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COMPOSITION FOLLOWED BY DIFFERENTIATION
BETWEEN BERGMAN AND HARDY SPACES

R.A. HIBSCHWEILER AND N. PORTNOY

ABSTRACT. Let ® be an analytic self-map of the disc,
and let HP denote the Hardy space. The operator DCg is
defined for functions analytic in the disc by DCq(f) = (fo®)’.
We show that compactness and boundedness of the map
DCs : HP — HY, p,q > 1, are equivalent to the conditions
@’ € H? and ||®||oo < 1. For @ > —1 and p > 1, AL, denotes
the weighted Bergman space. In the case 1 < p < q, DCs :
AP — A% is bounded if and only if a related measure obeys

a Carleson-type condition. Compactness is characterized by
the analogous little-oh condition. For 1 < ¢ < p, Khinchine’s
inequality is used to show that boundedness and compactness
are equivalent to an integrability condition on a weighted
integral.

1. The Hardy space HP, p > 1, is the Banach space of functions
analytic in U = {z : |z| < 1} satisfying

1 27 » 1/p
Il = sop {50 [ lrepanf <o
o<r<1 T™Jo

References for the Hardy spaces include [2] and [3].

Let ® be a nonconstant self-map of U, and let Co(f) = f o ® for
functions f analytic in the disc. Many authors [1, 6, 7, 10] have
studied boundedness and compactness of Cy on the Hardy spaces. It
is known [12] that if Cy is compact on H? for some p > 1, then Cs
is compact on all the Hardy spaces. Shapiro [11] characterized the
self-maps ® for which Cg is compact on H2.
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The focus of this note is to characterize maps ® for which the
operator DCs(f) = (f o @)’ is bounded or compact on the Hardy and
Bergman spaces. In his unpublished dissertation [8, Theorem 3.0.9],
the second author used a result of MacCluer to prove that, for p,q > 1,
DCg : HP — H4? is bounded if and only if it is compact if and only
if ® € HY and ||®||oc < 1. We present the proof here and extend
the result to the setting of the weighted Bergman spaces, where the
solution is more subtle.

Note that if DCs : HP — HY is bounded, then ® € H'. Tt follows
that ® extends continuously to U [2, Theorem 3.11]. Thus in this
section we may assume that ® is analytic in the disc and continuous
on the closed disc.

The proof of Theorem 1 requires the notion of Carleson sets. For
[{|=1and 0 < < 1,

5(¢,0)={z€U:|z—| <d}.

In the rest of this work, C will denote a positive constant, the exact
value of which may differ from one appearance to the next.

Theorem 1. Let p > 1, and let ® be an analytic self-map of the disc
with ® € H'. The following are equivalent.

(1) DCy : HP — H' is bounded.
(2) DCg : HP? — H* is compact.
(3) [[®floo < 1.

Proof. 1t is clear that (3) = (2) = (1). Thus it will suffice to prove
that (1) = (3).

Suppose that ||®]| = 1 and ® € H!. Tt follows that ® extends to
a continuous function on U and & is absolutely continuous on OU [2,
Theorem 3.11]. Let o denote normalized Lebesgue measure on U, and
define a finite measure v on Borel subsets of the circle by

V(E) = /E 19'| do.
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As part of the proof of [6, Theorem 2.3], MacCluer showed that for
such ® and v,

(1) sup v(®71S((,8) NOU) # o(§) as d — 0.
I¢l=1

We give a brief outline of her argument. Without loss of generality,
suppose that ®(1) =1, and let As = ®~1(5(1,6)) N OU. The integral

/ 1&'| do
As

gives the arc length of the image of As under ®. Since 1 € A5, and
since ®(1) = 1 the continuity of ® implies that the arc length must be
at least 20, and thus (1) holds.

In what follows we view ® as a function defined on OU, that is,
® : 90U — U. Relation (1) implies that there is a sequence ({,) C OU,
a sequence (dy,) of positive numbers with §,, — 0 and a positive constant
[ such that

v®1(S(Cn,0,)) > B0p, n=1,2,....

Let a, = (1 — 6,)Cn, and let f,,(2) = (1 — |an|?)Y?P(1 — G,2)~2/P. A
calculation shows that || f,||gz» =1 for n =1,2,... . Note that

IDCa(f) 11 = / £ 0 | (@] do
oU

— [ Ifvodldv
ou

= |_Ifaldwe™)
U

> / T )
S(CnyOn)

By a calculation, | f(2)| > C6, “™P/7 for z € S(Cp, 6,). Tt follows that
IDCo(fullr = 6P v@7H(S(Gn, 00)) = CHIHP.

Thus DCg : HP — H! is unbounded if ||®||o, = 1. This completes the
proof. ]
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Theorem 1 has the following corollary.

Corollary 1. Let p,q > 1, and let ® € H?. The following are
equivalent.

(1) DCs : HP — HY is bounded.

(2) DCo : HP — H? is compact.

(3) [0l < 1.

Proof. It suffices to prove that (1) = (3). Since the inclusion
I : H? — H' is bounded, the first assertion implies that the map
DCg : H? — H'! is bounded. By Theorem 1, ||®||o < 1. O

Let a > —1, p > 1, and let A denote normalized area measure on the
disc. The weighted Bergman space A? is the Banach space of functions
analytic in U with

1£1 = /U £ (2)[P(log(1/]2]))* dA(z) < oo

It will be convenient to let dA, = (log(1/|z]))* dA(z). Note that dA,,
can be replaced by the measure (1 — |2]?)* dA(z). This results in the
same space of functions with an equivalent norm.

Smith [13, p. 2336] noted that the appropriate definition for A”; is
the Hardy space HP. Theorem 1 will be extended from the setting of
the Hardy spaces to the spaces AP, o > —1.

Theorem 2. Letp > 1, and let a > —1. Let ® be a self-map of U
with ® € H'. The following are equivalent.

(1) DCg : A2, — H' is bounded.
(2) DCg : AP, — H' is compact.
(3) [[®floe < 1.

Proof. Tt is enough to show that (1) = (3). Thus suppose that
® € H' and ||®||c = 1. Let (¢,), (6,) and (a,) be sequences as
described in the proof of Theorem 1, and define

fulz) = (1— |an|2)(a+2)/p(1 _ mz)%(aﬂ)/z{
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Then || fn|la» = C [13, p. 2340]. An argument as in the previous proof
yields
1(DCx)(f)llarn — 0 s m— oo.

Thus DCg : AP, — H' is not bounded if ||®||, = 1. This completes
the proof. i

The proof of Corollary 2 is omitted, since it is similar to the proof of
Corollary 1.

Corollary 2. Let p,q > 1, and let « > —1. Suppose that ® € HY.
The following are equivalent.

(1) DCs : A2, — HY is bounded.

(2) DCo : A2, — HY is compact.

3) [1®]o0 < 1.

2. In this section we will characterize ® for which DCg : A2 — Aqﬂ,
a,B > —1, is bounded or compact. This will be done in terms of
more general theorems that characterize measures p for which the
differentiation operator D : AP, — L%(u) is bounded.

While the Carleson sets S(¢,d) were useful in Section 1, it will be
more convenient here to use pseudohyperbolic discs. Recall that the
pseudohyperbolic metric p is defined by

Z—Ww

p(z,w) = (z,w e U).

1—zZw

In what follows, D(a) denotes the pseudohyperbolic disc {z : p(a, z) <
1/8}.
Luecking characterized positive measures p with the property

||f(")||m(u) < C|fllaz. Theorem 3 gives Luecking’s result [5, The-
orem 2.2] forn =11in case 1 <p < gq.

Theorem 3 (Luecking). Let 1 <p <gq, and let « > —1. Let 4 >0
be a finite measure on U. The following are equivalent.

(W) 1 N pauy < Clifllaz for all f € AR
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(2) p(D(a)) = O((1 = |af*)2>F2+P)/P) as |a| — 1.

For the case 1 < ¢ < p, Luecking used Khinchine’s inequality and
other estimates to obtain a version of Theorem 4 for ("), where f € A
[4, Theorem 1]. We are interested in the case n = 1 and f € AP.
Theorem 4 is a slight modification of Luecking’s result, so the proof is
not given here.

Theorem 4 (Luecking). Let 1 < g <p, and let « > —1. Let 4 >0
be a finite measure on U. Let L(z) = (1 — |2]?)~(@+2+0) y(D(2)). The
following are equivalent.

(D 1 lzaqny < Cllfllaz, for all f e AZ.
(2) L € LP/(P=D(A,).

Let |A| < 1, and let wy(2) = (A — 2)/(1 — Az). Since Cu, + AL — AP
is bounded, we may assume that ®(0) = 0 in the rest of this work.

Theorems 3 and 4 will now be applied to the operator DCs. To do
so, we need a relative of the Nevanlinna counting function, which will
participate in the change of variable.

Definition 1. Let ® be a self-map of U with ®(0) = 0. Let ¢ > 1,
and let § > —1. For w € U, w # 0,

Te.6(w) =Y |18 (2)|7* (log(1/]2]))”.

The sum extends over all solutions of ®(z) = w.

Corollary 3. Let 1 < p < q, and let o, > —1. Let ® be
an analytic self-map of the disc with ®(0) = 0 and P’ € A%. Let
dp(w) = 74 g(w) dA(w). The following are equivalent.

(1) DCq : AL, — A} is bounded.

(2) u(D(a)) = 0((1 — |af*)*+2+P)/P) as |a| — 1.

Furthermore, the operator is compact if and only if the analogous little-
oh condition is satisfied.
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Proof. Since ' € A%, a change of variable [1, Theorem 2.32] implies
that u is a finite measure. Thus Theorem 3 applies. Note that

I 0 81 = [ 17 @)1 ()"0 (1/12D)° dA:)
= [ 17 @7 sw) dAw)
= [ £ i) = 17 g
If DCg : AR, — Aq is bounded, then
1 2oy = 1(DCo)()lag < CllflLag for all f € AZ.

Theorem 3 implies that

(2) u(D(a)) = O((1 — [a*)) 722/ as Ja| — 1.

For the converse, suppose that assertion (2) holds. Theorem 3 implies
that

I(DCe)(H)llaz = [1f L) < Cllf Iz,

and thus DCg : AL, — Aj is bounded.
Next suppose that DCq : AP, — A% is compact. Let a € U, and let

fal) = (1= |aP) @ 2/7(1 - az) 22,
Then || fall 4z = C [13, p. 2340] and f, — 0 uniformly on compact sets

as |a] — 1. The standard compactness criterion implies that, given
e > 0, there exists 0 < r < 1 such that |[(DCs)(fa)l|%« < ¢ for |a] > r.
B

Thus
e> / L (w)] du(w) > / Fledu for || > .
U D(a)

An estimate on |f}| for z € D(a) yields

(3)  w(D(a) < e(l—|a|?)?@F24P)/P for all a  with |a| > 7.
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Finally assume that relation (3) holds, and let (f,) be a bounded
sequence in A? with f, — 0 uniformly on compact sets. To show that
DCg : AP — Aqﬁ is compact, it will suffice to show that

I = 1DCo) )y = 1y — 0 a5 — o
By a standard estimate [4, p. 338],

<0 [ G [, e A o).

Note that Xp(.)(w) = Xp(w)(2) and 1 — |w|* = 1 — |z|? for z € D(w).
Fubini’s theorem now yields

D(w)
<0 [ i@ dAw)

Smith [13, Lemma 2.5] showed that, for f € A2 and w € U,
()] < Ol fllaz (1 — [w]?) =277,

Let I' = (g + 2q + qp — ap)/p. Since || fn|l4» = C, Smith’s estimate
yields
p(D(w))
I <€ [ I P50 dAw)
U (1 —|w?)"
Relation (3) implies that, for a given € > 0, there exists 0 < r < 1 such
that

(4) /|> [ fn(w )|P%M(w)<s|fn”ig < Ce.

Since f,, — 0 uniformly on compact subsets,

p MDW) 0 .
6 e PO 0400 < C2 [ @) 4G

= (Ce for large n.

Relations (4) and (5) yield I, — 0, as required. The proof is complete.
O
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Corollary 4. Let 1 < g < p, and let o, > —1. Let du(w) =
74.8(w) dA(w), and let &' € A%, Let L(z) = (1—|2[*)~ (a+a+2),(D(2)).
The following are equivalent.

(1) DCq : AL, — A} is bounded.
(2) DCs : AL, — Af is compact.
(3) L € LP/(P=9(A,,).

Proof. After a change of variable as in Corollary 3, Theorem 4 gives
the equivalence of (1) and (3).

It is clear that (2) implies (1).

It remains to verify that (3) implies (2). Assume that || f,[a» < C
and f, — 0 uniformly on compact sets. It will suffice to show that

©) 1= IDCa(f)lly = [ 172 du(w) — 0 asn— .

By estimates as in the previous proof,
1
Ing/i/ fn(2)|TdA(2) du(w
T fwpye D(w)l (2)|* dA(z) dp(w)
<C [ 1fAILE dAu o)
U

Let € > 0. The hypothesis on L implies that there exists r, 0 < r < 1,
with the property

/ L(Z)p/(pfq) dAq(z) < P/ (p—a)
|z|>r
It follows by Holder’s inequality that

(7) /| REILE )

a/p (p—q)/p
< (/ |fn|pdAa) </ r/(p—a) dAa>
U |z|>7

< 5an||i]4g < Ce.
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Since f,, — 0 uniformly on compact subsets,
/ fu(2)|7L(2) dAL(2) < & / L(2)dAu(z) for large n.
[z|<r [z|<r

Since @’ € A}, pu(U) < oo and thus

/ L(z)dA.(z) < C’/ w(U) dA,(z) = C.

|z]<r U

Thus

(8) / | fn(2)|9L(2) dAn(z) < C e for large n.
[z|<r

The two inequalities (7) and (8) imply that the expression at (6)
tends to 0 as n — oo. This completes the proof that (3) = (2) and
completes the proof of the corollary. i

We close this section with a question and with examples to show that
the conditions in Corollaries 3 and 4 do not require ||®||oc < 1. In the
examples it will be shown that DCg : AP, — A? is bounded, for certain
polygonal maps ® with ||®||ec = 1.

Note that in the case ¢ = 2, § = 1, the function 7, g simplifies to
the Nevanlinna counting function Ny (w). Smith [13, p. 2347] obtained
estimates on N7 (w) for polygonal maps.

Let P C U be a polygon with PNAU = {1} and with angular aperture
w/natw=1(n>1). Let ® be a Riemann map of U onto the interior
of P. Smith showed that, for such a polygonal map,

Ni(w) =0((1 = |w))") as|w| — 1.
Since 1 — |w| &~ 1 — |a| for w € D(a), it follows that

(9) Ny (w) dA(w) < C(1—a])"™? as [a] — 1.
D(a)

By an easy calculation, ® € A2. Thus Corollaries 3 and 4 apply.
First suppose that 1 < p <2 and a > —1. Let n = (2a +4)/p. Then
n > 1. A calculation using (9) yields

Ni(w) dA(w) = O((1 — |a?)X*+24)/P) a5 fa| — 1.
D(a)
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By Corollary 3, DCs : AP — A% is bounded.

Next let p > 2 and a > —1. Let n > (p+2a+2)/p. Then n > 1 and
(9) implies that

_ fD(a) Ny (w) dA(w)

La) = 2 <O = a7 aslal 1

A calculation shows that L € LP/(P=2)(A,), and thus DCyp : AP, — A?
is bounded and compact for p and « as described.

Finally recall from Section 1 that if DCq : A2 — AP | is bounded,
then ||®[|o, < 1. Ts this the case when —1 < 8 < 0 and DCy : AL, — A}
is bounded?

3. The methods in Section 2 can be used to study the operator Cg D.
A brief discussion is given here.

Theorem 5. Let1 < p <gq, and let o, 3 > —1. Let ® be an analytic
self-map of the disc with ® € Aqﬂ. The following are equivalent.

(1) CoD : AL, — A} is bounded.
(2) Ag®~1(D(a)) = O((1 — |al*)2*+2+P)/P) as |a| — 1.

Furthermore, CoD : AP, — A% s compact if and only if the analogous
little-oh condition holds.

Proof. First suppose that CsD : AY — A‘é is bounded. An argument
using the test functions in Corollary 3 yields

C> /D ) (45 w),

An estimate on |f}| gives the required result.

Next let f € AP and apply estimates as in Corollary 3 to show
that if the measure Ag®~! obeys the given big-oh condition, then
£ o (I)HAZ < oo for every f € AP.

The proof of the statement about compactness is omitted. o
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The last theorem proceeds along the lines of Corollary 4. The proof
is omitted.

Theorem 6. Let 1 < g <p, and let a,3 > —1. Let ® € A} and let
M(z2) = (1= |2[) "D 45071 (D(2)).

The following are equivalent.
(1) CoD : AL, — A} is bounded.
(2) CoD : AL, — Af is compact.
(3) M € LP/(P=9(A,).
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