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INTEGRATION OF FOURIER-LEGENDRE
SERIES

Abstract

It is well known than an ordinary (trigonometric) Fourier series “can”
be integrated term by term; that is, whether the Fourier series of an in-
tegrable function f is convergent or not, the series obtained by term by
term integration of it is convergent to the corresponding integral of f.
There is also a more general theorem in which f and its Fourier series are
first multiplied by a function of bounded variation before integrating.
This paper aims to obtain similar theorems for the Fourier-Legendre
series discussed by Love and Hunter in Proc. London Math. Soc (3)
64 (1992) 579-601 and by Love in that journal (3) 69 (1994) 629-672.
Most of the paper is occupied by lemmas which lead to establishing
the dominated convergence of the partial sums of the Fourier-Legendre
series under certain conditions. For several reasons one of these condi-
tions is that the interval of integration must be a closed subinterval of
(—1,1), the interval on which the Legendre functions P} (z) are defined;
further, I have only had success with integration over subintervals of

[_ % \/57 % \/§] .
Introduction

There is a well-known theorem [3] (p. 419) that a (trigonometric) Fourier
series “can” be integrated term-by-term. This means that if a function f has
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the following Fourier series; that is, if

1

(o]
f(z) ~ 5% + Z(ozn cosnz + By sinnz),

n=1

whether the series is convergent or not, then

/abf(x)d / da:+z (an/abcowmdx+ﬁn/abblnm:dx> )

n=1
More generally [3] (p. 421), any factor g(x) of bounded variation on [a, b]
can be inserted into the integrands, giving again a correct equation

/a ' fl)g(e)dr =

1 b
7040/ x)dx + Z (an/ cosnwdm+ﬁn/ g(m)sinnxda:) .
a

This paper aims to find similar theorems for the Fourier-Legendre series
studied by Hunter and me [2], in which

Si an}ﬁ;ncw

e 1)

v+t -
where Ay = (71) W/lf(t)Py_ﬁn( t)dt

Such a theorem might be as follows.

Proposition 1. If0<c< 1, f € L(—c¢,¢), f vanishes outside (—c,c), g has
bounded variation on [—c,c|] and f has the Fourier-Legendre series (1), is it

true that
dx—Zan/ (@) g(x)dx ?

PARTIAL PROOF. By the definition of a, in (1),

n—1 c
Y o [ Pl (@)t do
n—1 v r 1 c
> ot [ sorna [ @)

r=—n



186 E. RUSSELL LOVE
c n—1 v+ 1 c
—H _1\7 2 1
/ (@) < E P E(—t)(-1) CYyo— [C g(z)Pl () dx) dt

[ ro(Evrzei)a

vaplope
*“1@%@@ (2)

where bf,« = (_1)TW

So

s 5 o [ ptaerae = [ g0 5 et

r=—n r=—n

/mf ggoz:bﬂﬁ» (3)

r=—n

f@ﬂﬂﬁ» (4)

—cC

the steps (3) and (4) requiring justification. For (3) it is sufficient that
erinb P, [.(—t) be boundedly convergent as n — oo and for (4) that
S b P (—t) = g(t) for almost all t € (—¢,c). O

rTr=—00

The theorems actually proved in this paper are similar to Proposition 1,
but differ in certain features. The main tasks are justifications like those of
(3) and (4) above.

The restriction of the integrals to (—¢, ¢) instead of (—1, 1) is made because
integration right to the singular points +1 of the Legendre functions is not
likely to be manageable. The Legendre functions involved are defined in terms
of Gauss’s hypergeometric function F' as in [1] (3.4(6)):

1 1 sh _ . _
Py = — L (LR (e Lo
T(1—p) \1-=z 1—ps 2

for —1 < = < 1, except that P, instead of P, is used in [1] for this particular
function while P is used for a different function.

The theorems can be adapted to any subinterval (a, b) of (—c¢, ¢) simply by
defining g to be zero outside (a, b).
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Definition 1 (The Dini condition). g is Dini at x means that

g(t) — g(z) (

Lz —
T, €l 0,z +9)

for some § > 0. All differentiable and all Lipschitz functions are Dini at all
points concerned.

Lemma 1. If0 < c< 1, g € L(—c¢,c), g is Dini at almost all x in (—c,c),
—1/2<pu<1/2 and —=1/2 < v < 1/2, then (as required for (4) above)

Z b U+T

for almost all x € (—c,c); by being defined as in (2).

PROOF. This comes from [2] (Theorem 8) by replacing its u by —pu, its f(x)
by g(—x), and defining g as zero outside (—c, ¢); these replacements turn its
a, into

1 c
(02 [ gt (-odi=b,

2cosvm

as in (2). The conclusion of [2] (Theorem 8) then gives
Z br P (x
at almost all —x € (—c¢, ¢); this is equivalent to the required result. O

Lemma 2. If0<c<1,g¢€ L(—c¢,¢), g vanishes outside (—c¢, ¢), v = arccos ¢,
V==, 7 <0<, he) _g(cosgb)\/sm , by is as in (2),

Z b V+T (5)

and
D(v;t,x) = D(p,v;t,x) =
s = WP O)P Y (—2) + (v + p) Pl (1) P (—a)} (6)
then
sp(cosf) =
" 4 D(v + n;cos ¢, cos8) — D(v — n; cos @, cos ) —_—
2 cosvm / cos — cos ¢ @) Vsingdo.
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This lemma is essentially (3.6) of [2] with changed notation and g vanishing
outside (—c¢,¢). It is the counterpart of Dirichlet’s Integral in trigonometric
Fourier series theory. Formula (6) is (2.1) of [2] with = and ¢ interchanged.

Lemma 3. Ify=n/6,~ =51/6, vy <0<+, -1/2<p<1/2 andv > 1
then

\/ 37 sin@ P¥(cosf) = w [sin{(v + )0+ (u+ 3) 37} + wi]
2

where wy = wy(p,v;0) is O(1/v) on Sy = {(1,0) : v>1 and vy < 0 < ~'};
also w1 has continuous derivative dwy /00 which is bounded on Si.

PRrOOF. Comparing the stated equation with 3.5(5) of [1], it is seen that

wl(,u’vy;e) =

sin{(v+r+3)0+(p+r+3)irk. (7

(54 wr(3 — 1)y (=3 csch)”
7; (v + g) 7!

The rth term of this series has modulus dominated on S; by

GAmeG=—mr _ GrmeG-—mr 1 _ 1 (G+meG=mr

2 _
(v+ %)Tr! v+ %)(1/ + %)T_l rl T v+ % (%)T_lr!
_ ! r') F(é+u+r)r(§—u+r)_0<11>
AR TGHMTG - TG+nM+r) v

where O is independent of (v, 0) in S;. In particular by Weierstrass’s test the
series (7) is uniformly convergent on vy < # < +'; and its sum is O(1/v) on Sy,
which is one of the required conclusions.

Formal differentiation of (7) with respect to 6 gives the series

0o (1 1 1 r—1
22?2290 ; S +(’:);(§)T i (?rcicf))! sin{(v+r+ )0+ (u+r+1) i}
! i(%w)r(%w)r (zpescO)vtrds ®)
2sinf <~ (v+3), (r—1)! r T
where C, = cos{(v +r+ )0 + (n+7+ 3) i7}.
Since bl L1
=l —F <+,
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the rth terms of both series in (8) have modulus dominated on S; by

V3 (%+M)r(% — )y < \f(%"‘ﬂ)r(% _M)T -

R T S T R
(3 PGH+p+nTG—p+r) _ (L
T i tere e C ORI

where O is independent of (v,6) in S;. So by Weierstrass’s test again the
series (8) are uniformly convergent on v < 6 < 7/; and since their terms are
also continuous there, their combined sum is continuous and is the derivative
of the sum of (7). Thus w; has continuous derivative dw;/96 in v < 6 < 'y/.
Further, that combined sum is bounded on S} because of the dominance (9);
this gives the last conclusion, that dw; /06 is bounded on Sj. (]

Lemma 4. If y = 7/6, 7 =51/6, y <0<+, 7y<¢<7,0 =m—0,
—1/2 < pu<1/2 and v > 2, then D, defined at (6) in Lemma 2, satisfies

my/sin 6 sin ¢ D(v; cos ¢, cos ) =

sinv(¢ + 60') cos (o — 0') + cos{v(¢—6)+ pr}cos Lo+ ')+ ws,

where we = wa(p,v;0,¢) is O(1/v) on Se = {(v,0,¢) : v>2,v<0 < 'y/ and
v < ¢ <A} also wy has continuous derivatives dwy /00 and dwy /8¢, which
are bounded on Ss.

PROOF. By (6) and Lemma 3, the expression in question is equal to
%W\/sinesinqﬁ X

{(v — )Pt (cos )P, (cos§') + (v + p) Pl (cos ) Py #(cos8)}  (10)

B Tv+p+ 1) T(v—p)
=TT Tl

X [sin{(u ~ 10— (- iy +woi(—pv - 1§9I)}

[sin{(v+3)o+(u+73) 57} +wi (i, v; ¢)]

sin{(v—5)¢+(u+3) 37} +wi (i, v —1;6)]

X {sin{(v + %)0/ — (=337t +wi(—p,v; 9/)}
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[cos{v(6—0)+3(9+0") +um}—cos{v(o+0) + 5 (6~ )+ 3} +

Cos{u((b—&')f%(¢+0/)+;m}—cos{l/(¢+9/)—%(¢70/)+%7r}+2w}, (11)
where w = w(y, v 0, ¢) is equal to
wi(p,vi @) sinf(v—3)0" = (u—3) )+
wi (v =150 sin{ (v+3) ¢+ (u+3) 37} +wi (1, v; SJwr (—pp, v—1;6')
+wi (1, v—1;6) sin{(v+3)0 — (u—$) 37} +

wi(—,v:0') sin{ (v — 3o+ (ut+ 1) Im}+wr (o v—Li p)wn (—,1,07)  (12)

By Lemma 3 this w is O(1/v) on S, and it has continuous derivatives dw/06
and Ow/0¢ thereon. Further the term in dw/00 corresponding to the first line
of (12) is

1.1

(v B)w — 3)eos{(v — ) — (u— )5k

that is, bounded on S by Lemma 3. Similarly the other terms in (12); so that
Ow/00 is bounded on Ss. Equally dw/d¢ is bounded on Ss.
By 1.18(4) of [1] and addition theorems, (11) is equal to

(14p) cos{zx(¢—9/)—|—,u7r} cos %((b—i—@/) —cos{l/(qﬁ—&—ﬁl)—&—%ﬂ'} Cos %(gb—ﬁ/)—i—w}

where p = O(1/v) and p is independent of 6 and ¢. This expression is equal
to

cos{v(¢ —0) + pr} cos 3o+ 0') +sinv(¢+6)cos (o — 0') +ws,
the required formula, with

wo = walp, 150, ¢) =

p [cosy(qb —0') + pm} cos 3 (¢ + 0') +sinv(p+6) cos 3(¢ — 0+ (1+ p)w.

It is clear from the above properties of p and w that wy = O(1/v) on Sy, and
that wo has continuous derivatives dws /00 and dws/0¢; and also that these
derivatives are bounded on Sy since pr = O(1). This completes the proof of
Lemma 4. O
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Lemma 5. If the hypothesis of Lemma 4 hold, except that v is now fixed
with —1/2 < v < 1/2 and n is an integer greater than two (v + n replacing
the previous v) then s, (x), defined at (5) in Lemma 2, is given by

_ secuw 7 sin n(¢p—0) / B
sn(cosf) = 2/ d) [[{ s 1(0=0) cosv(p+0 )h(p)dp

5 cos{n(¢p+0)+pumn} o 5 Q(n: 0, 6)
[y snl(o+o) (¢ Q)h(¢)d¢+/

4 costl—cos ¢

h(@)de|,  (13)

where Q(n;0,¢9) = Qu,v,n;0,¢) is O(1/n) on Sz = {(n,0,¢) : n > 3,
7y<O0<7vy andy < ¢ <v}; also Q has continuous derivatives 9Q2/90 and
000, which are bounded on Ss.

PROOF. By (6) and 3.4(7) of [1],

D(=Ast,x) = g{(=X = )P (P (=) + (A + ) P2y () P{ (—2)}

= -+ P ()P (—2) — (A — ) PL ()P (—2)} = —D(\;t,2) ;

whence
—D(v — n;cos ¢, cos) = D(n — v;cos ¢, cosb). (14)

Replacing v in Lemma 4 by n + v and n — v, and using (14),
1my/sin@sin ¢{ D(v + n; cos ¢, cos §) — D(v — n; cos ¢, cos 0)} =
3 [sinf(n+v)(&+0)}sin (6 +0) = cos{(n+v)(6 — 0) + pm} sin } (6 — 0)
Fwa(p,m 4130, 0) + sin{(n — v)(¢ + 6} sin 1 (¢ + 6)—
cos{(n—v)(¢ —0') + pm} sin 5 (¢ — 0) + wa(p,n — v;0,6)| =
sinn(¢+0') cos v(¢+6 ) sin L (¢+6) — cos{n(¢—8) + pm} cos v(¢p—6 ) sin L (¢p—0)
+3(=1)"Q(n; 6, 9), (15)

where Q(na 97 ) = (71)n{w2(ﬂ7n +v; 97 ¢) + w2(ﬂ7n — U 07 ¢)} .

By Lemma 4, Q(n;0,¢) is O(1/n) on Ss, it has continuous derivatives
00/00 and 092/0¢, and these are bounded on S3. By Lemma 2, and (14) and
(15), provided the integrals exist,

sn(cos0) — (=1)"secvm [/7/ sinn(¢p+60)cosv(p+0)
g

274/ (sin 0) sin 3(¢ — 6) h@)dg—
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7 Q(n; 0, 0)

cos —cos ¢

/7/ cos{n(¢—0")+um} cosv(¢—6)

y 2

Y

h(¢)d¢

this is equivalent to the stated result by 0 =n—0, subject to existence of the
integrals.

Of the three integrals in (13), the first exists because h € L(v,~') and h
is multiplied by a continuous function; the second exists for the same reason,
since 0 <y < 1(¢+0) < y" < 7 so that the denominator sin 1(¢+6) does not
vanish. The third integral in (13) exists by linearity, despite the denominator;
because its integrand is a linear combination of the integrand of s, (cosf) in
Lemma 2 and the first two integrands in (13), and these three integrands are
all integrable. t

Lemma 6. If0 <~ <7/2 andy < 0 <~', then

’

’ 2 cosy log(4 -1
/ |log | cos ¢ — cos 8]||d¢p < cosy log(4e) 4 me
5

)

sin 7y
a bound independent of 6.
Proor. The integral is equal to
v cos ¢ — cos 6
log | ———— | + log 2| d¢
y 2
7/
< log| ——— | +1log2 ) d
/AY (og cosqﬁ—cos&‘ +log ) ¢

o '
< / {210g2—10g|cos¢—cos€|}@—¢d¢
. sin y
= cscy[—2(log 2) cos ¢ + (cos ¢ — cos ) log | cos ¢ — cos f] — cos ¢]Z,:7

< cscy{2(2log2 + 1) cosy + (v — y)e" '}
< cscy{2log(4e) cosy + me 1} O
Lemma 7. If0 <~ < n/2 and h has bounded variation on [y,~ ], then

/

/A/ cosv(p + t9l)smn(qS —9)
.

sin (¢ — 0)
is bounded on the set Sy = {(n,0) : n.>1 and vy <6 <~'}.

h(¢)d¢
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PROOF. (i) Omitting the factor h(¢) for the moment, the integrand is equal

to
. . sinn(¢ — 6)
{cosvmcosv(p — 0) — sinvmsinv(¢ — 0>}sin I(65—9)
sin(n+v)(¢ — 0) +sin(n —v)(¢p—60) . sinv(¢ — 6)
cos v 25m 1(6 — 0) —sinvr— T(65—9) sinn(¢ —0)

The latter term is bounded independently of n, 8 and ¢ since, for v < 6 < 7,
and y < ¢ <7, |¢p—0 <~ —~=m—2y < Also h is bounded. So the
part of the integral in question corresponding to the latter term is bounded
on S4. It is therefore sufficient to prove boundedness of

/7 sin(n £ v)(¢ — 0)

~ sin 3 (¢ — 6)

Since v is unrestricted we need only consider the plus case.
(ii) For —m < x < 7 let

Fox) = /Ox sin(n + V)wdw _

sin %1/}
X 1 1 ) ) X sin(n + v)
——— — — | sin(n + v)Ydy —|—/ ———d. (17)
/0 (sm 3V Y 0 3¢
For 0 < x < m the first factor in the integrand of the former integral in (17)
is positive and less than

h(¢)d¢ . (16)

11 1—005%1&: sin 1 sin §x
sin %¢ tan %’(/J sin %w 1+ cos %@/J 1+ cos %X

1
<sin—x <1;
sin 5 x

so the former integral in (17) has modulus less than 7. Similarly for —7 <
X < 0. Tt is standard that the latter integral in (17) is a bounded function of
n and x. Thus F,(x) is also a bounded function of n and y on —7 < x < 7.
(i) The integral (16) (with plus) is equal to
7 =0 g , ,
[0 4 gy = Faly — 002 — Falo — ()~
=0 sin 59

’ ’

~

vy —0 , ,
/ Fo()dyh(64+16) = Fu(y —0)h(y ) Fo(y—6)h(7)— / F, (6—0)dh(6) .

] Y

All three of these terms are bounded functions of (n,8) on Sy by (ii), re-
membering that h has bounded variation on [y, |. This completes the proof.
a
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Lemma 8. If the hypotheses of Lemma 5 hold, © = cosf and ¢ = cosy =
V3 /2, g has bounded variation on [—c,c] and for almost all x

/C g(t) —g(z)

t—x
then h(¢) and Q(n;0,¢), occurring in Lemma 2 and 5, satisfy, for almost all

z,
T Q0 0,¢) _ 1
/7 Cos¢fcos0h(¢)d¢ =0 (/_c dt) +0 (log 021:2) (18)

on the set S5 = {(n,x) : n >3 and —c < z < c}.

‘dt<oo7

9(t)—g(x)
t—

x

PROOF. (i) For # and ¢ in [y,7], remembering that (¢) = g(cos ¢)+/sin ¢,

)= hO) VR VD | ale0s) ~ glcost)

cos ¢ — cos 6 cos ¢ — cos 0 cos ¢ — cos
_ g(cosg) Vsin@ g(cos @) — g(cosb) .
o \/ﬁ+ Vsin 0 (¢+ o)+ sin ¢ cos ¢ — cos ) sing.

Since sin ¢ > sin-y, sinf > sin-y, sin (d) +0) >siny =3 and g € L(—c¢,c),

’
/
vy

’ ’

h(¢)

cos (;5 —cost

0

1 v 1 - B ,
s || oot o [ A ot
—ova [ Ig(lt)IdHQ/c w dt . (19)

By hypothesis (19) is finite for almost all z € (—¢, ¢).
(ii) Provided that two of the following three integrals exist,

| gt hiois =

cos ¢ — cosf

’ ’

cos¢ cos 6 4 Cos¢ —cosf
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The last paragraph of the proof of Lemma 5 shows that the integral on the
left of (20) exists. The first integral on the right exists for almost all 8, by
(19) and the boundedness of  as a function of ¢, which follows from Lemma
5. Thus (20), including the existence of the integrals in it, is established for
almost all 6.

(iii) The last integral in (20), being Lebesgue as shown in (ii), is equal to
the limit as n — 0+ of

0=n (n;0,0) sin ¢ _
</ /9+,7> sin ¢ cos¢—cos€d¢_

6—n . ¥
- {Q(n,&,gb) log | cos ¢p—cos 6| (21)
P=y

sin ¢ b=0tn
O=n 1 cos
(/ /9+77> <51H¢_ sin2q§Q) log | cos ¢ — cos @] dg, (22)

integration by parts being valid since 9€2/9¢ is continuous by Lemma 5.
The function w(¢) = Q(n; 0, ¢)/sin ¢ has continuous derivative in y < ¢ <
v . The part of line (21) involving 7 is therefore equal to

— {Q(n,&,qﬁ) log | cos ¢—cos 0]
sin ¢

—w(8 —n)log|cos(6 —n) — cos O] + w(f + n)log | cos(6 +n) — cos | =

—{w(8) +O(n)}log{cos(d —n) — cos 8} + {w(0) + O(n)} log{cos 8 — cos(6 +n)}

cos — cos(0 +n)
cos(f —n) — cosf

=w(f)lo +O(nlogn) — 0 as n—0+ .

So by (21) and (22) the last integral in (20) is equal, for almost all 8, to

Q(n; 0 Q(n; 6
Mlogjcos*y—cos@\ - Mlogkosv — cosd] (23)

siny sin ~y

v 1 cos ¢
+ ; 0, n; 0, log | cos ¢ — cosB|d¢ . 24
A(Sm% 6.6) = S50 0(0:0.0) ) og cos g — cosl o (24)
Line (24) is bounded on S5, by Lemmas 5 and 6. Lemma 5 also shows that
line (23) is, on S5,

1
(0] (n log(cosvy — cos 9)) +0 ( log(cos  — cosy ))
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2 2
=0 |log————+1log2 | +0 | log ———— + log 2
cos~y — cosf cos ) + cosy
—0(log——2 )+ 00)
N gcoszw—cosge

1 1
zZ) +0(1)=0 (log = 1:2) .

c2 —

=0 (log

This, together with (20) and (19), establishes the stated result (18), thus
completing the proof of Lemma 8. O

Theorem 1. Let —1/2 < p < 1/2, —=1/2 < v < 1/2, ¢ = v/3/2 ~ 0.866, g
have bounded variation on [—c,c] and
c c
f]
—C —C

90 =9@)| 4 o (25)
t—2x

1
P VIS
2cosvm

b, = (_1)

| s0PL 0 o) = Y bR (26)

—C
then s, (x) converges to g(x) dominatedly on —c <z < ¢ as n — o0.

PrOOF. The inner integral in (25) is finite almost everywhere in —c < z < ¢;
consequently g is Dini at those points. Lemma 1 now gives that s, (xz) — g(z)
almost everywhere as n — oco. It only remains to prove that this convergence
is dominated.

By Lemma 5, and with its notation, s,(z) is equal to the sum of three
terms multiplied by a bounded factor; and in those terms we have h(¢) =
g(cos ¢)+/(sin @) and v < ¢ < 7', so that h has bounded variation on [y,~'].

Of those three terms (integrals) in Lemma 5, the first is bounded on Sy,
by Lemma 7. The second is obviously bounded since sin %(qﬁ +6) > sinvy for
all 8 and ¢ involved, and h(¢) is bounded. Lemma 8 gives that the third term

is
¢ 1
O(/c dt>+0<10g02_$2);

and since the other two terms are bounded, s,,(x) is dominated by just such an
expression, which is a positive integrable function independent of n, by (25).
|

g(t) —g(x)
t—x
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Theorem 2. Let —1/2 < u<1/2, —1/2 <v < 1/2 and c =+/3 /2. Let f be
essentially bounded on [—c,c] and zero outside that interval; and let

I/+T+%
2cosvm

Qr = (_1)7" f( ) VJrr( t) dt.

—C

Let g have bounded variation on [—c,c],

vtr+iore
L= (-1 2 pr .
b= () /,cg“) v (0) de

and
/ d:c/ dt < 0. (25)
Then, even if there are values of x such that
©) # Y a,Ply,(x) (27)

or such that the series in (27) is divergent, it is nevertheless true that
c > c
f@g@)dz =0 [ Pl (gl de. (28)
—c — 0o —c

PROOF. The integrals on the right of (28) exist since P!’ () is continuous in
—c <z < ¢ and g(z) is bounded thereon. As in the equations preceding (2),
and with the notation (26)

S a / b (2)g(x) do = j fWsatrdt — [ gt dt

r=-n -

as n — oo; this limit process is valid because s, (t) converges dominatedly to
g(t) by Theorem 1 and f(t) is essentially bounded, so that the whole integrand
f(t)sn(t) also converges dominatedly. This proves Theorem 2. O

Corollary 1. If —¢ < a < b < ¢ then (compare (27) and (28))

/f dx = Zar/ P*. .(z)

T=—00
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PRrROOF. In Theorem 2 take g(z) = 1lina < z < b, g(z) = 0 elsewhere. Then g
is certainly of bounded variation, but we must verify (25). The double integral
is equal to

[ .
B /“‘ //H

b c b
b _
:/ log Z¢ der/ log d:z:+/ log = ader/ log - iz
@ T — e b x—0b @ b—=x

and these four integrals are all convergent. O

dx dt +

t—x

()‘dzH—

—cC

Remark 1. The integrals in (28) can similarly be taken over (a,b), any subin-
terval of (—c,c), by replacing g(x) by 0 outside (a,b).

Lemma 9. Let —1/2 < pu<1/2, —1/2<v < 1/2 and c = v/3 /2. Let g have
bounded variation on [—c, c], and

/C 9(t) — g(x)

t—x
almost everywhere in —c < x < c¢. If b, and s,(x) are as in (26), then
sn(z)/log(c® — x?) converges boundedly on —c < x < c to g(x)/log(c* — z?)
as m— oo.

1

PROOF. It is assured by (29) that ¢ is Dini at almost all . So, as in the
first paragraph of the proof of Theorem 1, s,(x) — g(x) almost everywhere
as n — o0o; thus

_ Sn(x) g9(z)
on(x) = Tog(c2 — 22) — log(c2 — z2) (30)

almost everywhere. Continuing as in the proof of Theorem 1, o, (cos8) is, by
Lemma 5, equal to the sum of three terms, two of which are bounded on the
set Sg which we now define as Sy omitting a certain null set of values of 6
(see Lemma 7 for Sy). By (29) and Lemma 8, the remaining term in s, (z) is
O(log(c? — %)) almost everywhere, and so the corresponding term in o, () is
essentially bounded on S; which we now define as S5 omitting a certain null
set of values of x. This proves Lemma 9. O
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Theorem 3. The conclusion of Theorem 2 holds if the hypothesis that f
is essentially bounded is weakened to f(x)log(c* — 2?) € L(—c,c) and the
condition (25) is strengthened to (29)

ProOOF. This is a modified version of the proof of Theorem 1. As in that
proof, s,(t) = g(t) almost everywhere. As in (30), this can be written

on(t)log(c? — %) — g(t)

almost everywhere. This gives that

(&

F@)sn()dt = [ f(t)log(c® = t*)on(t)dt — [ f(t)g(t) dt
as n — 00, because o, (t) converges boundedly by Lemma 9 and f(t) log(c?—t?)
is integrable by hypothesis, so that their product converges dominatedly, a
dominant function being a constant multiple of f(t)log(c? — t2). O

Remark 2. The requirement on f in Theorem 3 comes near to allowing f to
be any integrable function, which is the situation in the theorems for trigono-
metric Fourier series which were the inspiration for this paper.

Theorem 4. If g is absolutely continuous on [—c,c], Theorems 1 and 2 hold
without the double integral requirement (25).

PrOOF. This consists in showing that (25) holds for all absolutely continuous

g. If t # x,
g(t)—g 1 ¢, sgn(t—z
oL [ s < 2 [ pas = [ s

so the double integral is at most
/Ccda:/cctd_tx/: |g/(s)\ds
[ dx/i / g (s |ds+[ dac/ / g (s)|ds
[ [ 'dS/ i e e [ 75
/_ dx/_ |10g d —l—/_ dw/ g (s |10g

—x
ds
—x
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:/ |g/(s)|ds/ logx—’_cdx—i—/ |g/(s)|ds/ logc_xdx.
e s r—s e e oS-z

To show that the last two inner integrals are bounded functions of s, we have

c _ _ S _
/ log m+cdz:f2c (C+Slog cts + ¢ slogc s> :/ logC Y.
s T—3S8 2c e s—x

Now for —¢ < s < ¢, 0 < (¢ £ s)/(2¢) < 1; consequently, with upper signs

corresponding,
0> € +s log & + s |
o —e
- 2c & 2c
since 0 > ulogu > —e ! for 0 < w < 1. Thus the two inner integrals each lie
between 0 and 4c¢/e.

Finally this gives that the double integral in (25) is at most

% c

"(s)|d
. lg (s)| ds,

—C

which is finite since ¢’ € L(—c¢, ¢).
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