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AN EXTENSION OF A THEOREM OF ASH
ON GENERALIZED DIFFERENTIABILITY

Abstract

Let A = {bo,b1,...,bkte;a0,a1,...,arpe} be asystem of 2(k+£+1)
real numbers such that b; # b; for i # j, satisfying Zfig a;b? = 0 for
p=0,1,....k—1and ¢ aibb = L # 0. Tt is proved that if f
is measurable, and if Zfi(f aif(x + bih) = O(Jh|*) as h — 0, where
A > k — 1, at each point x on a measurable set F then the Peano
derivative f([y)) exists finitely a.e. on E. This will extend a result of Ash
[1]. It is further proved that if p is a positive integer < k — 1 and if the
upper and lower approximate Peano derivatives of f of order p are finite
on a set I/ then f(,) exists a.e. on E.

1 Introduction

Throughout the paper R, N and NT will denote the set of real numbers, the
set of all non-negative integers, and the set of all positive integers respectively.
The Lebesgue measure of a measurable set E will be denoted by u(E), and
the Lebesgue outer measure of a set H will be denoted by p*(H).

We shall consider f : R — R. Recall that f is said to have Peano derivative
(resp. approximate Peano derivative) at x of order k if there exist real numbers
a;, 1 < i<k, depending on x and f only, such that

tay tkex,t;
el f)

1 k!

k
flx+t)=f(z) +Z
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where
lim (2, f) =0 (resp. limap e(z, t; f) = 0).
=

t—0

The number «f is called the Peano derivative (resp. approximate Peano
derivative) of f at x of order k£ and is denoted by fix)(x) (vesp. f).o(z))-
For convenience, we take ag = f(z) = f(0)(z) = f0),a(®).

Suppose that f has Peano derivative (resp. approximate Peano derivative)
at x of order k. For ¢ # 0 write

k ttay
x+t)— C Qi
Wit1(x, b f) = wig1(x, t) = (k + 1)! I )tk+lzl—0 i

The upper (resp. approximate upper) Peano derivative of f at x of order k+1
is defined by

?(,Hl)(x) = lim sup w41 (z, t)
t—0

( respectively

?(k)-&-l),a(m) = limsup ap wg4+1(z, t)) .
t—0

The lower derivatives f (et 1)(33) and f (kt1) , (@) are defined analogously. If

Feen(@) = £y (@) (respectively T @) = £ ()

then the common value is called the Peano derivative (resp. approximate
Peano derivative) of f at = (possibly infinite) of order &k + 1.

Definition 1.1. Let k e N*, /€ Nand L € R\ {0}. Let

A= {b07b1,...,bk+[;a0,a1,...,ak+[} (11)

be a system of real numbers such that b; # b; for i # j, 4,5 =0,1,...,k+ ¢,
and

k+£

Zaibf =0 for p=0,1,...,k—1
=0 (1.2)
=L for p=k.

For a fixed system A in (1.1) satisfying (1.2), and for a function f : R — R
we shall write

k+¢
Oy (2, h) = Op (@, h; ) = Opla, h; f;A) =D aif(x+bh).  (1.3)
=0
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The generalized Riemann derivative of f at x of order k with respect to the
system A is defined by

| ..
GRD; () = GRD; f(z, 4) = & i PHELSA).
if this limit exists. It can be shown that if the Peano derivative f)(z) ex-
ists finitely then GRDy, f(x, A) exists for every system A in (1.1) satisfying
(1.2) and equals f(;)(x). The upper and lower derivatives GRDy, f(x) and
GRD,, f(z) are defined in the obvious way. Thus A may be called the basis of
a kth order generalized derivative. The number /¢ is called its excess.

The following lemma is immediate.

Lemma 1.1. Let ¢ € N* and let there be m (< £) zeros among the a;’s in
(1.1). Let Ag be obtained from A by omitting those a;’s which are 0 and those
b; ’s which correspond to those a;’s. Then Ag is a basis having excess only [—m
and

i, h; f; A) = Pp(z, h; f; Ao)

and therefore the kth derivative with respect to A is the same as the kth deriva-
tive with respect to Ag.

If £ = 0 and the b;’s are given then the a;’s are uniquely determined by
(1.2). In fact (b¥), 0 <i <k, 0 <p <k, being a Van der Monde matrix, its
determinant is given by

det(07) = [ (b; — bs)

and so if (CF) is the cofactor of b¥ in det(b) then (CF) is also Van der Monde
and

det (CF) = (=1 T (b5 — b2)

i<j
where b, never occurs in II' . Thus
k
det(b
(br — b;)
det(C H
1=0,i#r

and

(H b—b)l, 0<r<k. (1.4)
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If in particular L = k! then the system (1.1) with (1.2) is considered by
Ash [1] and it covers a wide class of kth derivatives. The advantage of taking
L is that we can also accommodate the derivative Dy considered in [5, pp.
9-11]. Indeed, if

k—1
L=2"T[(2""'-2"") and (=0,
i=1

and if by = 0, b; = 2071, 1 < i < k, then the kth derivative with respect to
this system is the derivative Dj.
Now suppose that £ = 0. If b; = i + C, where C' is a constant, then from

(1.4) we have
0 = % (—1)k (f) . (1.5)

If on the other hand £ > 0 then the b;’s and the k41 equations in (1.2) cannot
determine the a;’s uniquely. It is clear that if A is Riemann’s symmetric
system, i.e., £ =0, L = k! and b; =i — & (and so a; are as in (1.5)) then @,
becomes Riemann’s symmetric difference of order k given by

k
i [k )
Ag(x, h; f) :Z(—l)k*’ (2) flz+ih —kh/2). (1.6)
i=0
Marcinkiewicz and Zygmund proved in a deep theorem [5, Theorem 1] that
if f is measurable and

Ap(z, h; f) =O0(*), ash—0 (1.7)

for each z on a measurable set £/, then the Peano derivative f) exists finitely
a.e.on E. We have extended in [6] the theorem of Marcinkiewicz and Zygmund
cited above replacing k at the right of (1.7) by any real number A\ > k — 1.
More precisely, our theorem is:

Theorem 1.2. Let k € Nt and A\ € R be such that A > k — 1. Let f be
measurable. If

Ak(xahaf)zo(‘hr\)? as hﬁ)Oa

for each point x in a set E C R, then f(x)) exists finitely a.e. on E, where [)]
denotes the greatest integer not exceeding .

Ash [1] generalized the theorem of Marcinkiewich and Zygmund for any
general system A in (1.1) satisfying (1.2) with L = k!. In the present paper
we consider a general system A in (1.1) satisfying (1.2), and consider the gen-
eralized difference @y (z, h; f; A) instead of Ay (x, h; f) and prove the analogue
of Theorem 1.2. This will be an extension of Theorem 1 of [1].
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Remark. In addition to [3] we wish to mention that there seems to be a
difficulty in the assumption

4
]Z A folz + ait)‘ < M|t|* if |t| < 6 for all z € I (1.8)
1=0

in [1, p. 189]. It may be noted that the similar assumption
lw(z,t)| <M forz eIl |t| <d

in [11, Vol. II, p. 75] can now be proved by taking
1
G, = {x cx € Ey_q; |wk(x,t)| <nfor 0 < |t| < ﬁ}’

where Ej,_1 is the set where f(;_1) exists, and noting the measurability of G,
for all n (cf. [7, p. 771]), and choosing G,,, C E, u(E\ G,,) < § and a perfect
set I1 C Gy, (G \ 1) < & and setting M =m + 1 = 1. This approach will
not work for (1.8) since the sets

k+e
1
— . . . < k —
Sy = {x ‘;_0 Aif(z+ait)| <nft]® for |t| < n}

need not be measurable even for sufficiently large n. We show this in Example
1.5 which is an extension of Example 1 of [3]. We need a set S of measure
0 such that (S + S)/2 is non-measurable. For the proof of the existence of
such a set the authors of [3] suggested a method and refered to a source not
available to the readers. We give a proof in Theorem 1.4.

For any two sets A, B, —A is the set of all x such that —z € A, and for a
fixed 7 € R, A + 7 is the set of all points & + 7 such that x € A, and 74 is
the set of all 7z such that z € A, and A+ B is the set of all points x + y such
that © € A and y € B. For the definition of a Hamel basis we refer to [10,
p. 411]. We need the following lemma which is a generalization of a result of
Sierpinski [9] and is proved by Rubel [8]. We give a proof for completeness.

Lemma 1.3. There exists a bounded set E of Lebesgue measure 0, but E+ FE
s non-measurable.

Proof. Let C be the Cantor ternary set in [0, 1]. Let r € [0, 1] and let 0.a10a5 . . .,
where a; = 0, 1 or 2, be the ternary expansion of r/2. Define ¢; and ¢} for
each i such that (¢;,c}) = (0,0) if a; = 0, (¢;,¢;) = (2,0) if @; = 1, and
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(ci,c;) =(2,2) if a; = 2. Then ¢ = 0.cica... and ¢ = 0.¢fc, ... are points of
C and

r_c+cd et d
5= 5 giving r=c+c.
Thus [0,1] C C+ C. Hence C £ C £ C +£ ... =R and therefore C' contains a

Hamel basis H. Let
Ey=HU(-H)U{0}; Ent1=E,+E, for n=0,1,2,....

Then )
R = Un:O Um:1 —Ep. (1.9)

For, if r € R, then there are hi,hs,...,h, € H and rationals p1,p2,...,pp

such that
p

1 p
r=> pihi= é;%hi,

i=1

where p; = & with [e;| € NT, d € NT | and so
1 P
re -k, if 2"2;\ei|.

Hence all sets E,, cannot be of measure 0. Let ng be the smallest of n for which
E,, has positive outer measure. Since Ey is of measure 0, ng > 1. If possible, let
E,, be measurable. Since E,,, = —E,,, Fny+1 = En, — En,- So by [4, p. 68],
E,,+1 contains an open interval I containing the origin. Let h € H. Then we
can find an integer j > 2 such that % € I and hence ? € Enyr1 = Epny + By,
Since every element of E,, is a linear combination of elements of E, and hence
of H with integral coefficients, % is a linear combination of elements of H with
integral coefficients. But this is a contradiction since H, being a Hamel basis,
is a linearly independent set with rational coeflicients. Therefore, E,,, is not
measurable. Putting £ = E, _; the proof is complete. O

Theorem 1.4. For any bounded interval I there is a set S C I of measure 0,
but # is non-measurable.

Proof. Let I = [a,b], a =inf E, 3 = sup F, where F is the set of Lemma 1.3.

Let
I

Then S satisfies the requirements. O
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Example 1.5. There exists a measurable function f : R — R such that for
each n € NT the set

Cf@+h) —2f(2) + f(z — )|
En:{l' : 02

1
<n for 0<|h|<ﬁ}

is mnon-measurable.

Proof. Let n € Nt and let
1 1 1

= T gE T g
Let I,, be the closed interval with center 2n—1 and length 26,,. By Theorem 1.4
there is a set S,, C I,, of measure 0 such that S"QLS" is non-measurable. Let

1
fo= 57 X(Su=an)U(Sutan) »

where x g is the characteristic function of E. Since .S, is of measure 0, f, is
measurable. Applying similar arguments as in [3] with a, §, S and [% -4, %—i—&]
being replaced by a,, d,, S, and I,, respectively, it can be shown that

5 T :x€ly; 52 >n,

1
for some h, 0 < |h| < n}

Hence the set

[fn(x +h) = 2fn(x) + fulz —h)|
h2

1
{x:xe[n; gn,for0<|h|<n}

is non-measurable. Let f =Y, f,. Then for each v € NT the set

B {0 Leth 2@+t

1
2 §V,f0r0<|h|<y}

is non-measurable. For, if possible, suppose F, is measurable. Then F, N1,
is measurable. But

E,NI, =
B h) —2f, J(x—h 1
=<z:x€el,; @+ h) = 2f(@) + fol )|§V,for0<|h|<f
h? v
which is non-measurable, giving a contradiction. O

We shall follow the approach of Ash [1] with essential modifications.
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2 Auxiliary Results

We need the following results from [3]:

Lemma 2.1. Let 0 be a point of outer density of E, let o, 8 € R with 8 # 0
and let € > 0. For each u > 0 set

B, ={v€u2ul : au+pveE}.
Then there is a § > 0 such that if 0 < u < ¢, then p*(By) > u(l —€).

Theorem 2.2. Let f be measurable and let n € NT. Suppose that «;, f3;,
i =0,1,...,n are real numbers such that B; # B; for i # j and for some
ie{0717"'7n}7 ai#07 ﬁl#o ]f

n

Zaif(x—i—ﬂit) =0(1), as t—0

=0

for x € E C R, then f is bounded in a neighborhood of almost every point
zeEFE.

Theorem 2.3. Let the hypotheses of Theorem 2.2 hold. If o > 0 and

zn:aif(x—i—ﬁit) =O0(|t|]*), as t—0

=0

for all z € E C R, then for each B € R
S aif(z+ (B — B)t) = O(It*), as t—0
i=0

for almost every x € E.

[1PN))

The theorem is true if “O” is replaced by “o0”.
The above results are respectively Lemma 1, Theorem 2 and Theorem 3
of [3].

Lemma 2.4. Let f be measurable and let the Peano derivative f(,—1)(z) of f
at © of order k — 1 exist for each x in a set E C R. If

k—1 ;4 N
f(x+h)_zhf(;!)()

=0

=O0(h*), as h—0

for x € E then f) exists a.e. on E.
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Proof. The proof is in [5, Lemma 7] and discussed in [6, Theorem MZ1] when
FE is measurable. When FE is non-measurable, let

E —{ : ~ o) o }
1 =197 : fk—1)(z) exists and f(x+h)—z,7 =0O(h") as h— 0.

7!
i=0

Then since the upper and lower Peano derivatives are measurable, E; is mea-
surable and so f() exists a.e. on F;. Since £ C E, the result follows. O

3 Main Results

The C, P-integral, which is introduced by J. C. Burkill and used in the follow-
ing lemma, can be found in [2]. Indeed, any integral will suffice if integrability
of f implies measurability of f.

Lemma 3.1. Let f be C,P-integrable in every finite interval on R for some
r e NT. Let

k420
w(z, hy f; A) = Zalf +b;h) = O(|h|*), as h—0, (3.1)

where X > 0 at each point x on a set E C R. Then there is s € N such that
Apys(,h; Fy) = O([®) . as h =0, (3.2)

for almost all x € E where Fy is the sth indefinite C,. P-integral of f, i.e.,

Fo(2) = f(2); / £t

B (3.3)
Fi(z) = (5—1)./0 (x =)~ f(t)dt, for s>2.

Proof. We note that, since f is C, P-integrable, it is measurable [2, Proposition
4.7). We may suppose that by < by < ... < bgye. By Theorem 2.3 we may
further suppose that by = 1. We consider the following cases:

Case I. Let £ =0, b; € Nt for i = 1,2,...,k. Then by = s+ k + 1 for
some s € N. If s =0 then b; =i+ 1 for ¢« = 0,1,...,k, and so the a;’s are
given by (1.5). Hence from (3.1) and Theorem 2.3 (with o; = a;, 8; =i + 1,
B=4+1 a=2N), weget (3.2) for s =0.

If s > 0 there are s gaps in by, b1,...,bx. Let ny be the smallest positive
integer in (bg, bx) such that ny ¢ {bg,b1,...,bx}. Applying Theorem 2.3 in



360 S. N. MUKHOPADHYAY AND S. MITRA

(3.1) with a; = a4, B; = b;, f =n1 and a = A, we have
k
S aif (@ + (b —n)h) = O(h]Y), as h—0,
i=0

for almost all z € E, and integrating with respect to h from 0 to ¢, |¢| being
sufficiently small, we have

k k
> g Fie (o= m) )—(; )@= g

0 -
. =0(|tPth), as t—0,

for almost all z € E. By (1.2) all the a;’s cannot be 0, and so applying
Theorem 2.3 in (3.4) with S = —n;, a = A+ 1 and o; = b_f—"'nl, Bi = b; —m

for i =0,1,...,k and a1 = —Zf:o bz“_—m, Br+1 = 0, we have
k k @
Fy (2 + bit ( i )F t) =
i e b = (=Rt (35)

(|t\)‘+1) ,li as t— 0,

for almost all x € F. It is easy to check that the system

k
aq aq Q. Q;
A1={b0,b1,...,bk,n1, 5 geeny y — E }
bo —n1 b1 —m br—n1 g bi—m
7=

satisfies the condition (1.2) with & replaced by k 4+ 1. Hence from (3.5) we
observe that

Dy (x, h; Fi; Ay) = O(|h|)‘+1) , as h—0,

for almost all x € E. The numbers by, by, ..., bk, n; have one fewer gap than
bo, b1,...,br and also the excess is still 0. So, if s = 1, the proof is com-
pleted as in the first paragraph replacing k£ by k + 1 and A by A;. Oth-
erwise, choose the smallest positive integer ne in (bg,b) such that ny ¢
{bo,b1,...,bk,n1}, and repeating this process s — 1 more times, we obtain
the numbers bg, by,...,bk,n1,...,ns which have no gap, and we obtain the
system A such that

Bjois(m,h; Foy Ag) = O(|hM*), as h—0,

for almost all x € E. The proof is completed as in the first paragraph.
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Case II. Let £ € NT, b; € Nt for i = 1,2,...,k + £. By employing
the process of filling in the gaps employed in Case I, we may suppose that
b;=i+1,i=1,2,...,k+£. It may be noted that the process of filling never
increases the excess. Hence (3.1) reduces to

Zai,lf(x—kih):O(\hP), as h—=0 for x € FE, (3.6)
i=1

where r = k 4+ £ + 1. Applying Theorem 2.3 in (3.6) with f =r+ 1, a = A,
we have

Zai_lf(x +(i—(r+1))h) = O(|h|A) , as h—0, (3.7)

i=1
for almost all z € E. Integrating (3.6) and (3.7) with respect to h from 0 to

t, we have
T T

> SR tit) - (Z aigl)Fl(x) - (3.8)

i=1 i=1
=0(jt"), as t—0,

for almost all x € F, and

T s

>R (a4 (- 1)) - > P ) @) = 59)

j=1 j=1
=0(tPth), as t—0,

for almost all z € E. Applying Theorem 2.3 to (3.9) with = —r,a=A+1

and changing indices by setting ¢ = 7 — 1, we have

r—1 r—1

Zz’iirFl(th)*(Z%)Fl(m+”): (3.10)

= O(|t\’\+1) , Cas t— 0,

for almost all x € E. If possible, suppose that the coefficients of F;(x + it),
0 <i<r,in (3.8) and (3.10) are proportional. Then there is p € R\ {0} such
that

T
_Z . = pao ;
. ]
(3 r
i=1

G P 1<i<r-1y (3.11)
(3 1—7T

r—1
Qr_—1 =—p Q;
r Z i—r
i=0
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It can be verified that the following two systems

Blz{oala"'a ;72(11-,;13@03%3"'7&1;—1}7
=1 (3.12)

r—1
ao aq Gr—1 a;
32:{0,1,...,7';7,7,..., ,—E - ,
-r 1l—r -1 i
i=

which correspond to (3.8) and (3.10) respectively, satisfy the conditions (1.2)
with k replaced by k + 1. In fact, it is easy for By. For By note that

r—1

r—1 a a

] Zp_( ) )rp:
‘ 1= € 1=
1=0 =0

r—1 p—1 p—1 r
= g a; g PP = E r’ E aj_1(j — )P~
=0 =0 v=0 j=1

p—1 p—1—v

= ZTV Z (_1)?*1*1/*# <p _llj/_ V> iaj—lj#a
v=0 pn=0 j=1

and since the last sum is 0 for 4 = 0,1,...,k—1 and L for u = k, it is 0 if
p=20,1,...,k and it is L if p = k 4+ 1, proving the assertion. Hence from
(3.11), (3.12) and the last condition of (1.2), we have pL = L showing that
p = 1. Hence from (3.11)

—i _
a1 for1<i<r-—1,

A; = —

and hence

iai(i + 1)k =q Z(fl)i
i=0 ;

I I
S S
fen) [en)
= L]
—
o |
N —_
\_/ \_{:
. <3 }
1 [M]]
(=) —
T
—_
SN—
<
R
=
=
—_
~_
<
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Since

S (-1 <m> =0 for p=0,1,...,m—1

=m! for p=m,

(cf. (1.5) and (1.2)), and since r — 1 = k + £ > k, the inner summation at the
right of (3.13) is 0 for v =0, 1,..., k, and so the right side of (3.13) is 0. But
since b; = i+1 and the system {bg, b1, ..., bk1¢; a0, a1, ..., ar+e} satisfies (1.2),
the left hand side of (3.13) is L # 0, which is a contradiction. Therefore the
coefficients of Fy(x + it), 0 <4 < r, in (3.8) and (3.10) are not proportional.
Therefore denoting the coefficients of F'(z +it), 0 <¢ <r, in (3.8) and (3.10)
by p; and ¢; respectively, we conclude that there is an i € {0,1,...,r} such
that p;, and g;, are not equal. Set

’Y:qig(qio—pio)ilv Jz_pio(qzvo_pio)il;

then v+ d = 1 and p;,y + ¢;,0 = 0. Since (3.8) and (3.10) can be written as
Opi1(z, h; F1; B;) = O(\t|>‘+1) , as t—0, 1=1,2,
for almost all € E, where B; and By are given in (3.12), we have
Y®pi1 (2, h; Fi; By) + 0®pi1 (2, hs Fi; Bo) = O([tM) ast—0, (3.14)

for almost all x € E. Let B be obtained by adding = times the elements of
By with § times the corresponding elements of By. Since v+ § = 1, the first
group of r + 1 elements of B are 0,1,...,r, and the second group of r + 1
elements of B are yp; + dg;, 0 < ¢ < r. Let By be obtained by omitting from
B those vp; + dg;’s for which vp; + dg; = 0 and the corresponding i’s. Then
by Lemma 1.1 and by (3.14)

®poy1 (2, hy Fi; By) = ®pqr (2, h; F1; B) = Ot 1) ast — 0,

for almost all © € E, and therefore, since yp;, +0dg;, = 0, By has excess < /—1.
Repeating this process at most ¢ — 1 more times, this case reduces to Case 1.

CASE III. Let £ € NT and b;’s be arbitrary reals for 1 < i < k + £. (Note
that we have assumed that by =1 < by < ... < bye.) Let b;, be the smallest
of by, ba, ..., bk which is not an integer. Let ny,ny € N*\ {bo,b1,...,bk1¢},
ny # na. Applying Theorem 2.3 with 8 =n;, 7 = 1,2, @ = A in (3.1), we have

k+¢
> aif (x4 (bi —nj)h) =O(|h]Y), as h—0, j=1,2, (3.15.)
=0
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for almost all z € E. Integrating (3.15.j) with respect to h from 0 to ¢, and
then applying Theorem 2.3 with 8 = —n;, j = 1,2, o = A + 1, we have

k+¢ k+2

Zb— -Fl(”“th (Zb—n])Fl(xJ’”Jt) (3.16.§)
—O(|t|’\+1), as t—0, j=1,2,

for almost all z € E. Set

p= LO —m and ¢ = N2 = Vi big .
No — Ny N2 — Ny
Then . o
p+qg=1 and p—2— +qg—2— =0. (3.17)
big —ny big —n2

Adding (3.16.1) multiplied by p with (3.16.2) multiplied by ¢ we have
Dpp1(z, b F;C1) = O(IhMY), as h— 0,

for almost all z € E, where

ao ao
Cl :{b07"'7bi0_lvbio+17"'7bk+f7n17n2;p +q )
bo — 1 bo — n2
Aj5—1 Qj5—1 Ajo+1 Aio+1
MR b) b)
bi0—1 — bio—l — N2 bi0+1 —n bi0+1 — N2
a k+¢ k+¢
k+¢
b * qb - Z b N Z b; }
k+¢ — N1 k+¢ — N2 - nl —n2

The system C; satisfies (1.2) with &k replaced by k + 1. Indeed, using (3.17)
we have
k-t k-t k-t

a; a; a;
bs ns — s
Z( b— +(] ) Zpb—nl ! ;qbi—ngnZ
z;ﬁzo
which is 0 if s =0, and if 1 < s < k + 1, then this is
X a; (b —nf) ai(bf —n3)
- (p b Ty )
e i — i — N2
k+¢ s—1 ) s—1 o
=z(mz b g 30 )
i=0 =0 §j=0
-1 k44 k+e

(pn1 +qn2) Zazbs =i = X:aZbs !
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whichis 0if 1 <s < k+1andis Lif s = k+ 1. So, we have removed the
non-integer b;, and got C;. We next pick the smallest of b; 41, ..., bgte, sy
bi,, which is not an integer, and choose nz,ny € N*\ {bg, b1, ..., bgre,n1,n2},
ng # ng, and repeat the above argument to get a system Cy which contains
n1,ng, ng,na, instead of b;,, b;, of A such that

®pio(2, by Fo; Ca) = O(|RM2), as h— 0,

for almost all z € E. After repeating the process we get a system C,, where
1<u<k+/{ of 2(1+k~+¢+u) elements in which the first set of 1+k+ £+ u
elements are all in N, and for which

®ppu (2, h; Fy; Cy) = O(JRM™), as h—0,

for almost all z € E. After rearranging the elements of C,,, this case now
reduces to Case II. This completes the proof. O

Theorem 3.2. Let f be measurable. If
@y (z, h; f;A) = O(|h]Y), as h—0,

where A >k — 1, at each point x in a measurable set E C R, then f(y)) evists
finitely a.e. on E, [A] being the greatest integer not exceeding .

Proof. We may suppose that E is bounded. By Theorem 2.2 there is a mea-
surable set E; C E such that u(Ey) = p(E), and for each x € E; there exist
d(x) > 0 and M (z) with

If(t)| < M(z) for te (z—6(z),x+dx)).

Let €1, €5 be arbitrary positive numbers. Then there is a closed set Fy C Fy
such that u(E7 \ E2) < €1, and so by the compactness of E5 there exist open
intervals Iy, Is,..., I, such that Ey C U} ;I; and f is bounded on U} ;.
Clearly f is bounded on the closure I = U;I;. Let ¢ = f on I and = 0 outside
1. Then 1 is Lebesgue integrable and a fortiori C,. P-integrable on every finite
interval in R. Then by Lemma 3.1, there exist s € N and a set F3 C Fy such
that u(E3) = u(E2) and

Apis(z, t; ) = O(\t|)‘+s) , as t—0,

for all x € FE3, where 1, is the sth indefinite integral of 1. Therefore, by
Theorem 1.2, it follows that (1)s)(x+s) exists finitely on a set £y C E3, where
w(Ey) = p(E3). Let Es C Ey be such that u(Fs) = u(Ey) and z/;ff) = 1) on
E5. Now by [11, IT; p. 77, Theorem 4.25], there is a perfect set P C E5 such
that u(E5 \ P) < ez and there are functions G and H satisfying
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(i) vs=G+H,
(i) GUA+9) exists continuously, and
(iii) Hpy(x) =0forz e P,r=0,1,...,[\] +s.

Let g = G©). Then g(") exists continuously. So, H®) = (¢,—G)®) = 4p—g
on FEs. Let h = H®) on Es. Then ¥ =g+ h on E5. Since H =0 on P and
H) exists on P, H®)(x) = 0 for 2 € P, and so h(z) = 0 for all z € P. Since
for all x € Es, v, g satisfy (note that ¢ = f on U, I;)

k+¢
Zaiw(x + bit) = O(tw) , as t—0

i=0
and

Zaig(x +bt) = O(t[)‘]) , as t—0,
i=0

we have for all x € Ej5
n
Zaih(x + b;t) = O(tm) , as t—0.
i=0

We now show that iy exists finitely a.e. on P. Define for each m € N+,

m

K+t
1
JOR P;’E h bit‘< N, for 0< |t < — b,
{m x € izoa (x4 bit)| < mlt| or <||<m

Then P = Ugy_, E},. Let m be fixed. Let g € E, be a point of outer density
of E},. We may suppose that zo = 0. Let n, 0 < n < ﬁ, be arbitrary.
Choose j, 0 < j <k + ¢, such that a; # 0, b; # 0. By reordering the terms
of A we may suppose that ag # 0, by # 0. Then by Lemma 2.1 there is a ¢y,
0 < 01 < 1, such that if 0 < ¢ < §; then

' (B;)> 1=t and p"(C)> 1 -t for i=1,2,....,k+¢,
where

Bi:{u D u € [t 2t t—&—(bi—bo)ueE;}, 1=1,2,...,k+ ¢,

C:{u L u e [t 21]; tfboueE:‘n}.
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Fix ¢t € (0, min(d;,1/2m)). Set

Siz{u cuet,2; t4 (i —bue Py, i=12... k+¢,

k+¢
D= {u D € [t,2t); Zaih((t — bou) + biu)’ < m|u[>\]} .
i=0

Then the S;’s and D are measurable for ¢ = 1,2,...,k+/¢. and C C D,
B; C S;, and so

w(D)> 1 =nt, wS;)>Q-n)t, for i=1,2,....k+¢.

Now, since
u([t, 2]\ ((mfjfsi) N D)) <(k+C+)mt<t,

we have p((Nf*{S;) N D) > 0. Hence there is an u € (Nf17S;) N D, and so
t+ (b —bo)u e P, for all i =1,2,..., k+ ¢, which gives

h(t—i—(bi—bo)u) =0, forall i=1,2,...,k+¢.
Also, since u € D,

ke
‘Z aih((t — bou) + biu)‘ < m|u|[*] ’
i=0

and hence
k+¢
laoh(t)| = ‘Zaih((t — bou) + blu)‘ < mu|N < 2P m|t
=0

This shows that
ht)=0(tN), as t—0.

Since xg = 0 is a point of outer density of E,, it follows that
hiz+1t) = O(t[)‘]) , as t—0,

for almost all points = in E};, and hence this also holds for almost all points «
in P. Therefore by Lemma 2.4, h((y)) exists a.e. on P. Thus [y exists a.e.
on P. Since P C E5 and u(Es \ P) < €2, and since ey is arbitrary, 1(y]) exists
a.e. on E5. Since E5 C Ep C Ul ,1; and since f = on U}, I;, which is an
open set, f([x)) exists a.e. on E5. Since E5 C Ey C Ey C E, u(Es) = p(E»),
w(Er\ Es) < €1 and pu(E1) = p(E), and since ¢; is arbitrary, f(y)) exists a.e.
on E. This completes the proof. O



368 S. N. MUKHOPADHYAY AND S. MITRA

The above theorem is not true for A = k—1 (see [6, Theorem 3.2]). However
we have Theorem 3.3

Theorem 3.3. Let k,p € NT, p <k —1 and let f be measurable. Let
Op(z,u; f; A) = O(up) , as u—0,

for each point x in a set E. If f, . exists finitely on E, then f(,) exists a.e.
on E. More generally, if

—00 < i(p)ﬂ < ?(p)ﬂ <oo on E,
then f(p,—1) exists finitely and
—00 < i(p) S?(p) <oo a.e. on E.

To prove the theorem, we need the following lemma.

Lemma 3.4. Let k,p € NT and let f be measurable. Let for all m € N*,
E, = {CB ¢ fip).a(@) exists finitely and
1
|<I>k(x,u;f;A)| <mlul? for 0< |u] < a}

Then f(p) exists a.e. on E,,.

Proof. Without loss of generality we may assume that ag # 0, by # 0 in

A = {ao,al,...,ak+g;b0,b1,...,bk+g}. Let 9 € FE,, be a point of outer
density of F,,. We suppose that
g =0= f(xO) = f(l),a(xO) == f(p),a(xO) :

Let 0 < e < 1. Let
ez[?
G={e:If@)l< <}
Then G is measurable and 0 € G is a point of density of G. Set H = E,, N G.
Then 0 is a point of outer density of H. Let 0 < n < Then by
Lemma 2.1, there is a § > 0 such that, if 0 < u < § then

__€
2k+2¢°

p(B)> 1 —=nu, p(C;)>1~-nu,

where
u—+v

B:{ve[u,Qu]: €H},
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C; = {ve [w, 2u] : )\ju—l—ujveH}, for 1<j<k+/¢,
where the \;’s and p;’s are given as follows:

b, b,
A‘—71+ﬁ 4—71_ﬁ for 1<j<k+¢
] T 2 ’ Ky = 2 S > .

Fix u € (0, min(d, %)) Let

U+ v u—v)’ U—

S = {’UE [u, 2u] : ‘(Dk< > o0 o0

)

}, for 1<j<k+¢.

and

e|Aju + pjv|P
T; = {’U € [u,2u] : | f(A\ju+ pv)| < jpi'j

Since f is measurable, S and 7 are measurable. Also B C S, C; C T}, and
hence

w(S) > 1 =nu, p(Ty)>1-nu.

Therefore
p(N;(SNT)) > (1 =2k +On)u> (1 —eu.

Hence
(N;(SNTH)) N (u,u+eu) #0.
Choose v € (N;(SNTj)) N (u,u+ eu). Then

O<v—u<eu<u,

and so
p

)

‘<I> (u+v u—v)‘ u—v‘P €U
-z 7 m|—— ml—
U2 o, 2bo 2bo

which gives

&”a.f(m+b.w)’<m
2 " 20y

€u ‘P
2bg

Hence

lao| - [f(u)] <m

k+2 bi bi
eu |P (T4+3)u (1=
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SinceveT;forl <i<k+1¥,

aup K €lag| - [Aiu + pivfP
>

lao| - [f(w)] <m

2b p!
cu k+¢
Sm|o— 2bg ZMZ‘ | Ai ‘+2‘/U'z|)

k+4
[Qb 5+ g1 2l 2o

This shows that f(“) —0asu—07.
Similarly, it can be shown that ! ( ) 5 0asu— 0-. This completes the
proof of the lemma. O

Proof of the theorem. The sequence {E,,}, defined in Lemma 3.4, is nonde-
creasing and F C Uy_; E,,. By Lemma 3.4, f(,,) exists a.e. on FE,,, and so the
first part follows.

For the last part we proceed exactly as in Lemma 3.4 and in the first part
of the theorem, but with the following changes:

E, = {m D —m <i(p)7a(x) < ?(p)}a(x) <m and
1
| (2, u; f; A)| < m|uP for 0 < |u| < 7}’
m

with the assumption that

o =0= f(z0) = f1),a(x0) = ... = fp—1).a(T0) ,

G ={ : 1f(@) < mz|p}7

ml\ju—+ piv|P
p!
other sets in Lemma 3.4 remaining unchanged. Proceeding as in Lemma 3.4,

and

Ty = {v e fw2u] : [fut o) < }oofor 1<j<k+e,

k+2
ool 1101 = | s+ 5 Dl 2o

showing that f(u) = O(uP) as uw — 07, and similarly f(u) = O(uP) asu — 07,
and the rest is clear. O
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Corollary 3.5. Under the hypotheses of Theorem 3.3, if

—oco < f

Liya < fpya <00 on E

then f(, exists finitely a.e. on E.

The proof follows from Theorem 3.3 and Theorem 2.2 of [6].
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