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Abstract

In [2, Thm 2.5] and [1, Thm 2] it was proved that there is no uni-
formly antisymmetric function with two- and three-element range by
showing that K3 and K4 can be embedded into a graph G(h) (defined
below) for all appropriate h. In this note we will answer Problem 1 from
[1] by showing that under the continuum hypothesis there exists h for
which K5 cannot be embedded into G(h). In particular, the technique
used in the proof that there is no uniformly antisymmetric function with
three-element range cannot be used for the four-element range proof.
Whether there exists a uniformly antisymmetric function with a finite
range remains an open problem.

The notion of a uniformly anti-Schwartz function is also defined,
and it is proved that there exists a uniformly anti-Schwartz function
fiR—N

For S C R and h: S — (0, 00] let

E(h){{a,b}e[R]Q:“;Lbes& '“;“ <h("'2”’)}.

The graph G(h) = (R, E(h)) is an infinite graph with vertices R and edges
E(h). We will answer the problem from [1] by showing that under the con-
tinuum hypothesis there exists a function h: R — (0, 1) such that the graph
G(h) does not contain Kj, the complete graph on 5 vertices, as a subgraph.
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The motivation for this question lies in the study the uniformly antisym-
metric functions, i.e., functions f: R — R for which there exists h: R — (0,1)
such that

F@—h) = f@+h)| = hx)

for every z € R and 0 < h < h(x). (See [3], [2], [4] and [1].) It is known from
[2] that there exists a uniformly antisymmetric function f: R — N, while it is
unknown whether such function can have a finite range [2, Problem 1(a)].

It is not difficult to show [1, Theorem 1] that there exists a uniformly
antisymmetric function with n-element range if and only if there exists h: R —
(0, 1) such that G(h) is n-colorable. In [1] it was proved that the range of every
uniformly antisymmetric function must have at least four elements by showing
that G(h) contains K4 for every h: R — (0,1). We will show here that this
result cannot be extended to K.

Theorem 1 Let M be a subfield of R of cardinality wi. Then there exists
h: M — (0,1) such that G(h) does not contain Ks.

In particular, if the continuum hypothesis holds, then there exists h: R —
(0,1) such that G(h) does not contain Ks.

PROOF. Let {M¢: £ < wi} be an increasing tower of countable subfields of M
such that M = {J,_,,, M¢ and My = [J,_, M for every limit ordinal A < w;.
We will construct, by transfinite induction on ¢ < wy, an increasing sequence
{he: M¢ — (0,1): £ < wq} such that the following inductive conditions are
satisfied for every & < wy:

(A¢) G(he) does not contain Ks, i.e., [A]> ¢ E(h¢) for every A € [R]5;
(Bg) for every ¢ <& and B € [M]? if
Se(B) ={B+te[R]’: [B+1]° C E(he)},
then S¢(B) is a finite subset of [M.]3.

The existence of such a sequence immediately implies Theorem 1 if we take
h= UE<w1 hf'

To construct the sequence assume that {he: Mg — (0,1): £ < n} is already
constructed for some n < w;. If 7 is a limit ordinal, then it is easy to see
that h, = U£<n he satisfies the inductive hypothesis. So, assume that 7 is a
successor ordinal, say n = & + 1.

Let {z,,: n < w} be an enumeration, without repetitions, of M¢ 1 \ Me.
Since hey1 is already defined on Mg, it is enough to define heyq(z,) for every
n <w.
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Before we define it, let us choose ge: M¢y1 — (0,1) such that G(ge) does
not contain any odd cycle. Such a function exists since for every countable
field M C R there exists a uniformly antisymmetric function f: M — {0,1}.
(See [4, Theorem 1].)

Now, choose n < w. For each i < j <n consider the family S7; of all sets
B = {a,b,c} C Mg such that [B]?> C E(he) and that there exists d € R with
a+d=2x;, b+d=2z; and ¢+ d = 2x,. Notice that for every B', B € Si”j
there exists ¢ such that B’ = B +¢. Thus, by (B), the set S, is finite. In
particular, the number

1
snzimin{|p—xn|>0:p€B for some B € S}’ and i < j < n}

is well defined and positive. Define

. 1
heqa(z,) = min {gg(xn),sn, n} .

To finish the proof it is enough to show that the conditions (A¢y1) and
(Bg+1) are satisfied.

We will start with showing (Be41). So, choose ( < &+1,let B = {a,b,c} €
[M¢)? and let z = (a+b)/2, y = (b+¢)/2 and 2z = (a + ¢)/2. Then

a=zr—y+z b=z4+y—2z c=-x+y-+=z (1)

First notice that S¢y1(B) C [Mg4+1]®. This is the case since B+t € Set1(B)
implies t € M¢1, as for every t € R\ M¢41 we have 2+t = t+(a+b)/2 & M¢4q
and so, {a +t,b+t} & E(hetq).

If ( < &+ 1, then S¢(B) is a finite subset of [M¢]® by (B¢). It is enough
to show that Sey1(B) = Se(B). But if B+t € Seqq1(B) \ Se(B), then t €
Me¢y1 \ Me. In particular, {z +t,y +t,2 +t} C Meyq1 \ M. But this would
imply that [B+t]? C E(ge), contradicting the fact that G(ge) does not contain
any odd cycle.

So, assume that ¢ = £ + 1. If there exists a number ¢ € R such that
{{E—Ft, y+t, Z-l-t} - Mg, then B+t € [Mf]?) and Sg+1(B+t) = S§+1(B) = Sg(B)
is finite subset of [M¢]?> C [M,]® by the above.

So, assume that {x+t,y+t, 2+t} ¢ M for every t € R and choose B+t €
Se41(B) C [Mg41]3. Then there exist k < w such that z € {z+t,y+t,z+t}.
But if n < w is such that 1/n < min{la — z|,|b — y|, |c — 2|}, then k < n,
since otherwise [B + t]?> ¢ E(h¢t1). Therefore, there is at most 3n numbers
t € R such that [B + t]*> C E(hgy1). Thus, the set Sey1(B) is a finite subset
of [Me1]? = [Mc]>.
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To prove (A¢41) assume, by way of contradiction, that G(he41) contains
Ks; i.e., that there is A = {a,b,c,d, e} € [R]® such that [A]? C E(hetq1). Let
us identify the edges of G = (A, [A]?) with their centers. Then all edges are in
Me¢iq. Let Ey (Eq) be all edges of G that belong (do not belong) to M, and
let G; = (A, E;) for i < 2.

Notice that G; does not contain any odd cycle, since it is a subgraph of
G(ge). Hence, it is bipartite. As it has 5 vertices, some of the bipartition
classes must have at least 3 elements, say a,b,c. This is a triangle in Gy. In
particular, by (1), a,b,c € M.

At least one of the remaining two vertices, say d, is in Mgyq \ Me. Then
so are (a +d)/2, (b+d)/2 and (¢ + d)/2, i.e., they are equal to z;, z; and
Ty, respectively, for some distinct 4, j,n € w. Assume that ¢ < j < n. Then,
{a,b,c} € S and hepi(zn) < en < |c — x| Therefore, {c,d} ¢ E(het1)
contradicting our assumption.

Theorem 1 has been proved. (I

The above argument, as well as a technique used in [1] and [2], suggest
that the problem of existence of uniformly antisymmetric function with finite
range has a considerably algebraic content. The next theorem shows that this
is indeed the case. That is, in the absence of linear dependency, the problem
becomes trivial.

Theorem 2 If B C R is linearly independent over Q and h: B — (0,00] is
such that h(x) = oo for every x € B, then G(h) is 3-colorable.

PROOF. Let G be the family of all components of G(h), i.e., of all maximal
connected subgraphs of G(h). It is enough to show that every G € G is
3-colorable.

Let Go be the family of all G € G that contain an odd cycle. Evidently
every G € G\ Gg is 2-colorable. Thus, it is enough to show that the graph
Go = JGo is 3-colorable.

Define

F={w:B—Z:1<|{be€ B: wb) #0} <w & Zpecpw(b) =1}

and put supp(w) = {b € B: w(b) # 0} for w € F. Moreover, let V(Gg) denote
the set of all vertices of Gg and define

V ={z e R: (3w, € F)(z = Epepw,(b) b}.

We will show first that

V(Go) C V. (2)
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To see this first notice that if ag, ..., as, are the vertices of an odd cycle
in Gy and b; = (a; + a;j+1)/2 for all i < 2n (where agn 1 = ap), then ag =
2270 (—1)"b;. It is easy to see that ag € V. The proof of (2) is then completed
by induction on the distance from an odd cycle if we notice that for every
x = Ypepwy(b)b € V and y € R connected with z; i.e., such that by =
(x+vy)/2 € B, we have y = 2bg —z = 2by — (Zpepws(b)b) € V.

Now let G be the subgraph of G(h) generated by the vertices of V. Since
Gy is a subgraph of (1, it is enough to show that G, is 3-colorable. To see
this first notice that by linear independence of B over Q, for every x € V,
there exists precisely one w, € F such that x = ¥pcpw,(b) b. Moreover, the
vertices x,y € V are connected, if and only if by = (x + y)/2 belongs to B.
This is equivalent to saying that there is an edge between z,y € V' if and only
if there is by € B such that w,(by) + wy(by) = 2 and w,(b) + w,(b) = 0 for all
be B, b by.

Define the 3-coloring ¢: V' — {0,1,2} of V the following way. For z € V
let supp(w;) = {bo,...,bn}, where by < --- < b,. Notice that n > 0. Then
put

0 w,(0)<0
clz)=4¢ 1 wz(0)>0& wy(n) <0
2 wz(0) >0 & wy(n) > 0.

It is easy to see that this function is indeed a 3 coloring of Gj.

This finishes the proof of Theorem 2. (I

The definition of uniformly antisymmetric function was motivated by the
study of the paradoxical behavior of real functions from the point of view of
their symmetric continuity. The natural counterpart of the symmetric contin-
uous functions, i.e., functions f for which limp_,o f(z — h) — f(x + h) = 0,
are Schwartz continuous functions, i.e., functions for which limy_,o f(x —h) +
f(x+h)—2f(z) =0 for all z € R. (See [5]. * ) Thus, the following seems
to be a natural counterpart for uniformly antisymmetric functions: a function
f: R — Ris said to be uniformly anti-Schwartz provided for every x € R there
exists g(z) > 0 such that for every 0 < h < g(z)

[f(x = h)+ f(z+h) = 2f(2)| = g(2).

Hajrudin Fejzi¢ asked the author, whether there exists a uniformly anti-
Schwartz function. The following theorem gives a positive answer to this
question.

I Thomson uses terms “nowhere weakly symmetrically continuous function” for uniformly
antisymmetric function and “symmetric continuous function” for Schwartz continuous func-
tion.
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Theorem 3 There exists a function f: R — N which is uniformly anti-
Schwartz. Moreover,

|f(x+h)+ f(x—h)=2f(x)] >1 forall z€R and h > 0.

PrROOF. Let S C N be infinite and such that it does not contain any arithmetic
progression of length 3. Let {P, : n € S} be a partition of R such that no
P, contains an arithmetic progression of length 3. (The existence of such a
partition is well known. For example, the partition from [2, Thm 1.1] has this
property.)
Define
f(z) =n if and only if x € P,.

Now if |f(z+h)+ f(z—h)—2f(x)| < 1, then f(z+h)+f(z—h)—2f(x) = 0.
Thus, the numbers f(x—h), f(z) and f(x+h) form an arithmetic progression.
But the assumption on S implies that f(z — h) = f(x) = f(z + h) = n for
some n from S.

So x — h, z and = + h belong to the same P,. However since P, is 3-
arithmetic progression free, we conclude that A = 0.

This completes the proof. O

The referee and Miroslav Chlebic 2 noticed that if in the above proof we
take S = N, choose a quickly decreasing sequence {a, }nen like a, = 37" and
define

f(z) =a, ifand only if =z € P,,

then we obtain a uniformly anti-Schwartz function with bounded range. The
problem of finding a uniformly antisymmetric function with bounded range
([2, Prob. 1(b)], [5, Prob. 25]) remains open.

Problem 1 Does there exist a uniformly anti-Schwartz function f: R — R
with two element range?

This problem seems to be particularly interesting in light of the fact that it
is known that there is no uniformly antisymmetric function with two element
range [2, Thm 2.1].
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