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WAVELET SETS ACCUMULATING AT THE
ORIGIN

Abstract

For a natural number n, selecting a 2n-interval symmetric wavelet
set by making use of a result of Arcozzi, Behera and Madan [J. Geom.
Anal. 13 (2003), 557-579], we construct a family of symmetric wavelet
sets accumulating at the origin. Such a family of wavelet sets is also
obtained from a family of symmetric six-interval wavelet sets provided
by them in the same paper. Three-interval wavelet sets are employed
in having a family of wavelet sets accumulating at the origin which are
non-symmetric. Further, we obtain a larger class of H?-wavelet sets
accumulating at the origin, which include the one given by Behera in
[Bull. Polish Acad. Sci. Math. 52 (2004), 169-178]. Finally, non-
MSF non-MRA wavelets are obtained through the selected family of
2n-interval symmetric wavelet sets.

1 Introduction.

Since a wavelet set does not contain a nondegenerate interval containing the
origin, a natural question asking for the existence of a wavelet set W with the
origin as an accumulation point of W arises. This question is equivalent to the
existence of a wavelet set W such that the characteristic function with support

Mathematical Reviews subject classification: Primary: 42C15, 42C40
Key words: wavelets, MSF wavelets, wavelet set, dilation equivalence, translation equiv-

alence, dimension function
Received by the editors September 19, 2009
Communicated by: Alexander Olevskii

463



464 A. Vyas AND R. DUBEY

W does not vanish in any neighbourhood of the origin. It got affirmatively
settled by various workers. Madych [13] gave an example of an MSF wavelet
1) whose Fourier transform does not vanish in any neighbourhood of the ori-
gin. Garrigds [9] also constructed a wavelet set with this property. Studying
the behaviour of a class of band limited wavelets at the origin, Brandolini,
Garrigds, Rzeszotnik and Weiss [6] constructed such wavelet sets K., where
e € (0, 3]. Garrigés [9] in his Ph. D. thesis asked for the existence or otherwise
of a wavelet whose Fourier transform is even, discontinuous at the origin and
has compact support. A positive answer to this question has been provided
by Arcozzi, Behera and Madan [1] and Behera [3], who constructed a family

of bounded symmetric wavelet sets {Kn6 :reNandee (O, ﬁ)},

with the origin as an accumulation point. They did this by selecting for r, a
symmetric four interval wavelet set K, = K U K.©, where K = —K ., and

27‘71 1 22T
+ _ - r—1
K = [W_l, 2} U [2 , %1_1]. 1)

In this paper, we obtain that such wavelet sets are plentiful. Our construc-
tion proceeds as follows:

(i) For an n € N, we select a 2n-interval symmetric wavelet set by making
use of Theorem 3 of [1], in Section 3. For even n, the wavelet set obtained
is denoted by W,, g while for odd n, by W, o.

(ii) We choose a positive number d,, such that an € € (0,4,) provides a
symmetric wavelet set Wy, g . (or W, o) according as n is even (or odd),
the characteristic function on which has compact support not vanishing
around any neighbourhood of the origin. This is achieved by invoking
the technique employed in [9] for obtaining wavelet sets having the origin
as its accumulation point, in Section 4.

For n = 2, the family W5 g . is one amongst the families constructed in [1].

Additionally, we construct such a family of wavelet sets from a given
member of the following family of symmetric six interval wavelet sets K =

K(s,t,v) = K~ UKT, where K =-Kt,
P PR 2v¢ 2%+ 1 ,
= 2w _ 1 ) v _ 25+2 v _ 25+2’ 2 ( )

U [25(215 +1), MHD}

2v —1
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and s,t,v are non-negative integers such that ¢ > 1 and 2° > (2t + 1)25%2
provided in [1].

Based on the similar technique, we construct a family of wavelet sets in
Section 5, which is non-symmetric having the origin as its accumulation point
by making use of three-interval wavelet sets, precisely given by

. 2p+1 1 2p+1 p+1 2p+1
Wip = [_ (1_2j+1_1>’ D) (1_2j+1_1>} Y [2j+1_1’ 2+ _q

27(2p+1) 27t (p+1)
g+l _ 1 95+t _1 |’

3)

where j > 2 and an integer p satisfying 1 < p <2/ — 2 [11].

In Section 6, we obtain a larger class of H2-wavelet sets having the origin
as an accumulation point via two interval H?-wavelet sets which contains the
one given by Behera in [2].

Section 2, provides necessary pre-requisites. The last Section 7, is devoted
to obtain non-MSF non-MRA wavelets from 2n-interval wavelet sets W, g
and W, o as selected in Section 3. The construction of families of non-MSF
wavelets have been considered earlier by several workers including Bownik [5],
Behera [2], Gu and Han [10] and Vyas [14, 15]. The interest in finding out non-
MSF wavelets arose due to a result obtained by Chui and Shi in [4] according
to which for the dilation a which satisfies a/ ¢ Q, for all positive integers 7,
there exist only MSF-wavelets.

2 Pre-requisites.

The collection of all Lebesgue integrable functions on R is denoted by L'(RR)
and L?(R) denotes that of all Lebesgue square integrable functions on R.
Functions which are equal almost everywhere are identified. With the usual

addition and scalar multiplication of functions together with the inner-product
<f7 g> of fag € L2(R) defined by

(f.9) = / F(Hg (@) dt,

L?(R) becomes a Hilbert space. The Fourier transform is defined by
for = [ soea,
R

where f € L'(R) N L%(R). This extends uniquely to an operator on L?(R).
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The classical Hardy space H2(R) is the collection of all Lebesgue square
integrable functions whose Fourier transform is supported in R¥:

H?(R) := {f €eL*(R): f(&)=0 for ae. €< 0}.

A function ¢ € L?(R) (resp. v € H?(R)) is called an orthonormal wavelet
(resp. H2-wavelet) of L(R) (resp. H?(R)) if the system

{2]'/21/;(2% —k):jke Z}

forms an orthonormal basis for L?(R) (resp. H?(R)).
We use the following characterization of an orthonormal wavelet for L?(R)
and H?(R) available in [12].

Result 2.1. A function ¢ € L2(R) (resp. ¢ € H?(R)) is an orthonormal
wavelet (resp. H2-wavelet) iff

@) [[o]l2 =1,
(i) p(&) = X,z [V(2E)? = x(€) (resp. xw+(€)), for ac. £ €R,

(i) t4(6) = X250 V(29€) (27 (€ +q)) = 0, for ace. £ € Rand for q € 2Z+1.

A wavelet set [7) (vesp. H?-wavelet set) is a measurable set W of the real
line R (resp. R*) such that the characteristic function xy on W is equal to
the Fourier transform ¢ for some orthonormal wavelet (resp. H2-wavelet) 1)
in L2(R) (resp. H?(R)). An MSF wavelet (resp. H?-MSF wavelet) 1 is a
wavelet (resp. H2-wavelet) which is associated with a wavelet set (resp. H?2-
wavelet set) W in the sense that the support of Ois W [7, 8]. We use the
following characterization of a wavelet set (resp. H2-wavelet set) [7, 12].

Result 2.2. A measurable set W C R (resp. W C RT) is a wavelet set
(resp. H?-wavelet set) if and only if

(1) Upez(W +n) =R ae.,

(i) U,ez(2"W) =R (resp. RY) a.e.,

where U denotes the disjoint union.

From the above characterization of a wavelet set, we obtain:
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Lemma 2.3 ([14]). Define 7 : R — [0, 1) by 7(x) = = + p, where p is an
integer depending on x. Then

(a) T(E)=7(E+k), fork € Z and E is a measurable set in R,

(b) for any disjoint measurable sets E and F of R contained in a wavelet
set W, 7(E)N7(F) = ¢.

Definition 2.4. ([12]) A pair ({V;},_;,¢) consisting of a family {Vj}, .,
of closed subspaces of L?(R) together with a function ¢ € Vj is called a
multiresolution analysis (MRA) if it satisfies the following conditions:

(a) V; CVjqq for all j € Z,

(b) feV; ifand only if f(2(-)) € Vj41 for all j € Z,

(c) NjezV; = {0},

(d) UjezV; = L*(R),
)

(e) {¢(-—k) : k € Z} is an orthonormal basis for Vj.

The function ¢ is called a scaling function for the given MRA. An MRA
determines a function % lying in the orthogonal complement of V{, in Vi which
is an orthonormal wavelet for L?(R). Such a 1 is called an MRA wavelet
arising through the MRA ({Vj},;, ¢).

A multiresolution analysis for H?(R) and H2-MRA wavelet can be de-
scribed similarly.
For an orthonormal wavelet 9,

2
D27 (€ + k)

j=1kez

describes the dimension function D, for 1. We use the following character-
ization which works for both an MRA wavelet and an H2-MRA wavelet.

Result 2.5. ([12]) A wavelet ¢ € L?*(R) (resp.¢ € H?*(R)) is an MRA
(resp. H2-MRA) wavelet iff D, (£) = 1, for almost every £ € R.
Definition 2.6. ([7]) A measurable set A is said to be

(a) translation equivalent to a measurable set B if there exists a measurable
partition {A,} of A and k,, € Z such that {A,, + k,} is a partition of B.
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(b) dilation equivalent to a measurable set B if there exists a measurable
partition {A,,} of A and j, € Z such that {2/ A/} is a partition of B.

As a consequence of Result 2.2, we have the following:

Corollary 2.7. Let K and W be subsets of R (resp. RY), and W be both
translation and dilation equivalent to K. Then W is a wavelet set (resp. H?-
wavelet set) if and only if K is a wavelet set (resp. H?-wavelet set).

3 Symmetric Wavelet Sets W, p and W, o with
2n-components.

In this section, we obtain wavelet sets W), g for even positive integer n and
Whp,o for odd positive integer n consisting of 2n-components, based on a result
of Arcozzi, Behera and Madan [1, Theorem 3], which we briefly describe below.

Choosing a set P containing n-elements P; = P[);, m;] = (27%, 27%m;),
j =1,2,...,n, in the Euclidean plane such that \; € Z and m; € NU {0}
satisfying the following:

A =0, 4my =272 (2m, + 1)

and
1
0:a0<a1<a2<...<an,1<an:§,
where

M2 —myy 27
2=Ai — 2= Aj+1 ’

a; =
Arcozzi, Behera and Madan [1, Theorem 3] obtain the following Theorem.

Theorem 3.1. For W} =17 UL U... UL}, where

n

I;_:[(Ij_l, aj]—i—mj, j=1, 2,...,n,

W, =W,  UW,F is a symmetric wavelet set for L?(R) having 2n-intervals.

Now, we provide two specific kinds of symmetric wavelet sets, the first has
4m-intervals while the second has (4m + 2)-intervals, where m € N. The first
is obtained by choosing an even positive integer, and the second by choosing
an odd positive integer.
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Example 3.2. Let n € 2N. Define A;’s and m;’s, where j = 1,2,...,n, as
follows:

>\j={_2 for 1 < j <n and j odd

2—n—2 forl<j<nandjeven

2(n=i+1)/2 for 1 < j < n and j odd
m,; =
! 0 for 1 < j <n and j even

With the help of these m;’s and A;’s, we obtain P;, where j =1,2,...,n,
as follows:

P P [1%3, ”_gﬂ} = (2%,2%) for 1 <j <mnand j odd
! P [—n—i— % — 2,0} = (2”_%”70) for 1 < j <n and j even
Thus, a; for j =1,2,...,n — 1, comes out to be

% fOI‘lSanandded
a; = 272 ~-27
% f0r1<j§nandjeven
27 2 =22

Therefore, the positive side W; g of the wavelet set, denoted by W, g, is
of the form:

2n/2 2n/2 277./2 2 1
+ _ |[9n/2 o9n/2 s -
O A S ) N T X

Example 3.3. Let n € 2N 4 1. Define A;’s and m;’s, where j = 1,2,...,n,
as follows:

0 for j =1

Aj = ”’5’6 for 1 <j <mnand j odd
j_g_g for 1 <j<n-—1and jeven
6 for j=1

m; =< 2("=9/2 for 1 < j <n and j odd
0 for 1 <j<n-—1and jeven

With the help of these m;’s and A;’s, we obtain P;, where j =1,2,...,n,
as follows:



470 A. Vyas AND R. DUBEY

P[0,6] = (1,6) for j =1
p={P [”—5—6,2%”} - (26“{",8) for 1 < j < n and j odd
P[j_g_",O]:@%,O) for1 <j<mn-—1andjeven
Thus aj, for j =1,2,...,n — 1, comes out to be
——  forj=1
T
n—6—j
aj = ;2,,7{2171 for 1 < j <n and j odd

% for1<j<mn-—1andjeven

Therefore, the positive side W: o of the wavelet set, denoted by W, o, is
of the form:

n—9
6 6 8.27% 4 3
Wt =16, 6 U U...ul=, =1.
w0 [ +2"§7_J [2"37_1’ 2n11] [3’ 2]

4 Symmetric Wavelet Sets Accumulating at the Origin.

With the help of wavelet sets W, g and W,, o obtained in the last section, we
provide families of bounded symmetric wavelet sets having the origin as their
accumulation point. Also, we obtain such a family of wavelet sets considering
six-interval wavelet sets as described by (2) in the introduction.

Since the technique employed in these constructions are the same, we pro-
vide details in the following theorem only.

on/2

Theorem 4.1. For n € 2N and € € (0, §,,), where §,, = Sy @)
there exists a bounded symmetric wavelet set Wy, g having the origin as an
accumulation point.

PROOF. Selecting b, = 23:#_1, we consider the intervals S; = [%" + garTs
bt 8o = [bnt26 oEi |, and S5 = 201, 27F1b, 4 2¢] . Since
e € (0, d,,), Sy is a non-empty set. Setting

1

Ey=8+2"% Fy= WEO,
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and for r > 1,
1

. n/2 -
E,=F._1+2Y" F, = 2r+n+2Er’

we denote

(If—UET> <UF> U(S1USUSs) UL ULf U, UL}
r=0

by Wiy ., and define Wy, g =W, p UWp , where W =W, .

To prove that W), g  is a wavelet set, we make use of Corollary 2.7, accord-
ing to which W,, g . is to be shown translation as well as dilation equivalent
to a wavelet set, in general, and hence to the wavelet set W,, g, in particular.
On account of the symmetry of wavelet sets, it suffices to show that W: B 1S

both translation and dilation equivalent to W; B

First, by induction, we obtain that FE, C I;", for all # > 0. Observing
that b, +2"/2 = 2"*1p,, we have [0,b,] + 2"/2 = [27/2 27F1p, ] = I, and
hence Ey = S + 2%/2 C [0,b,] + 2/ = I}, Now, assume that E,, C I;.
Then F,, = 2=+t g < 2-(m+D[0,b,] C [0,b,], and hence E,, 3 =
Fp 272 C [0,b,] + 272 = I}

As intervals E,.,r > 0 lie inside the interval I1+ , and F,11 lies to the left
of F,., for all r > 0, F, 1 lies to the left of F}., for all » > 0.

Because the sets I;“,Ij, ..., It appear in both the partitions of W;’E

and also of W; 5, that er i, is dilation and also translation equivalent to
er g follow from (A) and (B), respectively.

(A) ()  54rS3 U 251 U S,
= [bn, b + gt | U [bn + 5257, b + 2€] U [b + 2, g2
= [bnr o255 ] = 15

() (I —UZy B U (Uy2rt 2 E,)

= (L =UZo B U(UZ Br) = I

(B) (i) (Ss—2"2)U S,
= [bp, by, + 2¢] U [bn + 2, 23:{ ’ 2]
= [bn o) = 15

i) (0 =UZoEr) U (U (Fr+22) U (S +2%) = I



472 A. Vyas AND R. DUBEY

Further, since a neighbourhood of the origin intersects U2 o F,., the origin
is an accumulation point of the wavelet set W, g . O]

n—>5 n+3
277 (272 —1)43
22 @22 )48
(@r1-nE"2 -1’
there exists a bounded symmetric wavelet set Wy, o having the origin as an
accumulation point.

Theorem 4.2. Forn € 2N+1 and € € (0, d,,), where 6,, =

Proor. With b, = n+67 , we consider the following intervals:
272 —1

n—9

‘91: [%"‘ﬁ; b?n+€:|752: |:bn+267 8271.3131:|aand

n+7 n+7

Sy = {2 b, 2Tbn+26}.
That S5 is a non-empty set follows on account of the choice of €. Setting

1
Ey =51 +6, Fy = — 1 Fo,
275
and for r > 1,
1
E.=F._1+6, F, = WE’I”
we denote

(If— UE> U (U F) U(S1US,USs)ULF Ul u...ul,
r=0 r=0

+
by W, 5 .. Then
W =W, UW" where W, = —-W7"
n,0,e n,0,e n,0,e’ n,0, € n,0,e’

is the required wavelet set. O

Recalling wavelet sets with dilation by 2 consisting of six intervals which
are symmetric about the origin as provided by (2) in the introduction, we

write
Kt=ITUJTUH' and K~ = —-KT,

2°(2t+1 2512¢ 2Vt 2t+1
where I+ = |: Q(U,l )7 2v_9s+2 |9 J+ = | 2v_gsF2> T+ ,and H+ =

{23 (2t +1), 2“‘**5@(234—1)] . Now, we have the following:
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Theorem 4.3. For non-negative integers s,t,v such that t > 1, 2¥ > (2t +

25+‘U 2t—1 25+2t 25+1_1 22S+2
1)25%2 and € € (0,085,4.), where 854, = ( 2(31'723”()(2“71)” , there

exists a bounded symmetric wavelet set W ;. . having the origin as an accu-
mulation point.

Proor. The construction of W, , . is given below.

2°(2t+1 . . , ot
2(,,_ﬁ ), we consider the intervals S; = [% + 55, a‘é”“ + e},

2°12
Sy = [as,t,v + 263 u_2sF2 | and 53 = [QUQS,t,va 2vas,t,v + 26]

Foras s, =

The choice of € ensures that S5 is a non-empty set. Setting

. 1
E() :Sl+2 (2t+1), F(): ﬁEO,
and for r > 1,
s 1
E’r‘ = r—1 + 2 (2t + 1), F'r‘ = WET,

we have

o0 o0

Whoe = (H+ -U Er> U (U Fr> U(S1US2US5)UJT,

r=0 r=0

as the portion of W;; , . on the positive side of the real line. O

5 Wavelet Sets Accumulating at the Origin from Three-
interval Wavelet Sets.

In this section, we construct a family of wavelet sets accumulating at the origin
from three-interval wavelet sets W; ,, where j > 2 and 1 <p <2/ — 2, and

Wip=1jp Udjp UHjp,

. S 2p+1 1 2p+1 - p+1 2p+1
with I, = [— (1 - m)’ 32 (1 - m)}a Jjp = {W’ pres ey P

27(2p+1) 27T (p+1 .
and H;, = [ 2} +§’;"1), 57 +(1pj1 )] These wavelet sets are non-symmetric.

Theorem 5.1. For j > 2, an integer p satisfying 1 < p < 29 — 2 and
€ € (0, 8jp), where b, = 5m7fr—y, there exists a bounded wavelet set Wiy e
having the origin as an accumulation point.
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ProOF. Taking a;, = %, we consider the intervals Sy = [%2 + 5%,
G te], S = {aj,p"‘%» %}» and S3 = [201a; ,, 27% a; , + 2¢]. The

choice of € ensures that Sy is a non-empty set. Setting

1

Ey=5+((@p+1), Fo= WEov
and for n > 1,
1
E,=F,_1+ (pJF 1)7 F, = WEM

we obtain
Wj,p,e = (Hjm - UZO:O En) U (UZO:O Fn) U (Sl U Sy u 53) U Ij,pv

to be the required wavelet set. O

6 H?-Wavelet Sets Accumulating at the Origin.

In this section, we construct a family of H?-wavelet sets accumulating at
the origin by considering certain specific H2-wavelet sets consisting of two
intervals, which are precisely given by

k+1 k 2"k 'tk +1
Kr,k + :| |: ( + )

B PR R | I T L T e i

where 7 € N and k is an integer satisfying 1 < k < 2(2" — 1). In fact, we
consider two interval H2-wavelet sets for r € Nand k =2 —1, 1 <1 < r,
denoted by K.

We write
Kl =1luJ,

2rFT—17 27—1 2r—1 » 2rFi—1

where Il = [ 2 211} and J. = [T(Qll) 2T+l+l].

Theorem 6.1. Forr € N, an integer | satisfying 1 <1 <7, and € € (0, 5£),
27 (21 —2)+1
227 -1 F1-1)
the origin as an accumulation point.

where 8. = , there exists bounded H?-wavelet set Kﬁyﬁ having
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i . . ! l
PROOF. For al = 5-A—, we consider the intervals S = [% + 5o, F Tt el

Sy = [ai + 2, 22’{7:11} and S3 = [27T'al, 27al + 2¢]. The choice of € en-

sures that Sy is a non-empty set. Setting Fy = S; + 2!, Fy = 2T%EO, and for
n>1E,=F,_1+2, F, = W%ME,“ we obtain

Kl = (Jﬁ— UEn> U (U Fn> U(S1 U SyUSs),

n=0 n=0

to be the required H?2-wavelet set. O

7 Non-MSF, Non-MRA Wavelets for L*(R) from W,
and W, 0.

Employing Examples 3.2 and 3.3, we provide non-MSF, non-MRA wavelets in
this section. The technique of constructing such wavelets is similar to the one
utilized in [14, 15].

7.1 Non-MSF non-MRA wavelets from W, g.

Lemma 7.1. Under the notation already described, for (m,n) € N x 2N, the
following hold:

(a) 27™IF +27/2 C I},

(b) 271, — 272 C I,

(c) I +2m+s c2mif,

(d) I —2m*tz c2m]; .

PROOF. This is straightforward. O

Theorem 7.2. For (m,n) € N x 2N, the function ¢, defined by

55 ey uTmIfu@T 277 Uly
U2 ™I U (27 ™I, —27/?),
Gl = { A HESU 2 U (I —2m),
1 ifee(f -2 ™ +2V)) Ul u...UTLfu
(I; —(27™I; —2"2)Yul; u...uI;,
0 otherwise,

is a non-MSF wavelet for L*(R).
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PROOF. It is similar to the proof of Theorem 3.4 in [14], by making use of
Results 2.1 and 2.2 together with Lemmas 2.3 and 7.1. O

Theorem 7.3. The wavelet 1y, n, where (m,n) € N x 2N, defined as in The-
orem 7.2, is a non-MRA wavelet.

PROOF. To show that 1, , is a non-MRA wavelet for L?(R), we use Result
2.5. For (m,n) € Nx 2N, Dy, > 2, on the interval 2~ (™1 [ Indeed,
R 2 R L2 R 2
D n€) 2 [imn(26)] + [min (26 +25)| + [, (27416)

. L2
[ 4 2748)

9

and hence, the assertion follows by noting that 2£ € 2’mI2+, 2(¢ + 2%2) €
(2=™If +2%), 2mHE € I} and 2mTL(6+27F) € IS 4+ 2m+ 5 where £ €
27(m+1)12+. ]

7.2 Non-MSF non-MRA wavelets from W, o.

Lemma 7.4. Under the notation already described, for (m,n) € N x 2N+ 1,
the following hold:

(a) 275 +6 C I,
(b) 27™I; —6 C I,
(c) I +6-2m C2mIf,
(d) Iy —6-2™ C 2™y .

ProOF. This is straightforward. O

Theorem 7.5. For (m,n) € N x 2N+ 1, the function 1y, , defined by

1/V2  dfe¢elfu2Tmifu@mI +6)uly
U2 mI; U(27™I; —6),
~1/V2 ifée (I +6-2m)U(ly —6-2™),

Ymn(§) =4 ifee I — @ ™IF +6)UIfU.. UL
(Iy —(27™I; —6)Ul; U...UI,,
0 otherwise,

is a non-MSF wavelet for L?(R).
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PROOF. It is similar to that of Theorem 7.2. We have to simply use Results
2.1 and 2.2 together with Lemmas 2.3 and 7.4. O

Theorem 7.6. The function ¥, ,,, where (m,n) € N x 2N + 1, defined as in
Theorem 7.5, is a non-MRA wavelet.

PROOF. To show that 1, , is a non-MRA wavelet for L?(R), we use Result
2.5. For (m,n) € Nx2N+1, Dy, > 2 on the interval 27+ [ Indeed,

~ 2 ~ 2 ~ 2
D n©) 2 [mn(26)] + [min (26 +6)| + [dhm,n(2716)
2

)

+ [ (271 46 27)

and hence, the assertion follows by noting that 2¢ € 27™[LF 2(¢ + 3) €
(275 4 6), 2mFTi¢ € I and 27N (€ +3) € I +6-2™, where £ €
2~ (m+I)[r, O
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