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A NOTE ON THE COMPLETE
MONOTONICITY OF THE GENERALIZED

MITTAG-LEFFLER FUNCTION

The Mittag–Leffler function

Eα(t) =

∞∑
k=0

tk

Γ(αk + 1)

was introduced early in this century and was studied by various mathemati-
cians. In particular it arises in the study of the fractional calculus [5]. Other
applications are discussed in [2], [3]. In particular Pollard [4] proved that the
Mittag-Leffler function Eα(−t), t ≥ 0 was completely monotonic, that is

(−1)m
dm

dtm
Eα(−t) ≥ 0

for all m, m = 0, 1, 2, . . . if 0 ≤ α ≤ 1.
The generalized Mittag-Leffler function Eα,β(x) may be defined as

Eα,β(x) =

∞∑
k=0

xk

Γ(αk + β)
, α ≥ 0 , β ≥ 0 . (1)

In a recent paper [6] Schneider proved that the generalized Mittag-Leffler
function Eα,β(−x), x ≥ 0, was completely monotonic for α > 0, β > 0 if
and only if 0 < α ≤ 1 and β ≥ α. His proof is based on the usage of the
corresponding probability measures and the Hankel contour integration.

In this note we wish to show that, independent of the fact that in applica-
tions it may be of importance to know the probability measure, corresponding
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to the function Eα,β(−x), the fact itself of complete monotonicity of Eα,β(−X)
for 0 ≤ α ≤ 1, β ≥ α is an immediate corollary of Pollard’s result. This corol-
lary may be obtained purely within the framework of real analysis. The result
follows immediately from the following two lemmas.

Lemma 1. Eα,α(−x) = −α d
dxEα(−x) , α ≥ 0 .

The proof is direct.

Lemma 2. Let β > α > 0. Then

Eα,β(−x) =
1

αΓ(β − α)

∫ 1

0

(
1 − t

1
α

)β−α−1
Eα,α(−tx) dt . (2)

Proof. Substitute Eα,α(−tx) from (1) into the right-hand side of (2) and
interchange the order of integration and summation, which is easy to justify.
We obtain

1

αΓ(β − α)

∞∑
k=0

(−x)k

Γ(αk + α)

∫ 1

0

tk
(

1 − t
1
α

)β−α−1
dt .

Hence the left-hand side of (2) is easily obtained.
Observe that

E0,β(−x) =
1

Γ(β)
· 1

1 + x
, β > 0 ,

and
E0,β(−x) = 0 , β = 0 .

In both cases E0,β(−x) is completely monotonic.
We note that the formula (2) is a special case of a more general relation

due to Dzherbashian [1, p. 120] which states that xβ+γ−1Eα,β+γ(−xα) is the
fractional integral of order γ of xβ−1Eα,β(−xα). But we gave the proof of (2)
to show that it is very easy.

Now, in view of Lemmas 1 and 2, the complete monotonicity of Eα,β(−x)
with 0 ≤ α ≤ 1 and β ≥ α indeed follows immediately from Pollard’s result.
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