3Us — Uy,
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where

U, := Z o3(r)os(s)os(t),
r,s,t>1
r+s+t=n+3

U= Y os(r)oa(s)aald),

Us:= > o3(r)os(s)os(t),
r,s,t>1
2r+2s+t=n-+3

Uy = Z o3(r)os(s)os(t).
r,s,t>1
2r+2s+4+2t=n-+3
We next evaluate Us. We have

Us = Z 03(t)S33((n+3—1)/2)

1<t<n

- Z os(n+ 3 —2u)Ss 3(u),

1<u<(n+3)/2

as S33(1) = 0. Then, appealing to (2.4), we obtain

1 1
Us = 120 A73(n+3) — 150 Az3(n+3).

Similarly we find that

1 1
U1 = g Sar(n3) = 15 Saaln 3).
1 1
Ve = 730 As7(n+3) = 155 Asa(n +3),
1 1
Us = 15 Sar((n+3)/2) = 735 Saa((n +3)/2).

Thus we deduce that

120(524(TL) = 53’7(’”/ + 3) — S3’3(TL + 3)
(4.3) = S37((n+3)/2) + S3.3((n+3)/2)
— 3A377(7’L + 3) + 3A773 (n + 3)
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5. Elementary proof of the Kac-Wakimoto formula for d14(n).
We denote the sum on the righthand side of (1.1) by E(n), so we wish
to prove that d16(n) = E(n)/192. Mapping (a,b,x,y) — (b,a,y,z) in
E(n) we see that

E(n) = > ab(a?—b?)? = > ab(a®—b%)2.
ax+by=2n+4 ax+by=2n+4
a=b=z=y=1 (mod 2) a=b=z=y=1 (mod 2)
a>b a<b

Also

Z ab(a® —b*)* = 0.

ax+by=2n+4
a=b=zr=y=1 (mod 2)
a=b

Thus
1 2 1242
E(n)—§ g ab(a® — b%)°.

ax+by=2n+4
a=b=z=y=1 (mod 2)

If a = 2 = 1 (mod 2), then the equation ax + by = 2n + 4 forces
= 1 (mod 2) so that

1
E(n) = 5 g ab(a® — b*)?.
ax+by=2n+4
a=z=1 (mod 2)

By the inclusion-exclusion principle we have

1

(5.1) B(n) =3

(T —To — T3+ Ty),

where

T = Z ab(a® — b%)?, Ty := Z ab(a® — b%)?,

ax+by=2n+4 2azx+by=2n+4

> 2ab(4a® —07)?, Tyi= Y 2ab(da’® —b?)*.

2az+by=2n+4 dax+by=2n+4

T3 =
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Expanding the squares in the expressions for the T;, and appealing to
(2.2) and (3.2), we obtain
T =251 5(2n+4) — 253 3(2n +4),
Ty = 3651 5(n+2) — 18S53(n + 2)
—2A15(n+2)+16A33(n+2) — 3245 1(n + 2),
T3 = 16251 5(n + 2) — 14455 3(n + 2)
— 6441 5(n+2) + 12843 3(n+2) — 6445 1(n +2),
Ty = —1285; 5((n +2)/2) + 12855 3((n + 2)/2)
+ 6641 5(n+2) — 144A33(n+2) + 9645 1(n + 2).

Thus

E(n) = S15(2n +4) — S33(2n +4) — 995) 5(n + 2)
+ 81S53(n +2) — 645 5((n + 2)/2) + 6453 3((n + 2)/2)
+22{3A15(n +2) +8A33(n+2)}
+32{2433(n +2) +3A451(n+2)} — 38443 3(n + 2).

Appealing to (2.3), (2.4), (3.3) and (3.4) for S1 5, S3,3, 341 5+8A3 3 and
2A3 3 + 3A5 1, respectively, and making use of the elementary identity

ox(2n) = (28 + Dog(n) — 280 (n/2), k,n € N,

we deduce that

E(n) 1 1 1
— m 0’3((71 + 2)/2) — 2A373(n + 2)
Then, by (2.4) and (4.2), we obtain
E(n)

Tz = S33(n+2)+ S33((n+2)/2) — 243 3(n +2) = d16(n).

6. Elementary proof of the Kac-Wakimoto formula for 54(n).
We consider the sum on the righthand side of (1.2). This sum is

G(n) == > d®(a® - b?)?,
ax+by=n+3
z=y=1 (mod 2)
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so we wish to prove that d24(n) = G(n)/72. We have
(61) G(n) :Xl—XQ,

where

X = Z a’b’, X5 = Z a’b’.

ax+by=n+3 ax+by=n+3
z=y=1 (mod 2) z=y=1 (mod 2)

By the inclusion-exclusion principle we obtain

(6.2)
X1 = S57(n+3) — A3 7(n+3) — A7 3(n+3) + S3.7((n+3)/2)

and

(6.3)
Xo = S5’5(TL + 3) - 2A5’5(7’L + 3) + 5575((71 + 3)/2)

Appealing to (4.3), (6.1), (6.2) and (6.3), we obtain

5G(n) — 360024(n) = 2S5 7(n+3) — 555 5(n+3) + 8S3.7((n+3)/2)
—5555((n+3)/2) + 353 3(n+3)
—3953((n+3)/2) + 445 7(n+3)
+ 1045,5(n+3) — 1447 3(n+3)),

and the righthand side is 0 by Corollary 2, as desired.

7. Conclusion. It would be interesting to know if the Kac-
Wakimoto formulae for d432(n) and d44(141)(n), & € N, can be proved
by entirely elementary means.

Acknowledgments. The second author would like to acknowledge
the hospitality of Canisius College, where the research for this paper
was carried out.



868 J.G. HUARD AND K.S. WILLIAMS

REFERENCES

1. J.W.L. Glaisher, Expressions for the first five powers of the series in which the
coefficients are the sums of the divisors of the exponents, Mess. Math. 15 (1885),
33-36.

2. J.G. Huard, Z.M. Ou, B.K. Spearman and K.S. Williams, Elementary eval-
uation of certain convolution sums involving divisor functions, in Number Theory
for the Millennium, IT (Urbana, IL, 2000) (M.A. Bennett et al., eds.), A.K. Peters,
Natick, MA, 2002, pp. 229-274.

3. V.G. Kac and M. Wakimoto, Integrable highest weight modules over affine
superalgebras and number theory, in Lie theory and geometry, Progr. Math., vol.
123, Birkhauser Boston, Boston, MA, 1994, pp. 415—456.

4. D.B. Lahiri, On Ramanugjan’s function 7(n) and the divisor function oy (n)-II,
Bull. Calcutta Math. Soc. 39 (1947), 33-52.

5. S. Ramanujan, On certain arithmetical functions, Trans. Cambridge Philos.
Soc. 22 (1916), 159-184.

DEPARTMENT OF MATHEMATICS AND STATISTICS, CANISIUS COLLEGE, BUFFALO,
NEW YORK 14208-1098
E-mail address: huard@canisius.edu

CENTRE FOR RESEARCH IN ALGEBRA AND NUMBER THEORY, SCHOOL OF MATH-
EMATICS AND STATISTICS, CARLETON UNIVERSITY, OTTAWA, ONTARIO K1S 5B6
E-mail address: williams@math.carleton.ca



