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PRODUCTS OF BAIRE ONE DOUBLE
STAR FUNCTIONS

Abstract

We characterize products of Baire one double star functions.

1 Preliminaries

The letters N, R, and Z denote the set of nonnegative integers, the real line,
and the set of all integers, respectively. The symbols wy and w; denote the
first infinite ordinal and the first uncountable ordinal, respectively. The word
function denotes a mapping from a subset of R into R. The symbol C(f)
stands for the set of points of continuity of a function f.

Let A C R. We use the symbols cl A, bd A, and A’ to denote the closure,
the boundary, and the set of all accumulation points of A, respectively. For
each € R, we define g(z, A) to be the distance between z and A; i.e.,

o(z, A) a inf {|z —a|; a € A}.

If f: R — R, then for each a € R, we define [f = d] g {z eR; f(x) =a};
the symbols [f # a], [f > a], etc. are defined analogously.

If I C Ris an interval and ¢: I — R, then for every ordinal «, we define [2]

Ua (1) E int (Ugey Us(9) UCHIT\ Ugey Us()))
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(int stands for the interior operator in I) and Ug (1) T, (W) \ Ugco Up(¥).
For each a < wy, we denote

Sa L{f: R —>R; U (f) =R}

(Notice that the domain of each f € 8, is R.) In particular, 8 is the class of
all continuous functions and 8 is the class Bi* defined by R.J. Pawlak [4].
We say that f: R — R is a Baire one star function [3], if for each nonempty

closed set P C R, there is a nonempty portion @ fprn (a,b) of P such that
f1@Q is continuous. We denote the family of all Baire one star functions by B7.
In the article [2], the first author proved that (8,; o < wi) is a classifi-
cation of Baire one star functions, and characterized sums of functions from
these classes. The goal of this paper is to make the first step toward the
characterization of the products of functions from these classes.

2 The theorem

We will prove the following theorem.

Theorem 2.1. Let f: R — R. Denote by I the family of all bounded con-
nected components I = (a,b) of Uo(f) with the property that f(a)f(b) <0 and
IN[f=0]=0. The following are equivalent:

i) there exist g,h € 81 such that f = gh on R;
ii) f €8y and for each x € [f # 0]\ U1 (f):

(36 >0) (& — 8,2 +8) N (Uer bd 1) N U () =0, (2.1)

(Ve >0)(30 >0)(VI €1)
(I Clf flx)>0nNn(x—0dz+908) = olf(x), flcl]) < 5). (2.2)

It seems surprising that despite the simplicity of the definition of the
class 87 and the not-very-complicated characterization of the family of the
products of two such functions, the proof of this characterization is very long.
Therefore we adjourn the proof of this theorem to another section. First we
will prove several auxiliary lemmas used in the proof of the implication ii) = i).

Remark. If f € 8o, then there exist g,h € 8; such that f = g+ h on R, and
we can require that Uy (f) C Up(g) and Up(f) C Uop(h). (Cf. [2, Proposition §]
and its proof.) The main difficulty in the proof of our main theorem is that
in general, if f can be expressed as the product of two 8; functions, then we
cannot require that either factor is continuous on Ug(f).
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Example. Define f: R — R by the formula:

ar | (=2)" if 2 =n~! for some n € N\ {0},
flx) = .
1 otherwise.

Then f can be written as the product of two 8; functions. However, if f = gog1
and go, g1 € 81, then Uo(f) Z Uo(go).

PROOF. Indeed, 0 is the only element of R \ U;(f), and since f = f(0)
on Uop(f), condition (2.2) is fulfilled. To prove condition (2.1), notice that
0 is the only accumulation point of R\ Ug(f) and 0 ¢ U;(f). So by Theo-
rem 2.1, there exist g, h € 8; such that f = gh on R.

Now let f = gog1, where go,g1 € 81. Observe that 0 ¢ Ugy(go) U Uo(g1),
since otherwise we would obtain 0 € U;(f), which is not the case.

Since f(0) = 1, we may assume that go(0) = ¢1(0) = 1 as well. There is a
6 > 0 such that

0<go<2 on(0,9)\Uy(go), 0<g1 <2 on(0,0)\Ug(gr) (2.3)

Fix an odd integer n > 1/§. Put x K -tand 2 & (n+1)7L. Then f(x) <0,
so gi(x) < 0 for some i € {0,1}. From (2.3) we conclude that x € Ug(g;). Let
C be the connected component of Ug(g;) to which x belongs, and let ¢ FinfC.
Notice that g; < 0 on (¢, ] since g;(z) < 0 and g; # 0 on R.

If t < z, then g;(2) <0, so g1—:(2) = f(2)/g:(z) < 0. By (2.3), we obtain
z € Up(g1—i). Hence z € Ug(gs) N Up(g1—:) C Up(f), a contradiction.

If ¢ = 2z, then by (2.3), 0 < gi(2) < 2. (Recall that t ¢ Ug(g;).) Hence
g1—i(z) > 0. Since g1—; = f/g; < 0 on (¢, z], we obtain z ¢ Up(g1—;). Us-
ing (2.3) once more, we get g1_;(z) < 2. Consequently,

2" = f(2) = gi(2)g1-i(2) < 2-2 =4,

a contradiction.
So, t > z. Thent € Ug(f)\Uo(g;). Since f is continuous in a neighborhood
of t, we conclude that t ¢ Ug(g1—;)- O

We would like to state several open problems.
e Given an integer n > 2, characterize products of n functions from 8;.

e Given nonzero ordinals a, 3 < wj, characterize products of functions
g €8y and h € 8.

e Characterize products of real Baire one double star functions defined on
some topological space different from R. (See [1] for the definition.)
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3 The lemmas

Throughout this section we assume that the assumptions listed in Theo-
rem 2.1.ii) are fulfilled. For brevity, for each interval J and each x € R,
we define

w(z,J) d:fsup{g(f(gc)7f[[f f(@)>0lncl]); IeZ,IC|f f(z)>0nNnJ}
(If J contains no interval I € Z such that I C [f - f(x) > 0], then we define
w(z, J) af 0.) With this notation, (2.2) becomes
(Ve > 0)(30 >0) w(z,(z—0,xz+0)) <e.
We start with the construction on an interval disjoint from |JZ.

Lemma 3.1. Assume that S = (a,b) C U1 (f)\UZ and a,b € R\ Uo(f). For
each z # 0, there are functions p,1: clS — R such that f = @i on clS, ¢ is
continuous on cl.SNUL(f) and p =z on (c1 S\ Up(yh)) Ubd S.

PROOF. Arrange all connected components of the set SNUy(f) in a sequence
(Sni;n < &), where £ < wg. For each n < £, we have S,, ¢ Z. So, we can
construct a piecewise linear continuous function ¢,: clS, — R such that
on = f/zonbdS,, [¢n=0] C[f=0], and

f(inf S,,) f(sup Sp) — f(inf S,,) n 1

n — < ’ on S,.
z z n+1
Define
(@) af | on(x) ifxesS,, neN,
) fx)/= if x €clS\ Up(f),

)
w(w) & f(@)/plz) if zeU(f)\[p =0,
z if 2 € (1S \ Uo(f)) U [p =0].

Take any sequence (z) C clS convergent to some z € c1.S N Uy (f) such that
o(xg) = y € [0, 00]. Since Uy (f) is open, we may assume (x) C Uy (f). If
there is a subsequence (z5,) C Uy (f), then 2 € Uy (f) as well, and using the
continuity of f [ﬂl( f) we conclude that

y = lim p(a,) = lim f(ax,)/z = f(2)/z = o(2).

So, assume that (z) C 1l SN Ug(f). For each k, choose an nj < & such that
T € Sp,. (We can find such ny because bd S N Ug(f) = 0.) If there is an
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n < £ such that x, € S, for infinitely many k, then y = ¢(x) by the continuity
of v, = ¢[S, on the interval clS,. In the opposite case ny — oo, whence
x = limyg_ 00 inf Sy, = limg_oo sup Sy,. Since inf S, ,sup S,, € Ui (f) for
sufficiently big k, we conclude that = € U (f) as well, and using the continuity
of f1Uyi(f), we obtain

ly = p(@)| < Hm_[o(zx) — @(inf Sn, )| + Em [p(inf Sn,) - o ()]
—00 k—o0

< m (‘f(buPSnk)_f(lnme) 1 ) —0.
k— o0 z ng + 1
We have proved that ¢ is continuous on ¢l S N Ui (f). Clearly the remaining
requirements are also fulfilled. O

Next we turn to intervals in which there is no accumulation point of the
set J;ez bd 1.

Lemma 3.2. Assume that L = (a,b] C Uy (f), a € [f # 0]\ Us(f), b € Us(f),
and
LN (Upegbd ) = 0. (3.1)

For each € > 0, there are functions g,h: clL — R such that
e f=ghonclL,
o h(a) = h(b) = VIf(a)l,
o glcl L\ Ug(g) and h]cl L\ Up(h) are continuous,
o lg—g(a)l < w(a, L)/VIf(a)| +& on cl L\ Uo(g),
o |h—h(a)| < wla,L)/V|f(a)] +& on cl L\ Ug(h).

PROOF. Put z & V|f(a)| and 2’ a,. sgn f(a). Using (3.1) we conclude that
we can arrange all elements of {b} U (L N J;cz bd 1) in a strictly decreasing

sequence (b, ; n < &), where £ < wp; if & < wo, then put be 4 4. Notice that
o if £ = wp, then b, — a by (3.1),
o if f(b,) =0 for some n < £+ 1, then n =0 and b,, = b.
For each n < &, put S, a (bn+t1,br). Observe that if S, ¢ Z, then

e cither b,4; = a or b,y =sup ! for some [ € Z,
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e cither b, = b or b,, = inf I for some I € T.
If S, € Z, then
e if S, C[f - f(a) < 0], then choose arbitrary d,, € Sy,

o if S, C [f- f(a) > 0], then choose a d,, € clS,, such that f(d,)f(a) >0

and
Z€E

‘f(dn) - f(a)| < W(a’ (avbn)) + m

For each n < &, put Sp 2 (bny1,bn). Put S_; 2 {b}, g_1(b) L £(b)/z, and

h_1(b) 4. By induction on n < £ we will define functions g, h,,: clS, — R
such that:

f=gnhy on cl S, (3.2)
gn(bpt1) = 2’ or B (bpt1) = 2, (3.3)
B (b)) = hp—1(by) (whence also gy, (by) = gn-1(bn)), (3.4)
gn | clSn \ Uo(gn) and hy,[cl Sy \ Ug(hy) are continuous, (3.5)
g0 —# S Wla, (@ba)/z +2/(n+1)  oncdS\Uolga)s  (36)
|he — 2] <w(a,(a,by))/z4+¢/(n+1) on cl S, \ Ug(hn). (3.7

Assume that for some n < & we have already defined the functions g,,—; and
hp_1 on clS,_1 according to the induction hypothesis. We consider several
cases.

Case 1. hy,—1(by) = 2.

Case 1.a) S, NUZ = 0.

Recall that bd S, C bdL U J;czbdI C R\ Up(f). Use Lemma 3.1 to
construct functions g,,h,: clS, — R such that f = g,h, on clS,, g, is
continuous on cl.S,NU; (f) and h,, = z on (c1 S, \Up(hy))Ubd S,,. Then clearly
(3.2)—(3.4) and (3.7) are fulfilled. Notice that if c1.S, \ Uo(g,) # 0, then the
only element of this set is b,+1 = a (so (3.5) holds) and g,(a) = f(a)/z = 2/,
0 (3.6) holds as well.

Case 1.b) S,, € T and S, C [f - f(a) <0].

Define

Ny flbns1)/7 if 2= by,
ho(z) = f(2) - 2/f(bn) if @ € [dn,bn],

linearly in the interval [by,y1,d,].

Then h,, is continuous on clS,, \ {b,}. Observe that since S,, € Z,
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Figure 1: The graphs of g, and h,, in Case 1.b):

hn—1(bp) =2, Sp € Z, and S, C [f - f(a) <0].

case f(a) >0

case f(by) >0

case f(b,) <0

bn'-&-l Cin bn

y = hu(x)
[ J
bn'—&-l Cin bn

Y =Gn (l‘)
[ ]
bnv—l-l d"n bn
y = hn(z)
w
bn'-i-l d"n bn

Yy = gn(v) .
bn'-‘,-l Ci7l bn
[}
y = hn(z)
.\/M
bn'-&-l Cin bn

Y = gn(z)
bnv—i-l d"n bn
[ ]
y = hn(z)
[ ]
bn‘—i-l dn bn
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f(bTL+1) f(dn)z

. f(bn)f(bn-i-l)
2! f(bn)

22(f(bn))?

So, h,, # 0 on cl S, and we can define g, g f/hn. Notice that g, is continuous
on cl Sn \ {bn+1} and gn(bn+1) =z

Case 1.c) S, € Zand S, C [f - f(a) > 0].

Define

> 0.

f(bn+1)/z if v € [bn+17dn)7
9n(@) £ f(da)/z itz =dp, ho & £/ gn.
fba)/z i@ € (dn, b,

Then g, is continuous except at d, (which may happen to be an end point
of S,), and

Z/HM_Z/

z

_ fdn) — f(@)] _ wla,(a,bn)) €

o z z n+1

|9 (dn) —

On the other hand, h,, is continuous except at b,t1, d,,, and b,,, and h,, takes
on the value z at these points; in particular, h, (b,+1) = 2.

Case 2. hp—1(by) # z. Then g,—1(by) = 2/, 80 hp—1(by) = f(bn)/2".

Case 2.a) S, NJZ = 0.

Recall that bdS,, € bdL UJ;czbdI € R\ Ug(f). Use Lemma 3.1 to
construct functions g, hy: clS, — R such that f = g,h, on clS,, h, is
continuous on cl.S,NU; (f) and g, = 2" on (1 .S, \Up(gr))Ubd S,,. Then clearly
(3.2)—(3.4) and (3.6) are fulfilled. Notice that if c1.S,, \ Up(hy) # 0, then the
only element of this set is b,1+1 = a (so (3.5) holds) and h,(a) = f(a)/7 = z,
so (3.7) holds as well.

Case 2.b) S, € Zand S, C [f - f(a) <0].

Define
a f(bn+1)/Z if x = bn+1,
linearly in the interval [by41,dy].

Then g, is continuous on cl S, \ {b,}. Observe that since S,, € Z,

[lbusr)  f(dn)? [Ou)f(buss) _
B[N 20007

So, g, # 0 on clS,, and we can define h,, 4 f/gn. Notice that h,, is continuous
on cl Sn \ {bn+1} and hn(bn—i-l) = Z.
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Figure 2: The graphs of g, and h,, in Case 1.c):
hp—1(bn) =2, S, €Z,and S, C [f - f(a) > 0].

case f(a) >0

case f(b,) >0 case f(b,) <0
Y= gn() Y= gn(2)
s R o2
bn'-&-l dn b;L bnv—l-l dn bn
e—O oO——0
Yy I (I) Yy = hn(z)
bn'—&- 1 d n b;L bn'-i- 1 dn bn
ANNL NN
case f(a) <0
case f(b,) >0 case f(b,) <0
Yy = gn(x) Yy = gn(x)
oO——0 e—O
bn'-&- 1 dn b;v bn'—i- 1 dn bn
[ ] [ ]
e—O oO——0
y = hn(z) y = hn(z)
8\/\/\/; ¢ ¢ g\/\/\/\:)
bn'-&- 1 dn b;z bn'—i- 1 dn bn
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Case 2.c) S, € Zand S,, C [f - f(a) > 0].
Define

flont1)/2 if @ € [byya,dn),
ho(z) L f(do) /2 it =dy, 90 L f /.
fbn) /7 if x € (dp, by,

Then h,, is continuous except at d,, (which may happen to be an end point
of S,), and

() — o = | L) | M)~ S0 wla (b)) | _e

z |2] z n—+1

On the other hand, g, is continuous except at b, 11, d,, and b,, and g,, takes
on the value 2’ at these points; in particuar, g, (b,+1) = 2’. This completes
the induction procedure.

To complete the proof define

z if z =a,

g(x) df {gn(x) ifx€clSp, n<g, h(z) d {hn(m) if x € clSy, n<¢,

z if x = a.

Notice that if { < wp, then a = b, and by (3.3), we get ge_1(a) = 2’ and
he—1(a) = z. So, the functions g and h are well-defined.

Evidently f = ghon cl L. We have cl L\Uo(g) C U, < (cl.Sn\Uo(gn))U{a}.
So by (3.5), we conclude that g cl L\ Up(g) is continuous except, maybe, the
point a. However if £ = wy, then by (3.6) and (2.2), we obtain

li t) — < I
t~>a7t€CllnL1\u0(g) ‘g( ) g(a)| - nl—)ngo

(W(a,(aabn))+ < ):0.

z n—+1

Similarly we can prove that hlcl L\ Up(h) is continuous. Since for each n < &,
w(a, (a,b,)) < w(a, L), the functions g and h fulfill also the other require-
ments. O

Evidently a lemma analogous to Lemma 3.2, in which we assume that
a € Uy(f) and b € [f # 0] \ Ui(f), is also true. (Consider the function
x + f(—x) and the interval [—b, —a].) Using this result in conjunction with
Lemma 3.2, we obtain the next lemma.

Lemma 3.3. Assume that K = (a,b) is a bounded connected component

of U1 (f) such that K N (U[ezbdl)/ =0 and f(a)f(b) > 0. For each e > 0,
there are functions g,h: cl K — R such that
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e f=gh onclK,
e h=+V|f] on bd K,
e glcl K\ Up(g) and hlcl K \ Up(h) are continuous,

o [g—g(a)] < Ow(a, K)V[f(a)| + (0% +0 —2)V|f(a)| +¢ on cl K\ Uo(g),
where
0 < max{Vf(a)/f(b),VI(b)/f(a) } > 1,
o |h—nh(a)|] < Ow(a, K)NV|f(a)|+ (6% + 60 —2)V]|f(a)| +c on cl K\ Ug(h).

Proor. If K C Up(f), then we can define g e V|f|- (sgnof) and h g [f]-
In the opposite case take any ¢ € K N Ui (f) and use Lemma 3.2 or its

analogue to define functions g, h: [a,¢] — R and §, h: [¢,b] — R such that
e f=ghon[a,c, f=ghon[cb],
o h(a) = h(c) = V[f(a)l, h(c) = h(b) = VIF ()],
e glla,d \ Uo(9), hlla, ]\ Uo(h), glle,b] \ Uo(g), and hllc,b] \ Ug(h) are

continuous,
- g(a) < w(a, (a,d)/VIf(@)] +&/0 on [a,] \ Uo(9),
h = h(a)| < w(a, (a,d])/V]f(a)] + /6 on [a,] \ Uo(h),
o 15— g(0)| < w(b,[e,0))/VIf(B)] +e on [e,b] \ Un(9),
o |h—h(b)] < w(b,[c,b))/V]f(B)] +e on [¢,b] \ Uo(h).
Let ¢: [a,c] — [1/0,6] be the lincar function such that
pla)=1,  p(c) = h(c)/h(c) = V[(b)/f(a).

Observe that then for each z € [a, ],

9—12@—12;—1=1;921—9’
so [1/p(x) —1/ <0 1.
Define
ar ) g(x)/e(x) if z € [a,c], AN hz)-p(x) if z € [a,d,
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Then g and h are well-defined. Clearly f = gh on ¢l K, h = V|f| on bd K,
and gl cl K\ Ug(g) and h]cl K \ Ug(h) are continuous.

Fix an z € cl K \ Up(g). If = € [a,c] \ Up(g), then
1

l9(a) - o oy et
e lad) | oy (o )i
sa i e+ (0 - )V
w(a, K 9 7 o
< e+ oY@+

(Notice that g(a) = g(a).) If z € [¢,b] \ Up(g), then

l9(z) — g(a)] < 1g(x) = g(b)| + |g(b) — g(a)]
w(b, [c,0))

§W+€+(9—1)V|f(a)|
w(a, K) +|f(b) — f(a)| Wil
< 70 + (O —-DVIf(a)| +e
< P 4 ¢~ OV + 0~ OVIT] + <
—W%—F(W—F@—m |f(a)| +e.
Similarly we can show that for each € cl K \ Uy (h),
o) — hla Ow(a, K) 9 B "
() = h( )|§7|f(a)‘ +(0°+0-2)V|f(a)| +e. O

The next two lemmas allow us to change a bit the constructed functions.
Lemma 3.4 enables joining constructed functions, while Lemma 3.5 helps us
diminish the maximal values taken by each of the constructed functions on its
set of points of discontinuity.

Lemma 3.4. Assume g,h: [c,d] = R are continuous. There are continuous
functions g, h, g, h: [c,d] — R such that gh = gh = gh on [c,d], g(c) = g(c),
h(e) = h(c), lg(d)| =1, [9(c)] = 1, §(d) = g(d), and h(d) = h(d).

PROOF. If g(e) # 0 for some e € [¢,d), then define

" 9(x) if z € [c, €], w h(z) if z € e, €,
o) sm(e) ito=d, @)L
linearly in [e,d], g(x T
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In the opposite case notice that g = 0 on [c,d]. Take any e € (¢, d) and define

0 if x € [c, €], h(c) if x = ¢,
g(x) SIS if x = d, h(z) o if x € [e,d],
linearly in [e,d], linearly in [c, €].

Clearly in both cases the functions g and & fulfill the claimed conditions.

Analogously we can construct the functions g and h. O

Lemma 3.5. Assume that L = (a,b) C Uy (f) is bounded and bd L C Uo(f).
For each € > 0, there is a continuous function g: clL — (0,00) such that
g=1onbd[L and |f/g| <e on L\ Uo(f).

ProOF. Notice that C' & [a,b] \ Uo(f) C L is compact. So, since C' C Uy (f),
the restriction f[C is continuous and bounded. Put

a/d:fminC>a7 b/gmaXC<b, Td:fmax|f|[C’].
Define
1 if z € bd L,
g(an)dzf T/e if x € la, V],
linearly in the intervals [a,a’] and [b', b].
Clearly g has all required properties. O

Now we turn to arbitrary connected components of Uy (f).

Lemma 3.6. Assume that J is a connected component of U1 (f) (J need not
be bounded). For each € > 0, there are functions g,h: clJ — R such that

o f=ghoncllJ,

e |g| =|h| = V|f] onbd J,

e glclJ\ Up(g) and hiclJ\ Ug(h) are continuous,
o lg| < Vsup[f[[bd J] + on J \ Uo(g),

o |h| < Vsup|f|[bdJ] 4+ ¢ on J\ Up(h).

Proor. Put a L inf J and b ¥ sup J. We consider several cases.
Case 1. (JNU(f)) NbdJ C [f =0].
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Choose a strictly increasing sequence (a,).cz C JNUg(f) with limit points
a and b. For each z € Z, use Lemma 3.5 to define a continuous function
gz [az,az41] = (0,00) such that

g.=1 on{a,,a,.1}, If/g-] < |z|€+1 on (az,a.+1) \ Uo(f).
Define
(z) & { VI @) sen fl@) e ebd /],
g\r) = g-(x), if x € [a.,a.41], 2 € Z,
h(z) & V@ if 2 € bd J.
f(x)/g(x) otherwise.

Then evidently f = ghonclJ, |g| = |h| = V|f| on bd J, and g[J is continuous.
Clearly J NUg(h) = J NUp(f). Since

T\ Uo(h) = | ([az, az41] \ Uo(R)),

neZ

hJ\Uo(h) is continuous. If z € bd J N (JNUy(f))’, then using the properties
of g., we obtain

e
h(t)] < 1 —_— =

0 = h(z).

lim
t—x,teJ\Ug(h)

Finally if 2 € bd J \ (J N Uy (f))’, then z is isolated in cl.J \ Ug(h). Clearly
the other requirements of our lemma are also fulfilled.

Case 2. a € [f #0/N(JNUL(f)) and b ¢ (JNUL(f)) orbe [f =0]
Recall that a ¢ U;(f). Using (2.1) and (2.2) we can find a 6 > 0 such that

(@,a+8) N (Uper bdD) =0,  w(a,(a,a + ) < eV[f(a)]/2.

By our assumption, there is a b’ € (a,a + 0) \ Up(f). Use Lemma 3.2 to

construct functions g, h: [a,b’] — R such that
e f=ghon [a,b],
o N(a) = h(t') = V|f(a)l,
e glla,b'] \ Up(g) and hl[a,b'] \ Up(h) are continuous,

* g —g(a)] <& on [a,b]\ Uos(g),
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o |h—h(a)] <eon fa,b]\ Uy(h).

Since g and h are Baire one star functions, we can find a closed interval

[e,d] C (a,b") NUo(g) N Ug(h).

From Lemma 3.4 we conclude that we may assume |g(d)| = 1.

Take a sequence (b,) C JNUo(f) such that by = d and b,, , b. For each n,
use Lemma 3.5 to construct a continuous function gy, : [0y, bp+1] — (0, 00) such
that gn(bn) = gn(anrl) =1and |f/gn| < 5/(” + 1) on (bn,bn+1) \u0<f)

Define

9(d) - g() if 2 € [a,d),
g(x) af gn(T) if ¢ € [bp,bpy1], n €N,
VIf(@)]-sgn f(z) ifz=0beR,
g(d) - h(x) if x € [a,d],
h(z) L4 f(2)/gn(z) if 2 € [bp,busa], m €N,
V|f(z)| ife=>beR.

Then clearly f = gh on clJ, |g| = |h| = V|f] on bd J, and g[[a,c] \ Uo(yg),
hila,c]\Uo(h), gllc,b), and hl[c,b) \ Ug(h) are continuous. Similarly to Case 1
we can prove that if b € R, then g| cl J\Up(g) and A cl J\Ug(h) are continuous
at b. The other two requirements of our lemma are evident.

Case 3. be [f 201N (JNU(F)) and a & (JNU(f)) ora € [f = 0].
We proceed analogously to Case 2, using an analog of Lemma 3.2.

Case 4. a,b € [f #0]N (JNUL(f)).
Choose b',a’ € JN Uy (f) such that ¥’ < a’ and

)
(a,) N (Uper bd 1) =0, w(a, (a,0')) < eV|f(a)]/2,
(a',0) N (Urez bd 1) = 0, w(b, (a',0)) < eVIf(B)]/2

Proceeding similarly to Case 2, we can construct functions g, h: [a,b'] — R

and g, h: [a/,b] — R such that
e f=ghon [a,V],
o a) = B(¥) = VIT@,
e glla,b'] \ Up(g) and hl[a, '] \ Up(h) are continuous,

* g —g(a)] <& on [a,b]\ Uos(g),
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o | —h(a)| < e on [a,b']\ Up(h),
e f=ghon[d,b],
o h(a') = h(b) = V][ ()],
e gl[a’,b] \ Uo(g) and h[[a’,b] \ Uo(h) are continuous,
e [§—g(b)| <eona,b]\ Uo(9),
o | —h(b)| <eon[a,b]\ Up(h).
Take any closed intervals
[, d] C (a,b) N Uo(g) NUo(h),  [e,d] C (a',b) NUo(§) N Ug(h).

From Lemma 3.4 we conclude that we may assume |§(d)| = |g(c)| = 1. Use
Lemma 3.5 to construct a continuous function §: [d,c] — (0,00) such that
g(d) =g(c)=1and |f/g] <eon (d,c)\ Up(f). Define

g(d)-g(z) ifz € [a,d], g(d) - h(z) if z € [a,d],
g(z) £ { G(x) itreldd,  h) TS f@)/i@) itzeldd,
glc)-g(z) ifx € [e,b], gle) - h(z) ifz € [c,b].

It is easy to verify that the requirements of our lemma are fulfilled. O

Before we state the next lemma, notice that since f € 83, the restriction
of f to the closed set Ua(f) = R\ Uy (f) is continuous. So, the set

Fy £ [f = 0] nUs(f)

is closed. We will construct the functions g and h on connected components
of its complement. Lemma 3.7 is the key to the construction of functions g
and h on R.

Lemma 3.7. Assume that P is a connected component of R\ Fy. For each
€ >0, there are g,h: cl P — R such that

o f=ghon P,
e g=h=0o0onbdP,
e glclP\Ug(g) and hlcl P\ Ug(h) are continuous,

o gl < 2v2Vsup |f[[cl PN Us(f)] + & on P\ Uo(g),



ProDUCTS OF BAIRE ONE DOUBLE STAR FUNCTIONS 285

o |h| < 2v2Vsup |f|[cl P N Us(f)] + ¢ on P\ Ug(h).

PRrOOF. Let J be the family of all connected components of PNU;(f). Take
any M € J and let J' be the family of all intervals J = (a,b) € J which
satisfy at least one of the following conditions:

e J is unbounded,
o J=M,

J N (Uperbd)" # 0,
fla)=0or f(b)/f(a) & (1/2,2),
w(a, J) > |f(a)l.

(Notice that in particular, if J € J and bd J Nbd P # @, then J € J’, since
bd P C [f =0].) Define

FE | J bdJUbdP C Us(f).
JeJ’

In the rest of the proof, we will mark several parts as claims. We will use the
symbol < to denote the end of the proof of such a claim.

Claim 3.1. F/ C bd P.

Indeed, take any one-to-one sequence (zj) C F convergent to some x € R.
Then clearly x € ﬂg( f). Without loss of generality, we may assume that for
each k € N, there is an interval J, € J’ such that z; € bd Jg, and that the
sequence (Jj) is one-to-one.

Toward a contradiction, suppose that = ¢ bd P. Then f(x) # 0, since
x ¢ Fy. By (2.1) and (2.2), there is a § > 0 such that

(z— 8,2 +8)N (User bd D) NU(f) =0, (3.8)
w(z, (r—0,z+9)) < @ (3.9

Recall that f [ﬁg( f) is continuous. So, we may assume that

(e Ta() (1t <5 170 — sl < D) ga0)
Since the sequence (J) is one-to-one and zj, — x, there is a k € N such that
Jry C PN(x—6,246) and Jy # M. We will show that J, ¢ J', which is a
contradiction.
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Clearly J;, is bounded, and by (3.8), Ji N (U;ez bd ) =0. Puta L in Jy

and b & sup Jy. By (3.10), f(a)f(x) > 0 and f(b)f(z) > 0. Hence also
f()/f(a) >0 and

_2f@)] /4f(@)
3

1 Alf(=) 21 ()] _
. F0)/f(a) < S5 JEEE =
Moreover by (3.10) and (3.9),

@], @] _ 2 @)
2 D = 2 < p(a)),

It follows that Jy ¢ J’, a contradiction which completes the proof of Claim 3.1.
<

Claim 3.2. If L C P is an open interval disjoint from (J J', then f(¢)f(u) > 0
for all t,u € LN Usa(f).

W(aa Jk) < |f<(l) - f(:E)' +W(x7Jk) <

Toward a contradiction suppose there are t,u € LN ﬁg( f) with ¢t < u
such that f(¢)f(u) < 0. Then t,u ¢ Fy, whence f(t)f(u,) < 0. Let, e.g.,
f(t) <0< f(u). (The other case is analogous.) Since f[Us(f) is continuous,
the sets Us(f) N [f < 0] and Us(f) N [f > 0] are closed. Put

# L max([t,u] N Us(f) N [f < 0]),
u’d:fmin([t’ u] N Usy fn[f=0]).

(
(
Observe that f(t') < 0 (because t’ € Us (f)
(

\ Fo ) whence ¢ < u, and similarly
f(w') >0and v > t. Since (¢, u)NUx(f) = Wehave(t,u)ej. The
relation f(t')f(v') ¢ (1/2,2) yields (t',u') e J'. But (t',u') C (¢, u), contrary

to our assumption. <

Claim 3.3. If L C P is an open interval disjoint from | J J’ and u € Lﬂﬁg(f),
then |f(t)|sgn f(u) = f(¢t) for each t € cl L N Ua(f).

Toward a contradiction suppose there is a t € clL N ﬁg( f) such that
|f(t)|sgn f(u) # f(t). Then sgn f(t) = —sgn f(u). (Notice that by Claim 3.2,
sgn f(u) #0.) So by Claim 3.2, t ¢ L. Let, e.g., t = inf L. (The other case is
analogous.) Put z dt inf((t,u}ﬂﬁg(f)). Since (t,u]ﬁﬁg(f) C[f-f(u) > 0] (cf.
Claim 3.2) and the restriction f[Us(f) is continuous, f(z)f(u) > 0, whence
z > t. It follows that (¢,z) € J’, contrary to our assumption. <

Arrange all elements of J' in a sequence (J,,; m < &), where § < wp.
For each m < &y, use Lemma 3.6 to construct functions g,,, hm: clJ, — R
such that
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° f = Gmhm on clJp,,
|gm| = |Em| =V ‘f| on bd Jy,,

G| cl Ty \ Uo(Grm) and hyy, [ cl Jyn \ Ug(hyn) are continuous,
|gm| < Vsup |f|[bd Jy,] +€/(m +2) on Jp, \ Uo(Gm),
|| < Vsup |f|[bd Jo] +¢/(m +2) on J, \ Uo ().

Similarly arrange all elements of 7 \ J' in a sequence (K, ; p < &), where

&1 < wp. For each p < &, define a, L inf K, and b, & sup K,,, observe that
flap)f(bp) > 0 (cf. Claim 3.2), and use Lemma 3.3 to construct functions
Gp, hp: 1 K, — R such that

o [ =gyh, on clK,,

h, = V|f| on bd K,

Gl cl K, \ Uo(gp) and hy | cl K, \ Ug(hy,) are continuous,

19p — Gp(ap)| < Opw(ap, Kp) V| f(ap)| + (912) +0p —2)V|[f(ap)|+¢/(p+2)
on cl K, \ Up(§p), where

0, L max{V(ap)/f(bp), VI (bp)/f(ap) } € [1,V2),

|ilp - Ep(ap” SA Opw(ap, Kp) V| f(ap)| + (9;27 +0p, —2)V|f(ap)| +e/(p+2)
on cl K, \ Up(hyp).

By induction on n € N we will choose an interval L,, = (up,v,) C P and
define functions g, h,: cl L, — R so that:

e bdl,CF,

if n >0 and inf P < u,_1, then u, < u,_1,

if n > 0 and sup P > v,,_1, then v,, > v,,_1,

if n >0, then g, clL,_1 = ¢gn_1 and h,[cl L, 1 = hy_1,

f = gnhn onclLy,

|9 = [hn| = V|f| on bd Ly,
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e for each m < &, if J,,, C L,, then

192 (@)] = [gm ()], [hn(2)] = A (2)]
for all z € cl J,,,

o for each m < &g, if K, C L, then

190 (@)] = [Gp(@)],  [Bn(@)] = |hp(@)]
for all z € cl Ky,

e gulclL, \ Uo(gn) and h, [ cl L, \ Ug(h,) are continuous.

First put Lo EM. Forallzecl Lo, let go(x) 2 Jo(z) and ho(z) 4 ho(z).

Then clearly the above conditions hold for n = 0.

Assume that for some n € N we have already chosen the interval L,, and
defined the functions g, and h,, according to the induction hypothesis. Put

inf J,, if u,, = sup J,,, for some m < &,
Uns1 E L inf P if (inf P, un) N J" = 0,

sup((inf P,u,) NJJ') otherwise,

sup Jp, if v, = inf J,, for some m < &,
vn+1d=f sup P if (v, sup P)NY T’ =10,

inf((vn,sup P)NJJ’) otherwise,
df
and let Ln+1 = (un+1,vn+1).
If inf P < u,, then
e cither u,, = sup J,,, for some m < §—then u,y1 = inf Jp, < uy,
e or (inf Pu,)NUJ' = 0—then uyy; = inf P < uy,

e or neither of the above cases holds—then by Claim 3.1, there is an m < &,
such that w41 = sup((inf P,u,) NUJT") = sup Jp, < .

Notice that in all the above cases u,11 € F. Similarly we can show that if
sup P > vy, then v,4+1 > v, and that v,41 € F. So, bd L,,41 C F.

For each x € cl L, define g,1(x) & gn(x) and hp4q(2) i hn(x). Next we
will define the functions g, 41 and hy,41 on cl(up41,uy,). We may assume that
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inf P < u,,, since otherwise cl(uyy1,un) = 0. If u, = sup J,,, for some m < &,
then notice that since w,, ¢ Fy, we have f(uy) # 0 and

T d:f sgn hn(un) - sgn }_Lm(un) € {717 1}
Moreover:

Thm(un) = sgn by (uy) - ‘Bm(un” = sgn hup () - [ (Un )| = hin(wn).

TGm (un) =

(Recall that A, (un)| = |Am (un)| = V| f(un)].) So, if we define

df df =
In+1(7) = 7gm(2), hpy1(w) = Th ()
for z € cl(upt1,un) = clJp, then g,11 and h,41 are well-defined. Evidently

f=gns1thnst,  gns1l = 1Gml,  |Pnga| = [hm| on clJpm,

and

|gn+1(inf L 1) = |hng1(inf Lny1)| = V| f(inf Lyq1)].
By definition, gnt1[ cl(unt1,vn) \ Uo(gnt1) and hn 1] cl(ung1, vn) \ Uo(hnt1)
are continuous.

Now assume that u, ¢ {sup J,,; m < &}. Then either u,+; = inf P or
Up41 = sup Jy, for some m < &. For each x € cl(up41,u,), define

if S Kp - (un+laun)7 p < gla

n+1\T gS nhn Un ) * gp(x)
In+ () g ( ) { ‘ (x)|sgnf(un) ifl‘ECl(Un+17un)\UJ7

df . ilp(z) ifze Kp C (un-‘rla ’U,n), p< 517
hn+1(x) - Sgn hn(un) { ‘ (x)| lf x 6 Cl(“n«}»l»un) \ Uj

Since |gn (un)| = [hn(un)| = V]f (un)l,

sgn hp (un) - v |f(un)| -sgn f(un) = 880 gn(Un) - [gn (Un)| = gn(un),
gy (un) - VI f(un)| = sg0 hn (tn) - [Bn (un)| = i (un).
It follows that the functions g,4+1 and h,41 are well-defined. By Claim 3.3,

f = gnt1hnt1 on cl(Upg1,uy). It is evident that if K, C (un+1, uy,) for some
p < &1, then |gnt1] = |Gp| and |hyy1| = |hp| on K, and that |gn41(unt1)| =

ng1 (ung1)] = VIf (unga)l-
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Claim 3.4. gni1]cl(tnt1,vn) \ Uo(gn+1) and hppr ] cl(tngr, vn) \ Uo(Rpgr)
are continuous.

Fix an z € cl(upy1,vn) \ Uo(gnr1). Let (xx) C cl(unt1,vn) \ Uo(gns1)
be any sequence convergent to x such that g,y1(xg) — y € [—o0,00]. We
consider several cases.

Case 1. If there is a subsequence (z5,) C Us(f) \ ¢l Ly, then z € Us(f) as
well. Using the continuity of f[Ux(f) we conclude that
y= lim gnii(zx,) = lim sgnhn(un) - VIf(zx,)| - sgn f(un)
= sgnfin (un) - VIf(2)] - sgn f(un) = gnia(2).

Case 2. If there is a subsequence (z_) C cl L, then by induction assump-
tiOIl, Y= hms—>oo gn(xkg) = gn(x) = gn+1(x)~

Case 3. If none of the above cases holds, then we may assume that for
each k € N, there is a pp, < & with z;, € K, .

Case 3.a) If p, — oo, then a,, — x and b,, — =, whence z € ﬂg(f) Using
the continuity of f|Us(f), Case 1, and the properties of g,, we conclude that

|y - gn+1(x)| = klinﬁ;lo |gn+1($k) - gn+1(apk)| = kli{go |gpk (mk) - gpk (apk>|

i (e Kp) g2 _ .
Skhengo( |f(apk)| +(9pk+9pk 2) |f(a‘pk)|+pk+1)'

If f(z) = 0 (which is possible if = inf P), then since each K,, ¢ J’,

Op (00 Kn) (g2 g o)\ T

V‘f(apk)\‘[ .
21/l (/5% 4 B — OVTFa] s 2v3 - V@] = 0.
< O] + (V2 + V2= 2)V[f(ap,)| = 2v2- V]f(z)| = 0

If f(z) # 0, then 6,, — 1 (because f(ap,) — f(z) and f(b,.) — f(z)).
For each k, let

df
0 = max{|r — ax|, |x — bx|}.
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Since each K, ¢ J', by (2.2), we obtain

tm (P K)o - -
kl—N)o( |f(apk)| +(0Pk+9pk 2) |f( Pk)|)

< lim Vw(ay,, Kp,) + (12 + 1= 2)V|f(2)]
< Tim V'w(ap,, (z — 6, + 01))

T k—oo

< T V[f(ap,) — F@]+ Wz, (& — 0,2+ 08)) = 0.

Case 3.b) Now assume that py 4 oco. There are a p < & and a subsequence
(zk,) such that py, = p for each s. Since gp41[cl K, = sgn by, (uy) - Gp,

Yy = slggo In+1(Tk,) = sgn hy (u,) Slggo gp(mk) = sgn hy (un) 'gp(x) = gn+1().

In all cases we conclude that y = gn41(). S0, gnt1[ c(tnt1,vn)\Uo(gn+1)
is continuous. Similarly we can prove that hpi1lcl(unt1,vn) \ Uo(Ant1) is
continuous. <

Proceeding analogously we can define the functions g,+1 and h,4; on
cl(vn, Vpy1). This completes the induction procedure.

By Claim 3.1, w,, — inf P and v,, — sup P. Define

at | gn(x) ifxecll,, neN, at | hn(z) ifxecLl,, neN,
g(x) = : h(z) = .
0 otherwise, 0 otherwise.

Then clearly f = gh on P and g =h =0 on bd P.
Claim 3.5. The restrictions g cl P\ Ug(g) and h[cl P\ Uy (h) are continuous.

By construction, the restrictions g[P \ Up(g) and h[P \ Uy(h) are contin-
uous. If inf P € R\ {J,cyclLn, then take any sequence (x) C P\ Uo(g)
convergent to inf P. Fix an n > 0 and choose an n € N so that

(inf P, uy,) N U Jm = (inf P,u,) N U K,=0,
m<2e/n p<3e/n

Ifl <n?/18  on (inf P,u,) N Us(f).

(The latter can be required since f[Us(f) is continuous and f(inf P) = 0.)
Then for each p < &1, if K, C (inf P, u,,), then since w(a,, Kp) < |f(ap)l,

w(ap, Kp) VIfla) n
T < VI[f(ap)| <

3vV2
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Hence if z € (inf P, u,) \ Up(g), then by definition of g on J,,, K, and ﬂg(f),
respectively, we have

l9(a)] < max{ sup{ Vaup [FIbd /o] + —=—

V2 - wlay, K,) 2 B -
w{ s + (V2 V22Tl +

;mz%/n}

E .
p+2’
p > 3e/n, K, C (inf P, un)}7

Vsup| f][(inf P,un) N(1)] } < n.

So, lim¢_sint P, te P\Uo (g) 9(t) = 0 = g(inf P).
Analogously we can prove that

if supP € R \ UnGN cl Ly, then limt%sup P,te P\Uo(g) g(t) =0= g(Sup P)a

and that lim;_,, tep\uy(n) M(t) = 0 = h(z) for each = € bd P. <
It is easy to verify that |g| < 2\@\/sup £l PN Us(f)] + & on P\ Up(g)
and |h| < 2v2Vsup | f[[cl P N Us(f)] + € on P\ Uo(h). O

4 Proof of Theorem 2.1

ii) =1).

Arrange all connected components of R\ Fy in a sequence (P, ; n < &),
where £ < wq. For z € Fp, define g(z) 40 and h(x) 40, For each n < &, use
Lemma 3.7 to construct functions g and h on P, so that

° f = gh’ on Pn7

e glcl P, \ Up(g) and hlcl P, \ Up(h) are continuous,

o |g] < 2v2Vsup ||l P, NUs(f)] + 1/(n + 1) on Py \ Uo(g),

o |1 < 2v2Vsup |f|[cl P, N Us(f)] +1/(n + 1) on P, \ Ug(h).

Then clearly f = gh on R. We will prove that g,h € 81, showing that the
restrictions g|R \ Up(g) and AR\ Uy(h) are continuous.

Take any sequence (x) C R\ Ug(g) convergent to some z € R such that
g(xg) = y € [—00,00]. If there is a subsequence (xy,) C Fp, then x € Fy as
well and
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So, assume that (z;) C R\ Fy. For each k, choose an nj, < & such that
x € Py, . If there is an n < £ such that xp € P, for infinitely many k, then
x € cl P, and y = g(z) by continuity of g on ¢l P, \ Up(g).

In the opposite case ny — oo. For each k, choose a ti, € cl Py, N Us )
such that

lg(z)| < 2V2V|f(t)] + 1/ (i + 1).

Notice that in the present case z € Fy. Since t; —  and f[Us(f) is continu-

ous,

lyl = lim [g(wp)] < Tm 2v2V/|f(tx)] + lim 1/(n +1) = 0 = g(=).
k—o0 k—o0 k—o0

It follows that g is continuous at x. So, U;(g) = R and, by definition, g € 8;.
Analogously we can show that h € 8;.
i) = ii).
Proceeding as in the proof of [2, Theorem 7], we can prove that f € Ss.
Fix an z € [f # 0] \ U1 (f). First we will prove that (2.1) holds.
Suppose toward a contradiction that there is a sequence

(#1) € (Urer bd 1) NUa(f)
convergent to z. Fix a k € N.
Claim 4.1. z € ([g = 0]\ Uo(g)) U ([h = 0] \ Uo(h)).

Indeed, since xy, is an accumulation point of | J rez bd I, there is a one-to-
one sequence (I ) C T such that
zp = lim inf I, = lim sup Iy ,.
n— oo n—oo
We may assume that bd I, C Ui(f) (in fact, bd Iy, C Uy (f)) for each n.
(Recall that xp, € Uy(f).) Since Iy n € Z, f(inf Iy ) f(sup Ix ) < 0. Using
the continuity of f[U;(f) we conclude that

(F@i)? = Tim_ f(inf L) - lim_ f(sup Ii.q) <0
and finally f(zx) = 0. So by assumption, g(zx) = 0 or h(xy) = 0. Without
loss of generality we may assume that the first case holds.

If 2 ¢ Up(g), then we are done. So, assume that xp € Up(g). Let
m € N be such that for all n > m, we have clI, C Uy(g); then since
clly., C[f #0] C[g# 0], we obtain g(inf Iy, ,,)g(sup Ix,,) > 0.
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For all n > m, we have bd I}, ,, C R\ Uo(f) C ﬁl(g) Uﬁl(h). Since h € 81,

the set ﬁl(h) is closed. Hence z = lim,_, o inf Iy, € Ui(h). Using the
continuity of A[U;(h) and the definition of Z, we conclude that

) . . inf Iy, ,,) f(sup Ig.n)

2= £ Len)) = lim L0000 ) <
(h(zx)) ngrgo(h(ln kan)h(sup Ii.n)) o0 g(inf Ix, ) g(sup Ik,n) — v
whence h(zy) = 0. <

By Claim 4.1, we may assume that there exists a subsequence (z,) such
that zj, € [g = 0]\Uo(g) for each s. However this implies that = € U; (g) (since
Uy (g) is closed). Hence g(z) = limy_, o0 g(zk,) =0 and f(z) = g(x)h(z) =0,
a contradiction. This proves (2.1).

Now we will prove that (2.2) holds.

Fix an € > 0. Since x ¢ U;(f) and g,h € 81, we have = ¢ Uy(g) U Up(h).
Choose a § > 0 such that

(¥ € e = 8.2+ 8]\ Uo(9)) lo(8) = 9(a)| < min{ 35S o)l (41)
(Vt € [ — 6,2 + 0] \ Uo(h)) |h(t) — h(z)| < min{m, |h(x)|}. (4.2)

(We can find such a 6 since g|R\ Ug(g) and h[R\ Ug(h) are continuous.) Take
I =(a,b) €Zsuchthat I C[f- f(x)>0]N(z—dx+0). Assume that

fla)f(z) <0 < f(b)f(x). (4.3)

(The other case is analogous.) Since f(a)f(z) = g(a)g(x)h(a)h(z) < 0, we
may assume that g(a)g(z) < 0 and h(a)h(xz) > 0. By (4.1), we have a € Uy(g).

Let C be the connected component of Ug(g) to which a belongs, and let
¥ sup(C' N [a,b]). Clearly ¢ > a. Notice that since [a,b] C [f # 0] C [g # 0],
we have [a,c) C [g- g(x) < 0].

Claim 4.2. ¢ ¢ Up(g) UUp(h).

First assume toward a contradiction that ¢ € Ug(g). Then ¢ = b. Hence
b ¢ Ug(h) (otherwise b € Up(f)). Since f(b) # 0, we have g(b)g(x) < 0 and
by (4.3),
f(0)f(x)
h(b)h(x) = ——= <0,
O = 5@)gt)

contrary to (4.2). So, ¢ ¢ Up(g) and by (4.1), g(c)g(z) > 0.



ProDUCTS OF BAIRE ONE DOUBLE STAR FUNCTIONS 295

Since (a,c) C [f- f(x) > 0]N[g-g(x) < 0], we obtain (a,c) C [h-h(z) < 0].
Notice that f(c)f( ) > 0: either by assumption (if ¢ < b) or by (4.3) (if ¢ = b).
So,

h(c)h(z) = J;Eg;(;) >0,
whence ¢ ¢ Uy(h). <
By Claim 4.2, (4.1), and (4.2), we finally conclude that
o(f(x), flel)) < |f(x) — fle)] = |g(x)h(z) — g(c)h(c)|
< lg(@)[|h(x) = h(c)] + [h()]lg(z) — g(c)]
<@l 2O e <
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