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ON CONTINUITY AND GENERALIZED
CONTINUITY WITH RESPECT TO TWO
TOPOLOGIES

Abstract

Let 71 and 72 be topologies in X and let 7 = 7 N 2. Some con-
ditions concerning the topologies 7, 71 and 72 and describing the rela-
tions between the 7-continuity (quasicontinuity) [cliquishness] and the
T;-continuity (quasicontinuity) [cliquishness], ¢ = 1,2, of functions de-
fined on X are considered.

Let R denote the set of all reals and let (X, 7) be a topological space.

A function f : X — R is called 7-quasicontinuous (7-cliquish) at a point
x € X ([3] if for every positive real n and for every set U € 7 containing x
there is a nonempty set V' € 7 such that V C U and |f(v) — f(x)| < n for all
points v € V (osc v f < n, where osc v f denotes the diameter of the set f(V)).

We will consider two topologies 77 and 73 in X. Let

T=TinT

1 7- and 7;-continuity

Obviously, if a function f : X — R is T-continuous at a point x € X then it
is also 7;-continuous at x for ¢ = 1,2. The converse implication need not be
valid.

Example 1. Let
1 1
U_LnJ[éln—i—l’éln] U0}
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and

1 1
V_Eghn+3%n+2]um}

Denote by 77 the topology of subsets of X = R generated by the family
{(=r,r)NU;r > 0}
and by 72 the topology of subsets of X generated by the family
{(=r,7)NV :r > 0}.
Forn=1,2,..., let
PN T T
dn+2"4dn+1

and let f,, : I,, = [0, 1], be a continuous function (with respect to the Euclidean
topology Te) such that

£l =101 A Su(g) = In(5g) =

| falz) for z€Il,, n=12,...
f(x){ 0 for zeR\U,IL

and observe that the function f is 7;-continuous at 0 for i = 1,2. Since
T:7-1 m7-2 = {R,@},
the function f is not even 7 -cliquish at 0.

Theorem 1. Let x € X be a point. Suppose that the topologies T1 and T
satisfy to the following condition

(1) VecAeT, VeeBeTy JucEeTE C AU B.

If a function f: X — R is T;-continuous at the point x for i = 1,2 then f is
also T -continuous at x.

PrOOF. Fix a positive real 1. From 7;-continuity of the function f at =,
1 = 1,2, follows that there are sets A; € 7T; such that x € A; and for each
point ¢t € A; the inequality

1f(t) = @) <n
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holds. By the condition (1) there is a set E € T with
reFEC A1 U AQ.

Evidently,
[f(t) = f(z)| <m
for all points ¢t € E and the proof is completed. O

We will show the necessity of condition (1) for Theorem 1 to hold.

Remark 1. Let x € X be a point. If there are sets A; € T;, i = 1,2, such
that x € Ay N Ay and

VeeaeT A\ (A1 U Ag) # 0,

then there is a function f : X — R which is T;-continuous at x for i = 1,2
and which is not T -continuous at x.

PRrROOF. Put
0 for z€ AiUA,
f(z) =

11 for zeX\(41UA)
and observe that f is 7;-continuous at x for ¢ = 1,2. Since
Vo£aeT0SC AU} f = 1,
the function f is not even 7T-quasicontinuous at x. This completes the proof.
O
2  Quasicontinuity

Example 2. Let X = R and let the sets U, V be the same as these from
Example 1. Denote by 771 and 73 the topologies generated by family

{UN(0,r);r >0}
and respectively by the family
{Vn(0,r);r > 0}.

Let the function f be the same as that from Example 1. Then the topologies
T and T3 satisfy to the condition (1) from Theorem 1, the function f is
Ti-quasicontinuous at the point 0 (even everywhere) for ¢ = 1,2, but f is not
T-quasicontinuos at 0 (it is not even 7-cliquish at 0).
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So, Theorem 1 is not true for quasicontinuity.
For the case of quasicontinuity we recall the following notion:
A set A C X is said 7-semiopen if

A C cl,(int ,(A)),

where cl; and int ; respectively denote the operations of the closure and the
interior with respect to the topology 7.

Let S(7) be the family of all 7-semiopen sets A C X.

It is well known ([3]) that a function f: X +— R is 7-quasicontinuous at a
point z if and only if for every positive real ) there is a T7-semiopen set A C X
containing x such that for each point ¢ € A the inequality

Lf(t) = f@)] <m
is true.

Theorem 2. Let x € X be a point. Suppose that the topologies T1 and T
satisfy to the following condition

(2) Vecaes(n)VeeBes(Tz) I2EeTE C AUB.

If a function f: X — R is T;-quasicontinuous at x for i =1,2, then f is also
T -quasicontinuous at .

PrOOF. Fix a positive real n and a set A € T containing x. By the 7;-
quasicontinuity of the function f at z for i = 1,2, there are nonempty sets

Ai € 5(7;)7 i= 1a2a
containing x and such that for all points t € A;, i = 1,2, the inequality
f(t) = f@)] <n

holds. Observe that
ANA; €S(T)

for i = 1,2. By the condition (2) there is a nonempty 7-open set
B C Aﬂ(Al UAQ)

Evidently,
Vien|f(t) — f(2)] <.
So, the proof is completed. O
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Remark 2. Let x € X be a point. Suppose that there are nonempty sets
A; € S(T;), i = 1,2, containing x and such that

VoraeTA\ (A1 U A2) # 0.

Then there is a function f : X — R which is T;-quasicontinuous at the point
x fori=1,2 and which is not T -quasicontinuous at the point x.

ProoF. The construction of such a function is the same as the construction
of the function f in the proof of Remark 1. O

Observe that the case of quasicontinuity is different from the case of conti-
nuity. If a function f is 7T-continuous at a point x then it is also 7;-continuous
at x for ¢ = 1,2. For quasicontinuity the situation is different.

Example 3. Let 7; = 7." and respectively 75 = 7,~ be the topologies gener-
ated by the families

{[x,z+7r);z€R, >0}

and
{(x =r,zl;z € R, r >0}
Then
T=T1NnT=T
and the function
0 for t>0
f(t)_{1 for t<0

is T-quasicontinuous at 0 and is not Tz-quasicontinuous at 0. Analogously,
the function

9(t) = f(=1), teR,

is T-quasicontinuous at 0 and is not 73-quasicontinuous at 0.

Theorem 3. Let x € X be a point. Then the following conditions are equiv-
alent:

(2')  every function f : X — R which is T -quasicontinuous at = is
also T;-quasicontinuous at x fori=1,2;
(2") every T-semiopen set containing x contains also T;-semiopen

sets U;, 1 = 1,2, containing x.
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PRrROOF. (2') = (2”). If (2”) does not hold then there are a 7T-semiopen set
U containing = and an index ¢ < 2 such that for every 7;-semiopen set V'
containing x the relation

VANU #0
holds. Let

0 for teU
f(t)_{ 1 for te X\U.

Then f is T-quasicontinuous at x, but it is not 7;-quasicontinuous at z. So,
we obtain a contradiction with (2).

(2") = (2'). Suppose that a function f : X — R is T-quasicontinuous
at . Fix a positive real 7 and an index ¢ < 2. From the T -quasicontinuity
of f at x follows the existence of an T-semiopen set U containing x and such
that

f(t) = f(@)] <n

for each point t € U. By (2”) there is a T;-semiopen set V C U containing x.
Since

f(t) = f(@)] <n

for all points t € V, the function f is T;-quasicontinuous at x and the proof is
completed. O

3 Cliquishness

Remark 3. Assume all hypotheses of Remark 2. Moreover suppose that for
each nonempty set A € T there are sets B, D which are dense (with respect
to the topology T ) in A and such that

BnNnD=(0 AN BUuD=A.

Then there is a function f : X — R which is T;-quasicontinuous at the point
x for i =1,2 and which is not T -cliquish at x.

Proor. If
E=intr(X\ (A4 UAy)) # 0
then let
E=BUD,

where the sets B, D are disjoint and dense (with respect to the topology 7))
in E. If E = () we put
B=X\(4,UA,).
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Define
1 for z€B
f(x)_{o for ze€ X\ B.

Then f is 7;-quasicontinuous at x for i = 1,2, but f is not T-cliquish at z. [

The following example shows that all hypotheses of Remark 3 are essential.
Example 4. Let

X ={0,1,2,3},
71 = {0,{0,1},{3},{0,1,3}, X}, and T2 = {0,{0,2},{3},{0,2,3}, X}
Then

T ={0,{3}, X}.

Let f : X — R be a function which is 7;-quasicontinuous at the point 0 for
1 =1,2. Then the function f is also 7T;-continuous at 0 for ¢ = 1,2 and

If0e AeT, then
A=X AN {3}CA
and osc (31 f = 0. So f is T-cliquish at the point 0.
Moreover,

0eU=A0,1} €Ty,
OGWZ{O72}E7—27 andv@;&AeTA\(UUW)#w.

Theorem 4. Let x € X be a point. Suppose that

(3) there is a set A € T containing x and such that for all nonempty sets
A; € T;, i =1,2, contained in A there exists a nonempty set D € T
contained in Ay U As and for all nonempty disjoint sets B; € T,
1=1,2, there are an index i < 2 and a nonempty set E € T with

EFECcBy V EC Bs.

If a function f : X — R is T;-cliquish at the point x for i = 1,2, then f is
also T -cliquish at x.
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PRroOF. Fix a positive real n and a set U with
zeUeT.

Let a set A satisfies to the condition (3). The 7;-cliquishness of f at z implies
the existence of a nonempty sets B; CUN A, i = 1,2, with

oscBif<g AN B, €T, i=1,2.

Observe that
BiN By # 0= osc g,up,f <7
By (3) there is a nonempty set E € T such that:
BN By =0 = 3,<oF C B;
or
B10B2¢®:>EC31UBQ.

Since in both cases osc g f < 7, the proof is completed. O

Remark 4. Let x € X be a point. Suppose that the topologies T, T1 and Tz
are such that for each point t # x there are sets Uy € Ty, Us € To and Us € T
for which Uy NUz =0, UsNUz =0, x € U and t € Uy NUs. Moreover we
assume that there is a countable base of neighborhoods of x for the topology
T and that for which set A € T containing x € X there are nonempty sets
Ai(A) € Ti, i = 1,2, such that:

A(A) N Ag(A) # 0 = Vorper B\ (A1(A) U Az(A)) # 0,
A1 (A) N Ax(A) = 0 = YoprperVica B\ Ai(A) # 0,

and

G =X\ J{A(A)UuAy(A);z e Ac TH\ {2} = HUK,

where HNK = () and H, K are dense in G with respect to the topology T .
Then there is a function f : X — R which is T;-cliquish at the point x for
1 =1,2 and which is not T -cliquish at x.

PROOF. At the beginning we assume that {x} is not in 7; for ¢ = 1,2. Let
Wiseoo W

be an enumeration of all elements of some basis of neighborhoods of z in the
topology 7. Let
AZ(Wl) S 7;, 1=1,2,
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be nonempty sets satisfying our hypothesis for A = W7j. Since in this case
there are points t; € A;(W1), ¢ = 1,2, we can find nonempty sets V1; € T,
1< 2, and V173 € T with t; € Vl,ia 1 <2, x € V173, and

VignN(VigUVig) =0.
If Vi1 NVis =0 we put
ft)=(=1)', teVi;, i<2
In the contrary case, where V3 1 NV o # 0, we put
ft)=1, te Vi, UVis.

Analogously, for n > 1 we find nonempty sets V,,; € 7;, i <2, and V,, 3 € T
such that:
T € Vn73 c X \ (Vn,l U Vnyz),

Vn,l U Vn72 cW,n V173 n...N Vn_l)g,
Var NMVpa # 0= Yorper B\ (Va1 UVi2) # 0,

and
Vn,l N sz = V) = V(D;éBeTvi§2B \ Vn,i 75 (b

If Vi, 1 N V,2 =0 then we put

ft)=(=1)'n, t€V,,; i<2.
In the contrary case, where V,, 1 NV, 2 # 0 we put

f)=n, teV,1UV,a.

Moreover, let

f(z) =0,

F() =0, teH, and f(t) = %
at all other points of the space X.

Observe that the function f satisfies all requirements.

Evidently,
~({z} € LN Ta).

In the case, where {z} € 7; for i = 1 or i = 2, the construction of such a
function f is simpler, since starting from some index n we find only one set
Vi.ip, instead a pair (Vi 1, Vi,2). O
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Theorem 5. Let x € X be a point. Suppose that

(a) all sets A with
reAcTiUT,

contains some sets B € T with x € B.

Then every function f : X — R which is T -cliquish at x is also T;-cliquish at
x fori=1,2.

PROOF. Fix an index i < 2, a positive real n and a set U € T; with x € U.
By our hypothesis there is a set B € T such that

reBCU.
Since f is T-cliquish at x, there is a nonempty set V' € T such that
VcB AN oscyf<n.

So,
VcU N VeT, N oscyf<mn,

and the proof is completed. O

The next example shows that hypothesis (a) from the last theorem is not
necessary.

Example 5. Let

X =1{0,1,2,3},
Ti = {0, X,{1}}, and T3 = {0, X, {2}}.

Then
T= {(2)7 X}v

every function f : X — R which is T-cliquish at x is constant and the condi-
tion (a) is not satisfied.

The proof of the next theorem gives a characterization of the cliquishness.

Remark 5. Let 7 be a topology of subsets of X and let x € X be a point.
A function f : X — R is T-cliquish at x if and only if for each positive real
n there are T-open sets Ay, s € S, where S is a set of indexes, such that x
belongs to the T-closure cl+(J,cg As) of the set |J,cq As and for every s € S
the inequality osc 4, f < n is true.
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PrOOF. Fix a positive real . If f is 7-cliquish at x then for every set U € 7
containing x there is a nonempty 7-open set B(U) C U with osc gy f < n. If

{Us;s € S}
is a directed family of all 7-open sets contained the point x, then the family
{A; = B(Us);s € S}

satisfies all the required conditions.
The proof of the second implication is evident. O

Theorem 6. Let x € X be a point. Suppose that the topologies T1 and Ty
satisfy the following condition

(3")  for each T-open set A such that x € cl7(A) and for each index i < 2
the point x € cl7;(A).

If a function f : X — R is T -cliquish at x then it is also T;-cliquish at x
fori=1,2.

PRrROOF. Fix a positive integer ¢ < 2 and a positive real n. Since f is T-cliquish
at x, by the last Remark there are nonempty sets As € T, where S is a set of
indexes, such that

x € clT(U As)

seS
and for every s € S the inequality osc 4, f < 7 is true.

From (3) follows the existence of a T;-open set D C (J,cg As with
z € clgp (D).
For s € S the sets
D,=DnNnA,eT,.

Let
S"'={s € S;Ds # 0}.

Since for s € S’ the inequality

oscp,f<n

is true and since

x € cly( U D),
ses’

by the last Remark f is 7;-cliquish at x. So, the proof is completed. O
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Remark 6. Let x € X be a point. Suppose that there are an index i < 2, a
set V € T;, disjoint sets Y, Z CV and a set U € T such that

UnNnV=0 AN zecds(U)NYV,

and
z€eY A ClTi(Y) :ClTi(Z) ZClTl(V)

Then there is a function f : X — R which is T -cliquish at x and which is not
T;-cliquish at x.

Proor. The function
f(t){ (1) i EEJZ(\Z
is T-cliquish at z, but it is not 7T;-cliquish at x. So, the proof is completed. [J
The following example shows the importance of all hypothesis of the last

remark.
Example 6. Let

X ={0,1,2},

T1={0,X,{1}}, and T2 = 92X,
Then 7 = 77 and for

xr=0 AN A={1} N B={0}

we have
AeT N BeTa AN AnNB=10

and
reB A zecy(A).

Moreover, each function f : X — R is Ta-continuous at the point 0, because
{0} € T2. So, every function f : X — R which is T-cliquish at 0 is also
T2-cliquish at 0.
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